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ADAPTATION IN DYNAMICAL SYSTEMS

In the context of this book, adaptation is taken to mean a feature of a system
aimed at achieving the best possible performance when mathematical models of
the environment and the system itself are not fully available. This has applications
ranging from theories of visual perception and the processing of information to the
more technical problems of friction compensation and adaptive classification of
signals in fixed-weight recurrent neural networks.

Largely devoted to the problems of adaptive regulation, tracking and identi-
fication, this book presents a unifying system-theoretic view on the problem of
adaptation in dynamical systems. Special attention is given to systems with nonlin-
early parametrized models of uncertainty. Concepts, methods, and algorithms given
in the text can be successfully employed in wider areas of science and technology.
The detailed examples and background information make this book suitable for a
wide range of researchers and graduates in cybernetics, mathematical modeling,
and neuroscience.

IVAN TYUKIN is an RCUK Academic Fellow in the Department of Mathematics,
University of Leicester. His research and scientific interests cover many areas,
including the analysis, modeling, and synthesis of systems with fragile, nonlinear,
chaotic, and meta-stable dynamics.





ADAPTATION
IN DYNAMICAL SYSTEMS

IVAN TYUKIN
University of Leicester and

Saint-Petersburg State Electrotechnical University



CAMBRIDGE UNIVERSITY PRESS

Cambridge, New York, Melbourne, Madrid, Cape Town,
Singapore, São Paulo, Delhi, Tokyo, Mexico City

Cambridge University Press
The Edinburgh Building, Cambridge CB2 8RU, UK

Published in the United States of America by Cambridge University Press, New York

www.cambridge.org
Information on this title: www.cambridge.org/9780521198196

© I. Tyukin 2011

This publication is in copyright. Subject to statutory exception
and to the provisions of relevant collective licensing agreements,

no reproduction of any part may take place without
the written permission of Cambridge University Press.

First published 2011

Printed in the United Kingdom at the University Press, Cambridge

A catalog record for this publication is available from the British Library

Library of Congress Cataloging in Publication data
Tyukin, Ivan.

Adaptation in Dynamical Systems / Ivan Tyukin.
p. cm

Includes bibliographical references and index.
ISBN 978-0-521-19819-6 (hardback)

1. Dynamics. 2. Control theory–Mathematical models.
3. Neurosciences–Mathematics. I. Title.

QA845.T94 2011
515′.39–dc22 2010051427

ISBN 978 0 521 19819 6 Hardback

Cambridge University Press has no responsibility for the persistence or
accuracy of URLs for external or third-party internet websites referred to

in this publication, and does not guarantee that any content on such
websites is, or will remain, accurate or appropriate.

http://www.cambridge.org
http://www.cambridge.org/9780521198196


Contents

Preface page ix
Notational conventions xv

Part I Introduction and preliminaries

1 Introduction 3
1.1 Observation problems 5
1.2 Regulation problems 10
1.3 Summary 14

2 Preliminaries 15
2.1 Attracting sets and attractors 15
2.2 Barbalat’s lemma 20
2.3 Basic notions of stability 23
2.4 The method of Lyapunov functions 28
2.5 Linear skew-symmetric systems with time-varying coefficients 32

3 The problem of adaptation in dynamical systems 44
3.1 Logical principles of adaptation 44
3.2 Formal definitions of adaptation and mathematical statements

of the problem of adaptation 50
3.3 Adaptive control for nonlinear deterministic dynamical systems 55
3.4 Applicability issues of conventional methods of adaptive

control and regulation 74
3.5 Summary 79

Part II Theory

4 Input–output analysis of uncertain dynamical systems 83
4.1 Operator description of dynamical systems 84
4.2 Input–output and input–state characterizations of stable systems 89

v



vi Contents

4.3 Input–output and input–state analysis of uncertain
unstable systems 94

4.4 Asymptotic properties of systems with locally
bounded input–output and input–state mappings 109

4.5 Asymptotic properties of a class of unstable systems 112
Appendix to Chapter 4 130

5 Algorithms of adaptive regulation and adaptation in dynamical
systems in the presence of nonlinear parametrization and/or possibly
unstable target dynamics 151
5.1 Problems of adaptive control of nonlinear systems in the

presence of nonlinear parametrization 152
5.2 Direct adaptive control 163
5.3 Adaptive regulation to invariant sets 188
5.4 Adaptive control of interconnected dynamical systems 192
5.5 Non-dominating adaptive control for dynamical systems with

nonlinear parametrization of a general kind 202
5.6 Parametric identification of dynamical systems with nonlinear

parametrization 207
Appendix to Chapter 5 218

Part III Applications

6 Adaptive behavior in recurrent neural networks with fixed weights 265
6.1 Signals to be classified 266
6.2 The class of recurrent neural networks 268
6.3 Assumptions and statement of the problem 269
6.4 The existence result 272
6.5 Summary 292

7 Adaptive template matching in systems for processing of visual
information 294
7.1 Preliminaries and problem formulation 300
7.2 A simple adaptive system for invariant template matching 307
7.3 Examples 336
7.4 Summary 348

8 State and parameter estimation of neural oscillators 350
8.1 Observer-based approaches to the problem of state

and parameter estimation 353
8.2 The feasibility of conventional adaptive-observer

canonical forms 362



Contents vii

8.3 Universal adaptive observers for conductance-based models 374
8.4 Examples 379
8.5 Summary 384

Appendix. The Meyer–Kalman–Yakubovich lemma 387
References 395
Index 409





Preface

Adaptation is amongst the most familiar and wide spread phenomena in nature.
Since the early days of the nineteenth century it has puzzled researchers in broad
areas of science. Since it had often been observed in responsive behaviors of bio-
logical systems, adaptation was initially understood as a regulatory mechanism that
helps an animal to survive in a changing environment. Later the notion of adaptation
was adopted in wider fields of science and engineering.

As a theoretical discipline it began to emerge as a branch of control theory
during the first half of the twentieth century. Its beginning was marked by pub-
lications discussing basic principles of adaptation and its merits for engineering.
Imprecise technology and mechanisms were, perhaps, amongst the strongest prac-
tical motivations for such a theory at that time. Various notions of adaptation were
adopted by engineers and theoreticians in order to grasp, understand, and imple-
ment relevant features of this phenomenon in practice. The first applications of
the new theory were simple schemes for extremal control of mechanical systems;
these systems could be described by just a few linear ordinary differential equations.
Since then adaptive controllers have evolved to encompass substantially more com-
plex devices. The controlling devices themselves can now be viewed as nonlinear
dynamical systems with specific input–output properties. Methods for the design
and analysis of such systems are currently recognized by many in terms of the
theory of adaptive control and systems identification.

Because the initial motivation to develop a theory of adaptation was driven
mainly by the demands of mechanical engineering and the need for robust design
of otherwise imprecise machines, the domain of application of the theories of adap-
tation was naturally restricted to the realm of artificial devices and engineering.
The focus of the developing theory was restricted, in particular, to the problems
of control of a relatively narrow class of well-studied and modeled mechanical
systems, many of which were stable in the Lyapunov sense, for which the values
of some parameters and variables are unknown and cannot be measured explicitly.

ix
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Yet, the potential role of the theory of adaptation was much wider and broader. It
has become evident recently that there exists a demand for a systematic theory of
adaptation outside of the domain of engineering.

Understanding basic mechanisms and principles of adaptation and regulation is
recognized as relevant in physics, chemistry, biology, and brain sciences (Sontag
2004; Fradkov 2005). Because of the huge complexity of the phenomena studied in
these domains, using the standard language of each particular science for systematic
studies of the phenomenon of adaptation might not be adequate. Therefore in these
areas system-theoretic views, irrespective of the particular subjects of study, have
exceptional potential.

Apart from in the natural sciences, the needs for further development of the theory
of adaptation are evident in handling complex artificial systems. This is especially
true when changes in the working environment cannot be predicted a priori or there
is a substantial degree of uncertainty about the system’s internal state. Although
there is a large literature on the theory of adaptive systems, both in the theoretical
and in the applied domain, there are several issues preventing explicit application
of classical recipes of adaptive control in these fields. These issues with classical
schemes are

• the necessity to have a precise mathematical model of a controlled system,
• the requirement that models of uncertainties are linear or convex with respect to

unknown or uncertain variables,
• the assumption that the target dynamics is stable in the Lyapunov sense,
• the assumption that a corresponding Lyapunov function for the target

motions is available (Sastry and Bodson 1989; Narendra and Annaswamy 1989;
Krstić et al. 1995; Ljung 1999; Eykhoff 1975; Bastin et al. 1992; Fradkov et al.
1999).

Every one of these requirements alone limits the role of the existing theory of
adaptive systems in solving relevant problems in science.Altogether they constitute
the “standard” approach which applies to several canonical cases, which are limited
even within the realm of engineering.

The purpose of this work is to contribute towards extending the existing theory
of adaptation and adaptive control beyond the scope of its usual applications in
engineering to new and non-conventional areas, such as neuroscience and mathe-
matical modeling of biological systems. It is hoped that this extension will create
additional opportunities for control theorists to apply their expertise in novel and
still developing fields of science; it will also help to expand the synthetic and
analytical functions of systems and control theory into the natural sciences.

The focus of this book on the analysis of possible adaptation mechanisms in sys-
tems with nonlinear parametrization and unstable target dynamics was influenced
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by the author’s work in the Laboratory for Perceptual Dynamics, RIKEN Brain
Science Institute, Japan from November 2001 to March 2007. Neural systems of
living organisms, and ultimately the human brain, were the source of inspiration.
It became clear very quickly that the standard tools and methods in the arsenal of
conventional adaptive control theory do not offer an acceptable explanation for the
versatility and robustness of neural systems working in an uncertain environment.
The aim therefore was to enhance the theory by making it suitable for the analysis
and synthesis of adaptive schemes for nonlinear dynamical systems:

• with potentially Lyapunov-unstable and non-equilibrium target dynamics;
• when explicit definition of the target sets is not possible;
• using minimal, qualitative, macro-information about the system, and also

allowing substantial uncertainty about the specific mathematical model of the
system;

• allowing uncertainty models that are maximally adequate to describe the physical
laws of processes and phenomena in the system.

The necessary ingredients of this extended theory of adaptation follow naturally
from the logic of its development: from basic principles of the system’s organization
in the presence of uncertainties to specific laws of regulation. These ingredients
include

(1) methods for analysis of basic input–output properties of the nonlinear systems;
they should allow incomplete knowledge of equations describing the system
dynamics; and they also should apply both to stable and to unstable systems;

(2) principles and methods of adaptation to disturbances that are unknown a priori
and unavailable for measurement; the principles should rely exclusively on the
fundamental physical properties of the systems considered; and the adaptation
mechanisms should be able to realize these principles using adequate physi-
cal models of uncertainties and requiring a minimal amount of measurement
information.

The following topics received particular attention: analysis of the completeness,
realizability, and state boundedness of interconnections of uncertain dynamical sys-
tems; conditions ensuring convergence of the system’s state to the target sets and
their neighborhoods; designing laws of adaptive regulation and parameter estima-
tion of nonlinearly parametrized models; characterizing the quality of the transient
dynamics in systems with uncertainties; and parametric, signal/functional pertur-
bations. In order to provide the reader with the necessary background and also
to support our own argumentation a brief review of major classical concepts of
adaptation is included.
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The content of the book is based largely on the work I had the privilege to carry
out together with my colleagues and co-authors.1 The structure of the book can
be summarized as follows. The text is organized into three large parts. The first
part (Chapters 1–3) contains mainly introductory and preliminary results. Proofs of
lemmas and theorems presented in this introductory part are kept within the main
text.

In Chapter 1 we provide an informal discussion of the notion of adaptation
followed by an overview of the range of specific problems considered in the text.

Chapter 2 contains background and preliminary results such as basic notions
of stability, a very brief introduction to the method of Lyapunov functions, and a
particularly important result on the exponential stability of the origin for a class of
linear systems of ordinary equations with skew-symmetric matrices.

In Chapter 3 we review and analyze conventional approaches to the problem of
adaptive control of nonlinear systems. We formulate the main theoretical and prac-
tical issues arising in these standard approaches (Fomin et al. 1981; Fradkov 1990;
Narendra and Annaswamy 1989; Krstić et al. 1995) and their mathematical state-
ments of the problem. These issues include the ambiguity of standard mathematical
notions of an adaptive system, performance measures, limitations on defining the
system’s target sets,2 restricted classes of the uncertainty models, and requirements
for precise knowledge of the mathematical model of a system.

The second part, Chapters 4 and 5, presents the main theoretical results developed
in the monograph. In order to preserve the integrity of the text, proofs of statements
formulated in this part are given in appendices at the ends of these chapters.

In Chapter 4 we consider nonlinear systems defined in terms of their “input-
to-output” and “input-to-state” characterizations given by mappings, or operators
in functional, Lp, spaces. We introduce mathematical tools for the analysis of
interconnections of dynamical systems with input–output (input–state) operators
that are locally bounded in state and provide a formal statement of the problem for
functional synthesis of an adaptive system. We demonstrate how this problem can
be solved. The solution to the problem of functional synthesis of an adaptive system
allows us to formulate various principles of its organization at the macroscopic level:
the separation principle, the bottle-neck principle, and the emergence of weakly
attracting sets in the interconnections of systems with contracting and wandering
dynamics. The latter result is based on Tyukin et al. (2008a).

1 This includes earlier texts such as Tyukin and Terekhov (2008).
2 One of the most severe restrictions is the requirement for the target dynamics to be globally stable in the

sense of Lyapunov. In addition, there is a necessity to specify target sets of the adaptive system a priori. The
latter condition either requires prior identification of the system, which contradicts the very essence of adaptive
behavior, or leads to enforcing motions that are not necessarily inherent and, hence, optimal to a physical system
itself.
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In Chapter 5 we utilize the principles derived in the previous chapter in order to
provide an adequate statement of the problem of adaptive control and regulation of
nonlinear dynamical systems. Its distinctive features are that the uncertainty models
are allowed to be nonlinearly parametrized, mathematical models of the system
need not be known precisely, the target dynamics is not restricted exclusively to
globally Lyapunov-stable motions, and the target sets could be defined implicitly –
as invariant sets of an auxiliary dynamical system. Generally, the problem is stated
as that of regulating the influence of uncertainties on the target dynamics to some
functional space. This allows one to refrain from explicit use of the method of
Lyapunov functions and, hence, avoid its limitations.

We also consider several specific problems that have substantial theoretical and
practical interest:

• adaptive regulation to invariant sets;
• adaptation in interconnected systems;
• state and parameter inference for systems with nonlinear parametrization of

uncertainty.

In order to solve these problems two synthesis strategies were developed: the
method of the virtual adaptation algorithm presented in Tyukin et al. (2007b) and
the strategy based on purposeful introduction of unstable attracting sets into the
system’s state space (Tyukin et al. 2008a).

In the third part of the book (Chapters 6–8) we illustrate how the theory can be
used to solve a number of practical problems of control, processing of informa-
tion, and identification in mechanics, experimental biophysics, and computer and
cognitive science. In particular, we consider the problem of adaptive classification
in neural networks with fixed weights, the problem of identifying the dynamics
of neuronal cells, and the problem of invariant recognition of spatially distributed
information. We discuss why existing techniques cannot be successfully applied to
solve these problems, or their application yields practically inefficient outcomes.
The content of this part is based on Tyukin et al. (2008b), Tyukin et al. (2009), and
Fairhurst et al. (2010).

This book would never have seen the light of day without the continuous sup-
port, help, and encouragement I received from many people with whom I have
had the honor of working. I would like to express my deep gratitude to Professor
V. A. Terekhov, my teacher, friend, and co-author, for his help, fruitful and moti-
vating discussions of the philosophical foundations of the problem of adaptation,
and unlimited patience. I am grateful to my colleagues and co-authors Cees van
Leeuwen, Danil Prokhorov, Henk Nijmeijer, Erik Steur, David Fairhurst, Alexey
Semyanov, and Inseon Song who contributed to the development of the ideas in the
monograph. I am grateful to Dr Steven Holt and his colleagues for proof-reading
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and editing the monograph at the final stage of production. Finally, I am indebted
to my dear wife Tanya, who contributed to the applied side of the project, assisted
with the artwork, and also helped me enormously to summarize the results during
the later stage of the production of the manuscript. My own personal role was lim-
ited to mere listening, interpretation, and writing. As is unfortunately the case in
scientific endeavors, errors are inevitable companions. Even though I tried to avoid
these unwelcome companions, my own journey is unlikely to be an exception, for
which I fully accept sole responsibility. I would therefore be extremely grateful to
readers, should they wish to help by contacting me when an error is found.



Notational conventions

Throughout the text the following notational conventions apply.

• Symbol R defines the field of real numbers and R≥c = {x ∈ R|x ≥ c}; N defines
the set of natural numbers; and Z denotes the set of whole numbers or integers.

• Symbol R
n stands for an n-dimensional linear space over the field of reals.

• Ck denotes the space of functions that are at least k times differentiable.
• Symbol K denotes the class of all strictly increasing functions κ : R≥0 → R≥0

such that κ(0) = 0; symbol K∞ denotes the class of all functions κ ∈ K such
that lims→∞ κ(s) = ∞.

• Let � be a set, then by S{�} we denote the set of all subsets of �.
• ‖x‖ denotes the Euclidian norm of x ∈ R

n.
• The notation | · | stands for the absolute value of a scalar.
• The notation sign(·) denotes the signum function.
• By Ln

p[t0, T ], where t0 ≥ 0, T ≥ t0, p ≥ 1, we denote the space of all functions
f : R≥0 → R

n such that

‖f‖p,[t0,T ] =
(∫ T

t0

‖f(τ )‖p dτ

)1/p

<∞.

• The notation ‖f‖p,[t0,T ] denotes the Ln
p[t0, T ]-norm of f(t).

• By Ln∞[t0, T ], t0 ≥ 0, T ≥ t0, we denote the space of all functions f : R≥0 → R
n

such that
‖f‖∞,[t0,T ] = ess sup{‖f(t)‖, t ∈ [t0, T ]} <∞,

and ‖f‖∞,[t0,T ] stands for the Ln∞[t0, T ]-norm of f(t).
• Let A be a set in R

n, x ∈ R
n, and let ‖ · ‖ be the usual Euclidean norm in R

n. By
the symbol ‖·‖A we denote the following induced norm:

‖x‖A = inf
q∈A
{‖x − q‖}.

xv
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• Let � ∈ R≥0, then the notation ‖x‖A�
stands for the following equality:

‖x‖A�
=
{ ‖x‖A −�, ‖x‖A > �,

0, ‖x‖A ≤ �.

• The symbol ‖·‖A∞,[t0,t] is defined as follows:

‖x(τ )‖A∞,[t0,t] = sup
τ∈[t0,t]

‖x(τ )‖A .

• Let f : R
n → R

m be given. The function f(x) : R
n → R

m is said to be locally
bounded if for any ‖x‖ < δ, δ ∈ R>0 there exists a constant D(δ) > 0 such that
‖f(x)‖ ≤ D(δ).

• Let� be ann×n square matrix, then� > 0 denotes a positive definite (symmetric)
matrix. (�−1 is the inverse of �). By � ≥ 0 we denote a positive semi-definite
matrix.

• We reserve ‖x‖2
� to denote the quadratic form xT�x, where x ∈ R

n and xT is the
transpose of x.

• Symbols λmin(�) and λmax(�) stand for the minimal and maximal eigenvalues
of �, respectively.

• By the symbol I we denote the identity matrix.
• The solution of a system of differential equations ẋ = f(x, t , θ , u(t)), u : R≥0 →

R
m, θ ∈ R

d passing through point x0 at t = t0 will be denoted for t ≥ t0 as
x(t , x0, t0, θ , u), or simply as x(t) if it is clear from the context what the values
of x0 and θ are and how the function u(t) is defined.

• Let u : R
n×R

d ×R≥0 → R
m be a function of state x, parameters θ̂ , and time t .

Let in addition both x and θ̂ be functions of t . Then, when the arguments of u are
clearly defined by the context, we will simply writeu(t) instead ofu(x(t), θ̂(t), t).

• When dealing with vector fields and partial derivatives we will use the following
extended notion of the Lie derivative of a function. Let it be the case that x ∈
R

n and x can be partitioned as follows: x = x1 ⊕ x2, where x1 ∈ R
q , x1 =

(x11, . . . , x1q)
T, x2 ∈ R

p, x2 = (x21, . . . , x2p)
T, q + p = n, and ⊕ denotes

concatenation of two vectors. We define f : R
n × R

d × R → R
n such that

f(x, θ , t) = f1(x, θ , t) ⊕ f2(x, θ , t), where f1 : R
n × R

d × R → R
q , f1(·) =

(f11(·), . . . , f1q(·))T, f2 : R
n×R

d×R → R
p, and f2(·) = (f21(·), . . . , f2p(·))T.

ThenLfi (x,θ ,t)ψ(x, t), i ∈ {1, 2}, denotes the Lie derivative of the functionψ(x, t)
with respect to the vector field fi(x, θ , t):

Lfi (x,θ ,t)ψ(x, t) =
dim xi∑
j=1

∂ψ(x, t)

∂xij
fij (x, θ , t).
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• Let f , g : R
n → R

n be differentiable vector fields. Then the symbol [f , g] stands
for the Lie bracket:

[f , g] = ∂f
∂x
g − ∂g

∂x
f .

The adjoint representation of the Lie bracket is defined as

ad0
f g = g, adk

f g = [f , adk−1
f g].
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1

Introduction

Consider a living organism or an artificial mechanism, which we shall refer to for
the moment as a system, aiming to perform optimally in an uncertain environment.
Despite the fact that the environment may be uncertain, we will suppose that we
know the structure of the physical laws of the environment determining plausible
motions of the system. Suppose that we even know what the system’s action might
be and assume that criteria of optimality according to which the system must deter-
mine its actions are available. Would we be able to decide a priori which particular
action a system must execute or how it should adjust itself in order to maintain its
behavior at the optimum?

Depending on the language describing the system’s behavior, environment, and
uncertainties a number of theoretical frameworks can be employed to find an answer
to this non-trivial question. If the available information about the system is limited
to a statistical description of the events and their likelihoods are known, then a
good methodological candidate is the theory of statistical decision making. On the
other hand, if the more sophisticated and involved apparatus of stochastic calculus
is used to formalize the behavior of a system in an uncertain environment then
a reasonable way to approach the analysis of such an object is to employ the
theory of stochastic control and regulation. Despite these differences in how the
behavior of a system may be described in various settings, there is a fundamental
similarity in the corresponding theoretical frameworks. This similarity, if expressed
informally, is that every framework should contain a description of the system’s
actions, mechanisms for maintaining and adjusting its behavior, and criteria of
optimality or goals. These are in essence components of what we usually understand
when calling a system adaptive.

In biology, according to the Encyclopedia Britannica, adaptation is described as
a “process by which an animal or plant species becomes fitted to its environment; it
is the result of natural selection’s acting upon heritable variation. Even the simpler
organisms must be adapted in a great variety of ways: in their structure, physiology,

3
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and genetics, in their locomotion or dispersal, in their means of defense and attack,
in their reproduction and development, and in other respects.” Actions, regulation
and adjustments, criteria of optimality (fitness) are all present in this definition.

In systems theory there is less consensus on what the term “an adaptive system”
describes. According to Evleigh (1967) a system is called adaptive if it “is a system
which is provided with a means of continuously monitoring its own performance
in relation to a given figure of merit or optimal condition and a means of modifying
its own parameters by a closed-loop action so as to approach this optimum.” Other
definitions of an adaptive system have been provided by e.g. L. Zadeh, R. Bellman
and R. Kalaba, J. G. Truxall, and V. A. Yakubovich, which we will consider in
detail in Chapter 3. Yet they all share the very same ingredients such as actions,
adjustments, and criteria of optimality. In this book we will also use the same
general understanding of what an adaptive system means, though we will allow
some technical deviations from these classical definitions.

Because the phenomenon of adaptation is generally understood as a special reg-
ulatory process in which a system maintains its performance at the optimum by
adjusting itself and its actions, a natural language to analyze the phenomenon
of adaptation is the language of systems and control theories. There are many
inspiring and excellent monographs covering the general topic of adaptation. A
non-exhaustive list of influential texts includes Tsypkin (1968), Tsypkin (1970),
Narendra and Annaswamy (1989), Sastry and Bodson (1989), Krstić et al. (1995),
and Fradkov et al. (1999). Hence it is reasonable to ask whether anything new
can be added to this wealth of intellectual resources by one more text. As is often
the case in science, novelty is a frequent consequence of a new formulation of a
known problem, or it emerges as a result of answering new questions about familiar
objects.

The purpose of this monograph is to contribute to the theory of adaptive sys-
tems by presenting a list of challenging questions and providing a unified theory
that would allow one to find answers to these questions in a rigorous and system-
atic way. There are numerous examples illustrating the benefits of mathematical
analysis of the phenomenon of adaptation: they range from solving the problems
of crisis predictions (Gorban et al. 2010) to explaining plausible mechanisms of
cell functioning in biology (Moreau and Sontag 2003), understanding the evolu-
tion of species (Gorban 2007), and motor learning (Smith et al. 2006). It is the
author’s hope that the methods developed here will also be useful for addressing
open questions in science.

Below we present several examples of these questions emerging across the
disciplines ranging from brain modeling to the issues of precise perturbation com-
pensation in engineering and the problems of signal classification and pattern
analysis in artificial intelligence. These examples are split into two major groups
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related to the problems of observation and regulation. For each of these groups
we provide informal statements of the corresponding adaptation problems. These
statements are not to be considered final and we will reshape them later on in the
text. The function of these statements is to emphasize different facets of the problem
of adaptation. There was no specific reason for choosing particular subject areas
from which the examples are taken except probably the author’s personal interests
and bias.

1.1 Observation problems

The problem of state and parameter reconstruction of dynamical systems from
the values of just few variables is a common task in the domain of mathematical
modeling. Despite the fact that this problem received substantial attention in the
past (see e.g. Bastin and Dochain (1990) and Ljung (1999)), there are gray spots
in the literature for which finding a computationally plausible and theoretically
rigorous solution remains a non-trivial task. The usual sources of difficulties are
the presence of nonlinear parametrization, and the fact that we are not allowed to
influence the system’s behavior by varying its inputs in a reasonably broad class of
functions.

There are numerous observation problems of this kind in physics. We start by
presenting two examples from the domains of biophysics and neuroscience.

1.1.1 Example: quantitative modeling in biophysics and neuroscience

Let us consider the problem of simultaneous state and parameter reconstruction of
models describing the dynamics of neural cells. Most of the available models of
individual biological neurons are systems of ordinary differential equations describ-
ing the cell’s response to stimulation; their parameters characterize variables such
as time constants, conductances, and response thresholds, which are important for
relating the model responses to the behavior of biological cells. Even the simplest
models in this class, such as the Morris–Lecar model (Morris and Lecar 1981), are
a great source of inspiration from the modeler’s perspective (see Figure 1.1). This
model is defined by the following system of equations:

V̇ = 1

C
(−ḡCam∞(V )(V − ECa)− ḡKw(V − EK)− ḡL(V − EL))+ I ,

ẇ = − 1

τ(V )
w + w∞(V )

τ(V )
,

(1.1)
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–

–
+

+
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–

Figure 1.1 Incompleteness of information in quantitative modeling of a cell’s
behavior. The diagram on the left shows a basic phenomenological description of
how currents propagate through a patch of the cell’s membrane. There is a number
of voltage-dependent channels, such as for Ca, Na, and K depicted in the figure.
These channels pump ions through the membrane, and each of these channels
has its own dynamics. The problem is that recording currents through every single
channel in the membrane simultaneously is not always possible. Thus they must be
estimated from available measurements, such as the membrane potentials depicted
in the right diagram.

where

m∞(V ) = 0.5

(
1+ tanh

(
V − V1

V2

))
,

w∞(V ) = 0.5

(
1+ tanh

(
V − V3

V4

))
,

τ(V ) = T0
1

cosh ((V − V3)/2V4)
.

The variable V in (1.1) corresponds to the measured membrane potential, and
I models an external stimulation current. The parameters ḡCa, ḡK, and ḡL stand
for the maximal conductances of the calcium, potassium, and leakage currents,
respectively; C is the membrane capacitance; V1, V2, V3, and V4 are the parameters
of the gating variables;T0 is the parameter regulating the time scale of ionic currents;
ECa and EK are the Nernst potentials of the calcium and potassium currents; and
EL is the rest potential.

The total number of parameters in system (1.1) is 12, excluding the stimulation
current I . Some of these parameters can be considered typical. For example the
values of the Nernst potentials for calcium and potassium channels, ECa and EK,
are known and usually are set as ECa = 100 mV and EK = −70 mV (Koch 2002).
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The value of the rest potential, EL, can be measured explicitly. The values of the
parameters, ḡCa, ḡK, ḡL, and T0, however, may vary substantially from one cell to
another, and in general they are dependent on the conditions of the experiment. For
example, the values of ḡCa, ḡK, and ḡL depend on the density of ion channels in a
patch of the membrane; and the value of T0 is dependent on temperature. Hence, to
be able to model the dynamics of individual cells, we have to recover these values
from data.

Another example of the same nature is a model predicting the force generated by
rat skeletal muscles during brief isometric contractions (Wexler et al. 1997). The
model consists of three coupled nonlinear differential equations,

Ḟ = aT

(
1− F

Fm

)
− F

τ1 + τ2T /T0
,

Ṫ = k1T0C
2 − (k1C

2 + k2)T ,

Ċ = 2(k1C
2 + k2)T − 2k1T0C

2 + kC0 − (k + k0)C,

(1.2)

where F is the force generated by the muscles, T is the concentration of Ca2+–
troponin complex, andC is the concentration of Ca2+ in the sarcoplasmic reticulum.
The parameters τ1, C0, and k are fixed, while the parameters k0, k1, k2, τ2, Fm, a,
and T0 are free. The values of T and C are not available for direct observation, and
the values of F over time can be measured. The question is whether it is possible
to reconstruct the free parameters of the model together with the values of the
concentrations T and C from the measurements of F. As in the previous example,
we are dealing with an uncertain system in which the unknown parameters enter
the right-hand side of the corresponding differential equations nonlinearly.

1.1.2 Example: adaptive classification in neural networks

The problem of estimating parameters of ordinary differential equations is not
limited to the domain of modeling. It has an important relative in the field of
artificial intelligence, namely the problem of adaptive classification of signals. An
example of this problem is provided below.

Consider a set of signals defined as

F = {fi(ξ(t), θi)}, i ∈ {1, . . . ,Nf },
fi : R× R → R, fi(·, ·) ∈ C0,

ξ : R≥0 → R, ξ(·) ∈ C1 ∩ L∞[0,∞], (1.3)

where θi ∈ �θ ⊂ R are parameters of which the values are unknown a priori,
�θ = [θmin, θmax] is a bounded interval, and ξ(t) is a known and bounded function.
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Signals fi(ξ(t), θi) constitute the set of variables chosen to represent the state of
an object.

Let s ∈F be an element of class F . The values of s(t , θ) are fed into the following
system of differential equations:

ẋj =
N∑

m=1

cj ,mσ(wT
j ,mx + ws,j ,ms(t)+ wξ ,j ,mξ + bj ,m),

j ∈ {1, . . . ,Nx},
x = col(x1, . . . , xNx ), x(t0) = x0. (1.4)

System (1.4) is often referred to as the recurrent neural network with standard multi-
layer perceptron structure. Here cj ,m,wj ,m, ws,j ,m, wξ ,j .m, and bj ,m are parameters
of which the values are fixed, and the function σ : R → R is sigmoidal:

σ(p) = 1

1+ e−p
.

The problem of classification can now be stated as follows: is there a network of
type (1.4) that is able to recover uncertain parameters i and θi from the input s(t)
(see Figure 1.2)? Informally, this means that there exist two sets of functions of the
network state x and input s(t):

{hf ,j (x(t), s(t))}, {hθ ,j (x(t), s(t))},
hf ,j : R

Nx × R → R, hθ ,j : R
Nx × R → R, j ∈ {1, . . . ,Nf },

such that the values of i and θi can be inferred from {hf ,j (x(t), s(t))} and
{hθ ,j (x(t), s(t))}, respectively, within a given finite interval of time.

Figure 1.2 Adaptive classification of temporal signals in recurrent neural networks
with fixed weights.
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Networks (1.4) form an important class of computational structures of which the
practical utility and capabilities are widely acknowledged in the literature (Haykin
1999). This class has been shown to be successful in dealing with a wide range
of classification problems, including that of classifying signals from (1.3), pro-
vided that the values of θi in (1.3) are known. Empirical studies suggest that
recurrent neural networks of this type are able to solve the classification problem
(Feldkamp and Puskorius 1997; Prokhorov et al. 2002a) even if θi are unknown.
The question, however, is how to show that this is indeed the case.

The problem of adaptive classification may look different from the previous
examples in the domain of modeling. Indeed, here we have an existence ques-
tion, whereas in the examples before we asked for a specific estimation algorithm.
Despite these differences, there is substantial similarity in these problems. To be
able to see this similarity, we would like to state the observation problem in a more
general context below.

1.1.3 Preliminary statement of the problem

Let us generalize model (1.1) to the following class of dynamical systems:

ẋ = f(x, θ)+ g(x, θ)u(t), x(t0) ∈ �x ⊂ R
n,

y = h(x), x ∈ R
n, θ ∈ �θ , �θ ⊂ R

d , y ∈ R, (1.5)

where f , g : R
n × R

d → R
n, h : R

n → R, and u : R → R are continuous
and differentiable functions. The variable x stands for the state vector, u ∈ U ⊂
C1[t0,∞) is the known input, θ is the vector of unknown parameters, and y is the
output of (1.5). Given that the right-hand side of (1.5) is differentiable, for any
x′ ∈ �x , u ∈ C1[t0,∞) there exists a time interval T = [t0, t1], t1 > t0 such
that a solution x(t , x′) of (1.5) passing through x′ at t0 exists for all t ∈ T . Hence,
y(t) = h(x(t)) is defined for all t ∈ T . For the sake of convenience we will assume
that the interval T of the solutions is large enough or even coincides with [t0,∞)

when necessary.
Taking these notations into account, we can now state the observation problem

as follows: suppose that we are able to measure the values of y(t) precisely; can
the values of x′ and the parameter vector θ be recovered from the observations of
y(t), and, if so, how? In particular, we are interested in finding a computational
algorithm

ξ̇ = p(ξ , t , u(t), y(t)), ξ0 = ξ(t0) ∈ �ξ , (1.6)
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such that for some known functions hx(ξ) and hθ (ξ) and given number ε > 0 the
following property holds:

lim sup
t→∞

‖hx(ξ(t , ξ0))− x(t)‖ ≤ ε,

lim sup
t→∞

‖hθ (ξ(t , ξ0))− θ‖ ≤ ε ∀ ξ0 ∈ �ξ .
(1.7)

In order to see how this statement is related to the adaptive classification problem
in neural networks it is sufficient to notice that (1) the right-hand side of (1.4) can
approximate an arbitrary continuous function in a bounded domain (hence it can
model the right-hand side of (1.6)), and (2) the function s in (1.4) may be modeled
as an output of system (1.5).

System (1.5) can be viewed as an external object or environment, and compu-
tational algorithm (1.6) and the functions hx(ξ) and hθ (ξ) constitute the adapting
system. The system responds to changes in the environment so that its performance
(defined here by (1.7)) reaches an acceptable level and is maintained at this level
indefinitely. If (1.5) were linearly parametrized, i.e. the functions f(x, θ) and g(x, θ)
were linear in θ , then in order to answer this question we could employ the well-
developed machinery of standard adaptive observers design (Marino and Tomei
1995b). Yet, as model (1.1) illustrates, the assumption of linear parametrization
does not always hold. Hence alternative methods are needed.

This question (as well as other related issues of parameter estimation of nonlinear
ordinary equations) is discussed in detail in Chapter 5. In addition to presenting
sufficient conditions stipulating the mere existence of solutions to the observation
problem, we provide specific computational algorithms (1.6) satisfying the required
asymptotic properties (1.7). Special attention is paid to the analysis of the conver-
gence rates of these algorithms. One may expect that the rates of convergence are
likely to depend on the classes of nonlinearities in the models. This is indeed the
case, as we illustrate in Chapter 5.

1.2 Regulation problems

Suppose now that we are not interested in reconstructing the values of the state
and parameters of system (1.5). We do, however, require that the system’s state is
regulated to a given set in the system’s state space for all θ ∈ �θ . Consider for
example the following system:

ẋ1 = x2,

ẋ2 = −x1 − x2 + g(x1, x2, θ)+ u,
(1.8)
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where x1 and x2 are the state variables, θ ∈ �θ , �θ ⊂ R
d is the vector of unknown

parameters, g : R× R× R
d → R is a continuous function, and u : R → R is an

input. Equations (1.8) describe a large class of mechanical and chemical systems.
If we accept a simplified interpretation in which x1 is the position of an object
in space and x2 is its velocity then g(x1, x2, θ) could stand for the friction terms
(Canudas de Wit and Tsiotras 1999). If (1.8) is a model of a bio-reactor then x1

and x2 are the substrate concentrations and g(x1, x2, θ) could stand for the standard
Michaelis–Menten nonlinearity (Bastin and Dochain 1990). In all these cases the
function g(x1, x2, θ) is nonlinear in θ . The question is whether there is a function
u(x1, x2, θ̂) such that the solutions of (1.8) converge to the origin for all θ ∈ �θ .

1.2.1 Example: non-dominating adaptive regulation

If no additional constraints are imposed then the above problem can be easily solved
within the framework of dominating functions (Lin and Qian 2002b; Putov 1993).
In this framework the original nonlinearly parametrized uncertainty g(x1, x2, θ) is
replaced by a dominating linearly parametrized one |g(x1, x2, θ)| ≤ ḡ(x1, x2)

Tη

and the problem is then solved using the standard method of Lyapunov functions
(see Lin and Qian (2002b) for details). Although practical, this approach is not
necessarily optimal for systems with limited resources. If the system is a living
organism then using resources excessively may be an important limiting factor.
The same argument applies for artificial yet autonomous systems. For these classes
of systems a reasonable assumption is that the system is penalized for excessive
use of domination terms in control.

One of the simplest examples of such non-dominating control schemes is the
compensatory control u = −g(x1, x2, θ). If the value of θ were known then this
feedback would be able to steer the system to the origin. The problem, however,
is that the values of θ are unknown and the function g(x1, x2, θ) is nonlinearly
parametrized. A possible strategy would be to make an initial guess at θ and then
adjust its value over time. The question, however, is how should one do this? This
is a typical example of the non-dominating adaptation problem, of which a more
formal statement is provided at the end of this section.

1.2.2 Example: adaptive tuning to bifurcations

In the previous case the set to which the system solutions are to converge was a
priori known. There are systems for which information of this kind is not explic-
itly available. Their goal is not to reach a given state in the system’s state space
but rather to maintain adaptively a certain functional property of the system. An
interesting example is the problem of adaptive self-tuning of a hearing nerve cell
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Figure 1.3 A diagram illustrating sensitivity control in the hearing cells via tuning
to Andronov–Hopf bifurcation. The left panel shows response of the model, (1.9),
λ = 1, ω = 1, to a stimulus u(t) = sin(t) at µ0−µ = 1. The middle panel shows
the response of the “tuned” model with µ0 = µ to the same stimulus. We see that
the amplitude of oscillations in the tuned cell is many times larger than that in the
untuned one.

(Moreau and Sontag 2003). The dynamics of the cell can be described by a nonlinear
oscillator

ẍ + (µ0 − µ)ẋ + λẋ3 + ω2x = u(t), λ ∈ R>0, (1.9)

where µ is the parameter to be adjusted and u(t) is the input (stimulus). When
the value of µ is set close to µ0 the system’s dynamics approaches supercritical
Andronov–Hopf bifurcation. This leads to the possibility of substantial amplifica-
tions of signals in the specific frequency range (Camalet et al. 2000) (see Figure
1.3). The question, however, is what are the mechanisms ensuring that the system
is always operating in close proximity to the bifurcation?

It has been shown in Moreau and Sontag (2003) that a simple adaptation
procedure,

µ̇ = −a log
√
x2 + ẋ2/ω2 − b, a, b ∈ R>0, a < b2,

provides the required property. The value of this and similar results is difficult to
overestimate, for they provide plausible adaptation models that can be searched for
and validated in experiments. Moreover, the example motivates us to generalize
this question even further and ask whether there exists a general recipe for deriving
such feedbacks. This is the class of problems also known as adaptive tuning to
bifurcations.
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1.2.3 Example: adaptive regulation to invariant sets

The question of adaptive tuning to bifurcations is closely related to another inter-
esting problem, that of adaptive regulation to invariant sets. The need to pose the
problem of regulation as that of steering to a given invariant set emerges under
those conditions, when the target set is not completely known. For example, we
may know that the target set is necessarily an equilibrium or a periodic orbit, yet
the precise location and shape of these sets might not be known. In Chapter 5 we
present a set of results that allow us to solve both the problem of adaptive tuning
to bifurcation and the problem of regulation to invariant sets in a unified manner
using the method of a virtual algorithm of adaptation.

1.2.4 Preliminary statement of the problem

Let us now summarize the regulation problems considered above. Suppose that the
system’s motions are governed by the following set of equations:

ẋ = f0(x)+ f(x, θ)+ g(x)u, (1.10)

where f0, f and g are continuous functions and θ is the vector of unknown parame-
ters. The standard adaptive regulation question is that of whether there is a feedback

u = u(x, θ̂),

˙̂
θ = A(x)

(1.11)

such that the system’s state is stirred asymptotically to the origin. As our examples
motivate, in addition to this standard requirement, we may wish to require that a
functional of u(x, θ) is optimized over time. A reasonable requirement could be
that

lim
t→∞

∫ t

0
(u(x(τ , x0), θ)− u(x(τ , x0), θ̂(τ )))

2 dτ → min.

In the next chapters we shall see when, how, and in what sense such requirements
may be satisfied.

Let us now suppose that system (1.10) undergoes a certain bifurcation at θ = 0
and its operating conditions require that this regime is maintained adaptively. Yet
the values of θ may change abruptly. In this case the adaptive regulation problem
can be stated as that of looking for the functions (1.11) such that

lim
t→∞ f(x(t , x0), θ)+ g(x(t , x0))u(x(t , x0), θ̂(t)) = 0.

The question, however, is how do we find such algorithms?
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1.3 Summary

The examples of problems presented above are a sample of the sorts of challenges
we wish to attack in this book.Although they originate in rather different fields, they
are connected together by the need for theoretical assessment of how adaptation
may be organized and analyzed in these systems. The systems considered in the
examples contain nonlinearly parametrized uncertainties, and their target behavior
need not necessarily be stable. Even the definition of the target sets is allowed to
bear a degree of uncertainty. The main theoretical focus of this book is to provide
a systematic extension of the existing theories of adaptation so that all these chal-
lenging problems, irrespective of their field of origin, can be addressed in a rigorous
and unified manner.

The main strategy in our quest to create such an extension can be described
as that of looking beyond the usual presumptions in the domain of analysis and
synthesis of adaptive systems. In particular, we will concentrate on breaking through
the following constraints (presumptions) which are often implicitly or explicitly
imposed in the standard statements of the problem of adaptation:

(1) a practically successful adaptive system must be stable in the sense of
Lyapunov;

(2) the analysis and synthesis methods should operate exclusively and at all times
with those variables of which the values are available for direct observations;

(3) a successful system should be able to maintain its optimal performance over
infinitely long intervals of time.

In order to be able to avoid these constraints when their presence in the problem is
not at all necessary, we shall present a systematic view on the problem of adaptation
starting from the very basic principles of a system’s organization and passing on
to the laws implementing these principles in particular settings. As a result of this
hierarchical approach, a likely object of our analysis would be a system that is
adapting, albeit not necessarily being globally stable in the sense of Lyapunov.

A possible way to develop a feeling for why some constraints are important
whereas others can be removed from the problem is to look at the problem retro-
spectively (Lakatos 1976). In the next two chapters we review the most influential
concepts of adaptation in the literature of systems and control theories and justify
the research program that guided the development of our own contribution.
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Preliminaries

Determining asymptotic properties of dynamical systems, including the formula-
tion of a qualitative picture of the system’s trajectories over large intervals of time,
is one of the central questions of modern theory for adaptive systems. This is not
surprising, for the very reason for adaptation is the lack of available measurement
information. If such information is not available a priori, and carrying out numer-
ical or physical experiments is not a feasible option, assessment of the qualitative
properties of the system’s behavior is often the only way to characterize the system.
What are these qualitative properties? Informally, from these properties we should
be able to tell, for example, how a system might respond to external perturbations,
or how the system’s variables behave over long intervals of time. Formally, we may
wish to know whether the system is stable in some sense, whether its trajectories
are bounded, and to what sets these trajectories will be confined with time.

In this chapter we shall provide a brief summary and necessary background
about these qualitative properties of dynamical systems. We do not wish, however,
to present an exhaustive review of all concepts. There are many excellent texts
devoted to detailed analysis of every single issue mentioned above. Here we will
rather review these concepts with a level of detail and generality just sufficient for
developing a qualitative understanding of the problem of adaptation and the basics
of methods of adaptive regulation. Let us start with the simplest and at the same
time the most difficult notion for analysis: the notion of an attracting set.

2.1 Attracting sets and attractors

In order to introduce the notion of an attracting set it is often useful to think of
a system as a family of parametrized maps x : R × R

n → R
n. In the modeling

language this will restrict our attention to the following models: x(t , x0), or flows,
where t stands for the time instance and x0 is the value of the system’s state at

15
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t = 0. Usually an additional semi-group property is imposed on x(t , x0):

x(t ′, x(t ′′, x0)) = x(t ′ + t ′′, x0).

Although this assumption is not entirely necessary for producing the definition, we
shall keep this possibility in mind, for it provides us with a link to physical reality.
We would also like to notice that models x(t , x0) do not yet have any explicit
reference to any inputs or other factors acting on a real system externally. These
factors are all hidden in the model. The main reason for this is that we want to keep
the notation compact. However, should such a necessity arise, one can easily modify
the definitions below so that all external variables are made explicitly visible.

Before we proceed with a formal definition explaining what we will understand
under the term attracting set we will need to introduce one additional notion. This
is the notion of an invariant set with respect to a given flow x(t , x0).

Definition 2.1.1 A set A ⊂ R
n is called invariant with respect to the flow x(t , x0)

iff for all x0 ∈ A, t ∈ R the following property holds:

x(t , x0) ∈ A.

It is sometimes useful to distinguish between forward-invariant and backward-
invariant sets, of which the definitions are provided below.

Definition 2.1.2 A set A ⊂ R
n is called forward-invariant with respect to the

flow x(t , x0) iff for all x0 ∈ A, t ∈ R≥0 we have that x(t , x0) ∈ A. The set is
backward-invariant iff x(t , x0) ∈ A for all x0 ∈ A, t ∈ R≤0.

Simple examples of invariant sets are equilibria, limit cycles, or just orbits of
autonomous systems in the state space (see Figure 2.1). Whether a given set is
invariant or not is an important item of information for the analysis of uncertain
systems. Indeed, if we know that A is invariant then all trajectories passing through
at least one point of A will necessarily remain there for all t . Despite its clear
benefits for analysis, the notion of invariance of a set with respect to x(t , x0) is not
a very instrumental property from the viewpoint of regulation. Suppose that we
know that A ⊂ R

n is forward-invariant with respect to x(t , x0), and let us suppose
that the system’s state passes through a point that does not belong to A. Let us
finally assume that for some reason we wish to know whether the system’s state
will reach A or its arbitrarily small vicinity in finite time. For example, if x(t , x0)

models trajectories of an organism in space and A is the set of locations of food
then a question of vital importance for this organism is whether it should employ
its resources to initiate movements towards the set A or whether it should wait for
some time until external forces such as the flow of water or wind eventually bring it
to A in a reasonable amount of time.Answering this question might not be a feasible
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Figure 2.1 Examples of invariant sets of autonomous dynamical systems: 1,
equilibrium; 2, a limit cycle; and 3, an orbit.

exercise in the absence of additional information about the system. We may still
view this property as preferable and desirable. An invariant set possessing such a
property is often referred to as attracting. Formally the notion of an attracting set
is provided in the next definition

Definition 2.1.3 A closed1 invariant set A ⊂ R
n is called attracting iff

(1) there is a neighborhood U(A) of A such that

x(t , x0) ∈ U(A) ∀ x0 ∈ U(A), t ∈ R≥0; (2.1)

(2) the following limiting property holds

lim
t→∞‖x(t , x0)‖A = 0 ∀ x0 ∈ U(A). (2.2)

According to Definition 2.1.3 a closed invariant set A is attracting if there is a
forward-invariant neighborhood U(A) such that all trajectories starting in U(A)

converge to A asymptotically. At first glance the definition is rather general and
clear. Although this is indeed the case, there are situations in which a generalization
of this notion may be required. Let us consider an example.

1 Let us remind the reader that a set A is closed iff it contains all of its limit points. For example, if A is closed
and ai ∈ A i = 1, . . . ,∞ is a sequence then limi→∞ ai (if exists) should also belong to A. If A is an interval
then it is closed iff A contains its boundaries. A point in R

n is obviously a closed set. In addition to these simple
examples there are more exotic instances of closed sets such as the Cantor set (also known as “Cantor dust”).
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Figure 2.2 The phase portrait of system (2.3).

Example 2.1.1 Suppose that the system dynamics is governed, up to a coordinate
transformation, by the following set of ordinary differential equations:

ẋ1 = −x1 + x2,

ẋ2 = |x2|.
(2.3)

The solution of the second equation in system (2.3) is a non-decreasing func-
tion of t for all initial conditions. Furthermore, for all x2(0) ≤ 0 we have
limt→∞ x2(t , x2(0)) = 0; and limt→∞ x2(t , x2(0)) = ∞ for all x2(0) > 0. From
this simple analysis we can conclude that solutions of the system will necessarily
approach the origin asymptotically for all x2(0) ≤ 0, and will move away from
the equilibrium for arbitrarily large distances if x2(0) > 0. This is illustrated in
Figure 2.2 depicting the phase portrait of system (2.3). This figure demonstrates
that for any neighborhood U(A) of the origin A there are points x′ ∈ U(A) such
that solutions x(t , x′) escape the neighborhood U(A) and never come back. Hence,
according to Definition 2.1.3, A cannot be called an attracting set. On the other
hand, there are points x′′ ∈ U(A) such that limt→∞ x(t , x′′) = 0. If U(A) is an
open circle, then the number of such points is as large as the number of points
corresponding to the solutions escaping U(A). Thus the set A bears an overall
signature of attractivity.
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Contradiction of the type we discussed in this example was noticed and analyzed
by many authors, e.g. in Gorban and Cheresiz (1981).2 This led to the emergence of
the new notion of a weakly attracting set, which was formally defined by J. Milnor
in his seminal work (Milnor 1985):

Definition 2.1.4 A set A is a weakly attracting, or Milnor attracting, set iff

(1) it is closed, invariant, and
(2) for some set V (not necessarily a neighborhood of A) with strictly positive

measure and for all x0 ∈ V the following limiting relation holds:

lim
t→∞ x(t , x0) = A ∀ x0 ∈ V(A). (2.4)

The key difference of the notion of a weakly attracting set from that provided
in Definition 2.1.3 is that the domain of attraction V is not necessarily a neighbor-
hood of A. Despite the fact that this difference may look small and insignificant at
first glance, it becomes very instrumental for successful statement and solution of
particular problems of adaptation. In Chapter 5 we will present a large class of prob-
lems for which solutions might not even exist if the standard definition of attracting
sets were exclusively used in the formal statement of the problem. Although we
are not yet ready to provide these examples now, we still would like to point out
the existence of these two rather different views on what an attracting set may
mean.3

So far we have defined the notions of invariance and attractivity of a set with
respect to a flow. In the context of adaptation, invariance and attractivity are often
desirable asymptotic characterizations of the preferred domain to which the state of
an adapting system must be able to move. The question, however, is whether these
properties characterize the preferred state with minimal ambiguity. To some degree,
thanks to the requirement of invariance in the definitions, this issue is already taken
into account. In order to illustrate this point let us suppose that the invariance
property in Definitions 2.1.3 and 2.1.4 is replaced with forward-invariance.

Consider system (2.3) from Example 2.1.1. If we replace the invariance require-
ment with forward-invariance in Definition 2.1.4 then the equilibrium of this system
will still be weakly attracting. One can easily see that in this case the equilibrium
will not be the only attracting set in the state space. In fact, if we were to replace
invariance with mere forward-invariance, the bottom half of every disk centered at
the point (0, 0) would be a weakly attracting set too. Indeed, all sets defined in this

2 See also Gorban (2004) for a more recent and extended review.
3 We would like to note that Definitions 2.1.3 and 2.1.4 do not exhaust all of the possibilities for defining attracting

sets of dynamical systems. There are many other alternatives, such as in Bhatia and Szego (1970). Our choice
of particular notions is motivated mostly by the scope of the problems we will consider in this book.
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way are forward-invariant according to Definition 2.1.2, and for every such set there
exists a set V(O) (e.g. pick V(O) = {(x1, x2)|x2 ≤ 0}) satisfying condition (2.4).
Thus the number of weakly attracting sets in system (2.3) would be infinite and not
even countable. Hence an object specified in terms of mere forward-invariance and
attraction can in principle bear a substantial degree of ambiguity.

In order to disambiguate the asymptotic behavior of dynamical systems even
further, the attractivity property of a set is often considered, together with its mini-
mality. Informally the minimality property can be viewed as a requirement that an
attracting set A should not contain any other attracting sets strictly smaller than A.
Formally this can be stated as the requirement that for every x0 ∈ A the trajectory
x(t , x0) is dense in A. Attracting sets having this latter property are often referred
to as attractors. Similarly to attracting sets, there are standard and weak attractors,
and we shall be able to see the advantage of both notions in the next chapters.

So far we have provided formal definitions for invariance, attracting sets, and
attractors. It is natural now to ask how we can tell whether a set is invariant,
attracting, or is an attractor for a given dynamical system. In other words, in addition
to the definitions we need to have instrumental criteria for establishing at least the
existence of the sets with the aforementioned properties. The role of these criteria
in the domain of analysis and synthesis of adaptive systems is that these criteria
will provide specific target constraints an adapting system should implement in
order to be able to fulfill its goals.

In the literature on adaptive control there are many criteria of this kind. Here we
consider only those criteria that are necessary in order to understand state-of-the-art
statements of the problem of adaptation which we discuss in Chapter 3. These are
Barbalat’s lemma, stability, persistency of excitation of a vector-function, and one
special class of dynamical systems of which the asymptotic behavior can be easily
analyzed analytically. Let us start with the simplest of them – Barbalat’s lemma.

2.2 Barbalat’s lemma

An inherent feature of many adaptive systems is that they operate in conditions
under which information about the environment and their own dynamics is lacking.
A simple example is that of an organism that may be able to measure its relative
position in space with a certain tolerance but is not able to measure its velocity.
Yet, it needs to detect conditions under which the velocity is converging to zero
asymptotically. More generally, let h : R → R be a function of which the value
is physically relevant, but we do not know this function precisely. Suppose that
we know some integral characterization of the function, such as the upper and
lower bounds of its integral over a family of intervals. What can we say about the
asymptotic properties of the function? Is there a limit of h(t) at t →∞, and, if so,
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what is its value? The answer to this question is partially provided by Barbalat’s
lemma.

In order to state the lemma let us recall the property of uniform continuity of a
function of a real variable.

Definition 2.2.1 A function h : R → R is called uniformly continuous iff for
every ε > 0, ε ∈ R there exists δ > 0, δ ∈ R such that for all t , τ ∈ R the following
inequality holds:

|t − τ | < δ ⇒ |h(t)− h(τ)| < ε. (2.5)

The lemma now can be formulated as follows.

Lemma 2.1 Let h : R → R be a uniformly continuous function and suppose that
the following limit exists:

lim
t→∞

∫ t

t0

h(τ)dτ = a, t0 ∈ R, a ∈ R. (2.6)

Then

lim
t→∞h(t) = 0. (2.7)

Proof of Lemma 2.1. Suppose that (2.7) does not hold. This implies that there
exists a diverging sequence of tn, n = 1, . . . ,∞ such that

|h(tn)| > ε, ε ∈ R, ε > 0.

Because the function h(t) is uniformly continuous we have that

∀ ε1 > 0, ε1 ∈ R ∃ δ1 > 0, δ1 ∈ R : |t − tn| < δ1 ⇒ |h(t)− h(tn)| < ε1.

Let ε1 = ε/2, then

|h(t)| + |h(tn)− h(t)| ≥ |h(tn)| ⇒ |h(t)| ≥ |h(tn)| − |h(t)− h(tn)| ≥ ε/2 (2.8)

∀ t ∈ [tn, tn + δ1]. Consider now∣∣∣∣
∫ tn+δ1

t0

h(τ)dτ −
∫ tn

t0

h(τ)dτ

∣∣∣∣ =
∣∣∣∣
∫ tn+δ1

tn

h(τ )dτ

∣∣∣∣ . (2.9)

Given that (2.6) holds, we can conclude that there exists a number n′ such that∣∣∣∣
∫ tn+δ1

tn

h(τ )dτ

∣∣∣∣ ≤ ε2, ε2 > 0, ε2 ∈ R ∀ n ≥ n′, (2.10)
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where ε2 is an arbitrarily small number. On the other hand, on applying the mean-
value theorem to the right-hand side of (2.9) and using (2.8) we obtain that the
estimate ∣∣∣∣

∫ tn+δ1

tn

h(τ )dτ

∣∣∣∣ = ∣∣δ1h(t
′)
∣∣ , t ′ ∈ [tn, tn + δ] ⇒

∣∣∣∣
∫ tn+δ1

tn

h(τ )dτ

∣∣∣∣ ≥ δ1ε/2 (2.11)

must hold for all n = 1, . . . ,∞. Thus, taking (2.11) and (2.10) into account, we
can conclude that

ε2 >

∣∣∣∣
∫ tn+δ1

tn

h(τ )dτ

∣∣∣∣ ≥ δ1ε/2, ∀ n ≥ n′.

Given that the value of ε2 can be chosen arbitrarily small and that δ1ε/2 > 0, we
obtain a contradiction. Hence the assumption that h(t) does not converge to zero
is not true. �

An instrumental function of Lemma 2.1 in the domain of synthesis and analysis
of adaptive systems is that it constitutes a simple convergence criterion. If we know
that the state vector x of a system satisfies the integral inequality∫ t

t0

‖x(τ , x0)‖2 dτ < B, B ∈ R≥0, ∀ t ≥ t0,

and the derivative of x(t , x0) with respect to t is bounded, we can conclude that
x(t , x0) → 0 at t → ∞. In other words, the system’s state will have to approach
the origin asymptotically. Although simple, this argument is a common component
of convergence proofs in the domain of adaptive regulation.

Despite their simplicity and practical utility, the analysis arguments based exclu-
sively on Lemma 2.1 have obvious limitations. This is because the lemma does not
characterize the transient properties of the converging functions. For example, we
may be interested in knowing how fast a function approaches its limit values, or
how large the excursions of the state vector in the system’s state space may become
before it will settle in close proximity to the origin. The answers to these impor-
tant questions cannot be derived explicitly from Lemma 2.1. The lemma does not
guarantee that the convergence is going to be fast or slow, or that the state does not
deviate much from the origin over time. In order to be able to produce these more
delicate predictions, additional characterizations of the system’s flow rather than
simply uniform continuity are needed. One such characterization is the notion of
stability.
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2.3 Basic notions of stability

Let us ask ourselves what we usually mean by referring to some system or process
as being stable. Intuitively and in vague everyday language we link stability with
the property of a system that a given variable or perhaps a set of variables will not
change much in a certain sense in response to perturbations of some kind. In order to
state the very same definition formally, one needs to clarify what these variables and
perturbations are and what this phrase “will not change much” means. Fortunately,
all necessary clarifications usually follow explicitly from the nature of the problem
and our own understanding of the goals of the analysis. However, depending on the
problem, these specific clarifications vary from one case to another. This gives rise
to a rich family of stability definitions. Here we will consider only those few which
from the author’s point of view are immediately relevant for the analysis of classical
mathematical statements of the problem of adaptive regulation provided. These are
the notions of Lyapunov stability, Poincaré stability, and Poisson stability. Other
basic stability notions, such as input-to-state and input-to-output stability, which
will be instrumental for the further development of the problem of adaptation, are
introduced in Chapter 4.

Definition 2.3.1 Let x(t , x0) : R×R
n → R

n be a solution of a dynamical system
defined for all t ≥ t0, t0, t ∈ R and passing through x0 ∈ R

n at t = t0. Solution
x(t , x0) is globally stable in the sense of Lyapunov iff for every ε > 0, ε ∈ R there
exists δ > 0, δ ∈ R, such that the following holds:4

‖x0 − x′0‖ ≤ δ ⇒ ‖x(t , x0)− x(t , x′0)‖ ≤ ε ∀ t ≥ t0. (2.12)

Alternatively,

‖x0 − x′0‖ ≤ δ ⇒ ∥∥x(t , x0)− x(t , x′0)
∥∥∞,[t0,∞] ≤ ε. (2.13)

If property (2.12) holds only in a neighborhood of x(t , x0) then the stability is
local. The property of Lyapunov stability of a solution has a very simple inter-
pretation. Let us view the flow x(t , x0) as a mapping from the space R

n of initial
conditions x0 into the space of trajectories x(t , x0), and let the space of trajecto-
ries be endowed with the standard uniform norm ‖ · ‖∞,[t0,∞]. Then stability of a
solution in the sense of Lyapunov is analogous to the usual notion of continuity
of the mapping x : R

n → Ln∞[t0,∞]. This is precisely what expression (2.13) in
Definition 2.3.1 states. In other words, small variations of initial conditions lead
to small variations of x(t , x0) over all t ≥ t0. If x(t , x0) is stable in the sense of
Lyapunov then we can make sure that the value of an observed trajectory x(t , x′0)

4 Here and in other definitions of stability, when this applies, we assume that x(t , x′0) is also defined for all t ≥ t0.
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Figure 2.3 Diagrams illustrating the notions of Lyapunov stability of a solution
(a) (di = ‖x(ti , x0) − x(ti , x′0)‖) and Poincaré stability of an orbit (b) (d ′i =∥∥x(ti , x′0)∥∥A, A = {p ∈ R

n|p = x(t , x0), t ∈ R}).

at any t would not be far from the value of x(t , x0) at the same t , provided that the
perturbation in x0 is sufficiently small (i.e. x′0 is sufficiently close to x0).

In some cases knowing that the deviations are guaranteed to be small, provided
that the perturbations in initial conditions are small, might not be enough. For
example, asymptotic convergence of a perturbed solution to its unperturbed version
may be required. In this case we will use the notion of asymptotic Lyapunov stability
of solutions

Definition 2.3.2 Asolution x(t , x0) is (globally) asymptotically stable in the sense
of Lyapunov iff it is (globally) stable in the sense of Definition 2.3.1 and

lim
t→∞ x(t , x

′
0)− x(t , x0) = 0. (2.14)

The isochronous property of Lyapunov stability of a solution is illustrated in
Figure 2.3(a). In order to tell whether x(t , x0) is stable we have to compare the
values of x(t , x0) and x(t , x′0) at the same values of t .

Clearly, Lyapunov stability does not exhaust the whole spectrum of plausible
asymptotic descriptions of solutions of a dynamical system with respect to each
other. Consider an example. Let x(t , x′0) and x(t , x0) be two solutions of the same
system, and x′0 �= x0. Then a possible characterization of their relative position in
the state space could be

ρ(t , x(t , x′0), x(t , x0)) =
∥∥x(t , x′0)∥∥A ,

A = {p ∈ R
n|p = x(t , x0), t ∈ R}. (2.15)

In (2.15) solution x(t , x0) is viewed as an invariant set of the system (see the
comment after Definition 2.1.1 and also Figure 2.1); the closeness of the solutions
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to each other at the given time instant t is determined as the distance from the point
x(t , x′0) to the curve A. On defining the closeness of solutions or trajectories as
(2.15), we arrive at the notion of stability in the sense of Poincaré.

Definition 2.3.3 Let x(t , x0) : R×R
n → R

n be a solution of the system defined
for all t ≥ t0, with t0, t ∈ R, and passing through a point x0 ∈ R

n at t = t0. Let A
denote an invariant set induced by x(t , x0):

A = {p ∈ R
n|p = x(t , x0), t ≥ t0, t ∈ R}.

Solution x(t , x0) is stable in the sense of Poincaré iff for every ε > 0, ε ∈ R there
exists δ > 0, δ ∈ R such that

‖x′0‖A ≤ δ ⇒ ‖x(t , x′0)‖A ≤ ε ∀ t ≥ t0. (2.16)

The main difference of the stability notions in the senses of Lyapunov and
Poincaré are illustrated in Figure 2.3(b). We can see that an unstable solution in
the sense of Lyapunov can in principle be stable in the sense of Poincaré. In this
respect Poincaré stability is a weaker requirement.

The difference between these notions can be further illustrated with a simple
thought-experiment. Let us imagine a car moving along a road on a flat surface with
constant velocity. Suppose that the driver is to follow a point on a path specified by
a curve within the boundaries of the road. The point moves with the same velocity
as the car. Let us denote the trajectory of the car by x(t , x0), and the trajectory the
driver should follow by x(t , x′0). The difference ‖x0 − x′0‖ stands for the initial
distance of the car from the curve, and the driver aims to minimize the value of
‖x(t , x′0)− x(t , x0)‖. When the path is an infinitely long straight line this difference
would not exceed the value of ‖x0 − x′0‖. Thus the motion would be stable in the
sense of Lyapunov. Let us imagine now that the path x(t , x′0) is not a straight line
but a curved one, for example, a circle. Elementary physics tells us that when the
curvature of x(t , x′0) exceeds a certain critical value the friction forces would not
be able to support the motion of the car along the path x(t , x′0). Hence eventually,
even if ‖x0 − x′0‖ = 0, the car’s trajectory x(t , x0) would deviate from x(t , x′0).
Therefore this motion of x(t , x0) with respect to x(t , x′0) cannot be defined as stable
in the sense of Lyapunov. Moreover, if it were stable for all non-zero velocities and
all circle curvatures then such a motion would contradict the laws of physics.

Does this imply that stable and at the same time physics-consistent motions are
not achievable in this example? Apparently not, provided that we allow the driver
to change the velocity of the car. Although in this case we may not be able to ensure
that the motions are stable in the sense of Lyapunov, we will be able to invent a
driving strategy that makes these motions stable in the sense of Definition 2.3.3.
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Indeed, steering the car towards the path (now it is viewed as a set A) and then
driving along the path with sufficiently slow velocity would be a plausible solution.

This example, although informal and simple, allows us to draw rather general
conclusions. In the first case, when the velocities are fixed and equal, we considered
a tracking problem in which the system (comprised of the driver and the car) is to
follow trajectories x(t , x′0) generated by a reference model. In the second case we
considered a path-following problem. Tracking a reference trajectory is shown to
be a stricter goal than simply traveling along a path. Similarly, stability of solutions
in the sense of Definition 2.3.1 is a stricter requirement than stability in the sense of
Definition 2.3.3. In some problems achieving the latter is a more realistic goal than
achieving the former. Taking advantage of the possibility of using various stability
notions allows us to formulate (or in some cases imagine) the system’s goals which
are most adequate to the constraints inherent to the system. This in turn enables
us to avoid unnecessary complications from the beginning and thus allows us to
concentrate on the very essence of the problem.

Let us proceed with the analysis of stability notions considered so far. The set
A in the definition of Poincaré stability is determined by some trajectory of the
same system (see Figure 2.3(b)). It is obvious that the set A thus defined cannot be
arbitrary. Further generalization of this notion leads us to the notion of stability of
a (positively) invariant set A in the sense of Lyapunov (Zubov 1964).

Definition 2.3.4 Let x(t , x0) : R×R
n → R

n be a solution of a dynamical system
defined for all t ≥ t0, t0, t ∈ R and passing through x0 ∈ R

n at t = t0; suppose
that A ⊂ R

n is a closed (forward) invariant set. The set A is stable in the sense of
Lyapunov iff for every ε > 0, ε ∈ R there exists δ > 0, δ ∈ R such that

‖x0‖A ≤ δ ⇒ ‖x(t , x0)‖A ≤ ε ∀ t ≥ t0. (2.17)

Alternatively,

‖x0‖A ≤ δ ⇒ ‖x(t , x0)‖A∞,[t0,∞] ≤ ε. (2.18)

The simplest example of Lyapunov stability of invariant sets is the Lyapunov
stability of equilibria.5 In general Definition 2.3.4 allows us to define the stability of
forward-invariant domains. The latter property is useful for those problems in which
the precise location of the target set is unknown but information about the domain
to which it belongs is available. Similarly to the case of stability of solutions, one
can also define the (global) asymptotic stability of sets in the sense of Lyapunov.
In order to do so, we require that in addition to (2.17) and (2.18) the following

5 Notice that in this case all three of the versions of stability considered are equivalent.
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property holds:

lim
t→∞‖x(t , x0)‖A = 0. (2.19)

All stability notions considered so far relate the behavior of the system’s solu-
tions to a set or another trajectory over infinitely long and connected intervals of
time. There are systems, however, for which the solutions do not stay near a given
set indefinitely. Solutions of these systems may eventually escape any small neigh-
borhood of the set. However, they always return to the same neighborhood after
some time. The key property here is the recurrence of motion, and stability of such
recurrence is formally specified by the notion of Poisson stability.

Definition 2.3.5 Let x(t , x0) : R×R
n → R

n be a solution defined for all t ≥ t0,
with t0, t ∈ R, and passing through x0 ∈ R

n at t = t0. Point x0 is called stable in
the sense of Poisson iff for all ε > 0, δ > 0, ε, δ ∈ R and any t ′ ≥ t0 there exists
t ′′ > t ′ + δ such that

‖x0 − x(t ′′, x0)‖ ≤ ε. (2.20)

Poisson stability of a point implies that, should the system’s trajectory pass
through a point x0 once, it will visit an arbitrarily small neighborhood of x0 infinitely
many times. Notice that, despite the fact that we refer to the point x0 as stable, the
system’s trajectories associated with this point are allowed to generate arbitrar-
ily large (but finite) excursions in the state space. This property is illustrated in
Figure 2.4.

One can clearly see that stability of a point in the sense of Poisson is a much
weaker requirement than that of stability in the sense of Lyapunov. Generalization
of the former, when property (2.20) holds for every point in a set leads to the notion
of Poisson stability of a set. In Chapter 5 we will demonstrate how this property can

t

t3t2

t1

x( )t1

x( )t3x( )t2

Figure 2.4 Stability in the sense of Poisson: despite the fact that the distances from
x(ti), i = 1, 2, . . . to x0 (depicted as black solid bold lines) do not grow with time,
the maximal deviation of the solution from x0 grows.
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be used to solve a class of adaptive regulation problems for systems with nonlinear
parametrization.

So far we have reviewed a number of stability notions determining various
degrees of “smallness” of the system’s response to perturbations. Even though
we did not provide a detailed comparison of these notions in every respect, we
illustrated the fact that the difference in how the “smallness” is defined may be
an important factor both limiting and enabling solutions to specific problems of
regulation. In the moving-car example considered earlier, however, we did not use
any formal criteria for specifying the desired asymptotic behavior of the system.
Instead we used our common-sense intuition and basic knowledge of physics. In
order to be able to solve a wider range of problems such formal criteria and methods
for assessing asymptotic properties of the system’s solutions are needed. One such
criterion has already been discussed (see Lemma 2.1). This criterion, although use-
ful for establishing facts of asymptotic convergence of the solutions to zero, does
not tell us enough about other asymptotic properties of the system, such as stability.
In the next section we will present a brief review of one of the most powerful and
instrumental techniques for deriving such stability criteria – the method of Lya-
punov functions. Our introduction of the method is kept here at the very elementary
level, which is just sufficient for one to understand how the method is used in
the domain of adaptive regulation. Those interested in developing a more detailed
familiarity with the method are referred to the excellent texts by Zubov (1964),
Bhatia and Szego (1970), and Lyapunov (1892).

2.4 The method of Lyapunov functions

Let us suppose that the system’s behavior is described by the following equation:

ẋ = f(x, θ , u, t), f : R
n × R

d × R
m × R → R

n, f ∈ C0, (2.21)

where x is the state vector, θ is the vector of parameters of which the value is
unknown, and u stands for the vector of inputs. We will suppose, if not stated
otherwise, that the inputs u are modeled by continuous functions u : R → R

m. In
addition, we will assume that the right-hand side of (2.21) is locally Lipschitz, that
is, for some given and bounded domains �x , �θ , �u there exist constants Dx , Dθ ,
Du such that ∀ x, x′ ∈ �x , θ , θ ′ ∈ �θ , u, u′ ∈ �u:

‖f(x, θ , u, t)− f(x′, θ ′, u′, t)‖ ≤ Dx‖x−x′‖ +Dθ‖θ−θ ′‖+Du‖u−u′‖. (2.22)

What can we say about the global asymptotic properties of (2.21) from knowledge
of some local properties of the system, for example property (2.22)? It is well known
that continuity of the right-hand side of (2.21) guarantees local existence of the
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system’s solutions, and property (2.22) ensures that solutions of (2.21) are uniquely
defined locally (Arnold 1990). In order to provide further global characterizations
of the system’s behavior, additional information about the right-hand side of (2.21)
is required. In the analysis of stability, defining such local information involves the
notion of a positive definite function.

Definition 2.4.1 A function V : R
n → R is called positive definite iff V (x) ≥ 0

for all x ∈ R
n.

In the class of positive definite functions we will consider only those functions
which satisfy the following additional constraint:

ρ1(‖x‖) ≤ V (x) ≤ ρ2(‖x‖), ρ1(·), ρ2(·) ∈ K∞. (2.23)

Constraint (2.23) enables us to use the functions V (x) as the estimates of distance
from a given point x to the origin. Indeed, one can easily see that if the function
V (x(t , x0)) does not grow with time then the corresponding solution x(t , x0) of
(2.21) remains bounded in forward time. This and other properties can be deduced
from a more general statement such as the Lyapunov stability theorem. Theorem 2.1
below is a special case of this theorem.

Theorem 2.1 Let x = 0 be an equilibrium of system (2.21), and there exists a
positive definite and differentiable function V (x) satisfying (2.23). Let us suppose
that for all x the following property holds:

V̇ ≤ 0. (2.24)

Then the equilibrium x = 0 is (globally) stable in the sense of Lyapunov.
In addition, if there exists a positive definite function

W(x) : R
n → R, α1(‖x‖) ≤ W(x), α1(·) ∈ K, (2.25)

such that

V̇ ≤ −W(x(t , x0)), (2.26)

then the equilibrium x = 0 is (globally) asymptotically stable in the sense of
Lyapunov.

Proof of Theorem 2.1. Given that the right-hand side of (2.21) is locally Lipschitz
in x and continuous in t , we can conclude that for every x0 ∈ R

n there exists an
interval [t0, T ], T > t0, such that solution x(t , x0) of the system is defined for all
t ∈ [t0, T ]. Furthermore, condition (2.24) guarantees that the solution x(t , x0) is
defined for all t ≥ t0.
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Indeed, let [t0, T ] be the maximal interval of existence of the system’s solution,
and let T be finite. Consider the difference V (x(t , x0))− V (x(t0, x0)):

V (x(t , x0))− V (x(t0, x0)) =
∫ t

t0

∂V

∂x
f(x(τ , x0), θ , u(τ ), τ)dτ .

On taking (2.24) into account, we obtain

V (x(t , x0))− V (x(t0, x0)) =
∫ t

t0

V̇ (τ )dτ ≤ 0.

Hence

V (x(t , x0)) ≤ V (x0) ∀ t ∈ [t0, T ].
Moreover, in accordance with (2.23) the following holds:

ρ1(‖x(t , x0)‖) ≤ ρ2(‖x0‖) ∀ t ∈ [t0, T ] ⇒
‖x(t , x0)‖ ≤ ρ−1

1 (ρ2(‖x0‖)) ∀ t ∈ [t0, T ],
where ρ−1

1 (ρ1(s)) = s ∀ s ≥ 0. Consider the domain D = {(t , x), t ∈ [t0, T ], x ∈
R

n|‖x‖ ≤ 2ρ−1
1 (ρ2(‖x0‖))}; D is compact, and hence x(t , x0), t ∈ [t0, T ] can be

continued until the boundary of D (the right-hand side is Lipschitz in x and u, and
continuous in t). Because x(t , x0) cannot reach the boundary x = 2ρ−1

1 (ρ2(‖x0‖))
it must necessarily cross the boundary t = T . Given that the right-hand side of
(2.21) is locally Lipschitz and continuous in t , the interval of existence of the
solution x(t , x0) of (2.21) can be extended by a finite increment �. This, however,
is in contradiction with the fact that T is finite. Hence we can conclude that x(t , x0)

is defined for all t ≥ t0, and that it is bounded.
Notice that the composite ρ−1

1 (ρ2(s)) is a non-decreasing function of s, and
ρ−1

1 (ρ2(s)) ∈ K∞. Thus, denoting ε(δ) = ρ−1
1 (ρ2(δ)), we arrive at

‖x0‖ ≤ δ ⇒ ‖x(t , x0)‖ ≤ ρ−1
1 (ρ2(δ)) = ε(δ).

The function ε(δ) ∈ K∞, hence its range coincides with R≥0. Therefore we can
conclude now that for every ε̃ > 0 there exists δ = ε−1(ε̃) > 0 such that

‖x0‖ ≤ δ ⇒ ‖x(t , x0)‖ ≤ ε(δ) = ε(ε−1(ε̃)) = ε̃.

In other words, according to Definition 2.3.4, the origin is globally stable in the
sense of Lyapunov.

To prove the second part of the theorem we will follow the argument presented
in Khalil (2002). Notice that inequality (2.26) automatically implies

V̇ ≤ −α1(‖x‖). (2.27)
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Therefore

V (x(t , x0))− V (x0) ≤
∫ t

t0

−α1(‖x(τ , x0)‖)dτ ∀ t ≥ t0, (2.28)

and hence

lim
t→∞

∫ t

t0

α1(‖x(τ , x0)‖)dτ ≤ V (x0) <∞. (2.29)

Moreover, V (x(t , x0)) is a monotone function of t , and it is bounded from
below because it is positive definite. Thus there exists a ∈ R≥0 such that
limt→∞ V (x(t , x0)) = a. Let us now show that a = 0. Suppose that a > 0.
Inequality (2.23) implies that ‖x‖ ≥ ρ−1

2 (V (x)), thus V̇ ≤ −α1(‖x‖)≤ −
α1(ρ2(V (x(t , x0))))≤ − α1(ρ

−1
2 (a)). This leads to the conclusion that the func-

tion V (x(t , x0)) ≤ V (x(t0, x0)) − (t − t0)α1(ρ
−1
2 (a)) becomes negative in finite

time. The latter, however, is not possible because V (x) is assumed to be positive
definite.

If the function u : R → R
m on the right-hand side of (2.21) is bounded, the

function f(·) is bounded with respect to t , and the function α1(·) is differentiable,
then the proof of the second part of the theorem can be easily completed by using
Lemma 2.1. Indeed, in this case differentiability of α1(·), boundedness of x, u, and
θ , and boundedness of the right-hand side of (2.21) with respect to t imply that
the function α1(‖x(t , x0)‖) is uniformly continuous in t . According to Lemma 2.1,
inequality (2.29) assures that

lim
t→∞α1(‖x(t , x0)‖) = 0,

and strict monotonicity of the function α1(·) implies that ‖x(t , x0)‖ → 0 as
t →∞. �

The main benefit of Theorem 2.1 is that it allows us to reduce the analysis of
asymptotic properties of the system’s solutions to an easier problem of checking
the algebraic inequalities (2.24) and (2.26). These inequalities can serve as target
constraints determining the desired behavior of an adaptive system. Notice that
these constraints do not require precise knowledge of the unknown parameters θ .
This property allows us to consider the theorem (and many other similar statements)
as a suitable tool for solving a range of synthesis problems in the domain of adaptive
regulation.

In the proof of the second part of the theorem, regarding asymptotic stability,
we considered a specific case illustrating how Lemma 2.1 can be used to show that
x approaches the origin asymptotically. The main reason for using this particular
technique is that the use in tandem of a stability proof ensuring boundedness of the
system’s solutions followed by the analysis of estimates (2.27)–(2.29) lies at the
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core of many stability proofs in the literature on adaptive control and regulation.
This motivated us to use the very same idea in the proof of Theorem 2.1. We too
will regularly use this tandem in the next chapters.

Despite its simplicity and generality, the method of Lyapunov functions has an
obvious disadvantage. In order to be able to use the method one needs to find
a function V (x) satisfying properties (2.24) and (2.26). Finding such a function
is a non-trivial operation. Yet, there are large classes of systems for which the
corresponding Lyapunov functions are already known. One of these classes of
systems is considered in the next section.

2.5 Linear skew-symmetric systems with time-varying coefficients

Let the system’s dynamics be given by the following system of ordinary differential
equations:

ẋ1 = Ax1 + BφT(t)x2,

ẋ2 = −φ(t)Cx1,
(2.30)

where x1 ∈ R
q , x2 ∈ R

p,φ(t) : R → R
p×m is a continuous function of t , andA,B,

andC are q×q, q×m, andm×q matrices, respectively. We have already mentioned
that a number of problems in the domain of adaptive regulation can be reduced
to the analysis of (2.30) (see e.g. Narendra and Annaswamy (1989)). Therefore
understanding the basic asymptotic properties of system (2.30) is desirable.

Let us first investigate the stability of the zero equilibrium of system (2.30).
Suppose that there exists a positive definite and symmetric matrix P = P T:

xTPx > 0 ∀ x �= 0 (2.31)

such that

PAT + AP = −Q, Q = QT, xTQx > 0 ∀ x �= 0,

PB = CT.
(2.32)

Since P = P T and Q = QT are positive definite, the eigenvalues of P and Q are
real and positive, and moreover the following property holds:

λmin(P )‖x‖2 ≤ xTPx ≤ λmax(P )‖x‖2,

λmin(Q)‖x‖2 ≤ xTQx ≤ λmax(Q)‖x‖2.
(2.33)

Indeed, let λ be an eigenvalue of P (possibly complex), xλ be its corresponding
eigenvector, and λ∗ and x∗λ be the complex conjugates of λ and xλ respectively.
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Then, according to (2.31), the following holds:

0 < x∗λPxλ = λ‖xλ‖2 = xT
λPx

∗
λ

T = λ∗‖xλ‖2.

Therefore, λ ∈ R and λ > 0. In order to see that (2.33) holds too, we notice that
P = P T is Hermitian. Hence there is a non-singular orthonormal q × q matrix
T , T TT = I , consisting of the eigenvectors of P (see e.g. Bellman (1970) and
Lancaster and Tismenetsky (1985)) such that T TPT is a diagonal matrix with the
eigenvalues of P placed on its main diagonal. Finally, let x = T ξ , and notice that
‖x‖2 = ξTT TT ξ = ‖ξ‖2. Thus

xTPx ≤ λmax(P )‖ξ‖2 = λmax(P )‖x‖2,

xTPx ≥ λmin(P )‖ξ‖2 = λmin(P )‖x‖2.
(2.34)

Let us proceed with the stability analysis of the zero equilibrium of (2.30). We will
do so using the method of Lyapunov functions.According to the method, stability of
the equilibrium is guaranteed if we find a function V (·) satisfying conditions (2.24)
and (2.26). We don’t know this function yet, hence a plausible option is to select
a candidate function (Lyapunov candidate function) that satisfies the constraint of
positive definiteness. After completing this step we can continue with checking
whether the second condition, (2.26), holds too.

Let us pick the following Lyapunov candidate for system (2.30):

V (x) = xT
1Px1 + xT

2x2. (2.35)

Function V (x) defined as in (2.35) satisfies condition (2.23). Hence Lyuapunov
stability of the origin will follow if we show that

V̇ ≤ 0.

For this purpose we consider

V̇ = xT
1P(Ax1 + Bφ(t)Tx2)+ (Ax1 + Bφ(t)Tx2)

TPx1 − 2xT
2φ(t)Cx1

= xT
1 (PA+ ATP)x1 + 2xT

1PBφ(t)Tx2 − 2xT
2φ(t)Cx1. (2.36)

Taking (2.32) into account, we obtain that

V̇ ≤ −x1Qx1 + 2xT
1PBφ(t)Tx2 − 2xT

2φ(t)Cx1 ≤ −xT
1Qx1 ≤ 0. (2.37)

The latter inequality, as follows from Theorem 2.1, guarantees that the zero equi-
librium of (2.30) is stable. Formally this statement is summarized in the following
lemma.
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Lemma 2.2 Consider system (2.30) and suppose that there exists a positive def-
inite and symmetric matrix P = P T satisfying the conditions (2.32). Then the zero
equilibrium of (2.30) is globally stable in the sense of Lyapunov.

If, in addition, the function φ(t) on the right-hand side of (2.30) is bounded
uniformly in t ,

∃M ∈ R : ‖φ(t)‖ ≤ M ∀ t ∈ R, (2.38)

then
lim
t→∞ x1(t) = 0. (2.39)

Proof of Lemma 2.2 The first part of the lemma is already proven. In order to see
that the second part of the lemma holds too, one can employ the estimate

λmin(Q)‖x1‖2 ≤ xT
1Qx1 ≤ λmax(Q)‖x1‖2

and apply Lemma 2.1 to

V (x(t))− V (x(t0)) ≤ −
∫ t

t0

x1(τ )
TQx(τ )dτ ≤ −

∫ t

t0

λmin(Q)‖x1(τ )‖2 dτ ⇒
∫ t

t0

λmin(Q)‖x1(τ )‖2 dτ ≤ V (x(t0)) ∀ t ≥ t0. (2.40)

�
Lemma 2.2 and its proof constitute a simple illustration of how the method of

Lyapunov functions can be used in the analysis of stability of equilibria in system
(2.30). Even though the proof is rather elementary, it offers a useful and instrumental
interpretation in the context of adaptive regulation. Let us suppose, for example,
that φ(t) is a disturbance acting on the system’s dynamics. Property (2.39) can
be viewed as the desired behavior of the system, and x2 are the system’s internal
variables, of which the function is to minimize the influence of the disturbance
on the desired behavior. The first line of condition (2.32) serves as an existence
hypothesis stipulating the possibility that the desired behavior (2.39) is realizable
in the absence of perturbations.

The argument in the proof of Lemma 2.2 can be straightforwardly generalized
to the case of nonlinear systems. We consider such cases in detail in Chapter 3. We
will see that a sequence of steps very similar to that described by (2.36)–(2.40) is
a common ingredient of many stability proofs in the domain of nonlinear adaptive
regulation. In this respect the equations in (2.30) constitute a good prototype for
the systematic study of such systems.

So far we have demonstrated how the method of Lyapunov functions together
with Lemma 2.1 can be employed to derive conditions ensuring that a part of
the system’s state vector, x1(t), converges to zero asymptotically. What can we
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say about the rest of the system’s variables, namely about x2(t)? First of all, by
applying Lemma 2.1 to (2.38) and (2.39), we can conclude that

lim
t→∞ ẋ1(t) = 0. (2.41)

Hence
lim
t→∞Ax1(t)+ Bφ(t)Tx2(t) = lim

t→∞Bφ(t)Tx2(t) = 0. (2.42)

If ẋ2 = 0 then property (2.42) implies that the vector x2(t) is orthogonal to all of
the rows of the matrix α(t) = Bφ(t)T. A vector that is orthogonal to all of the basis
vectors of a vector space must necessarily be zero. Hence, if α(t) spans R

p×q , then
(2.42) implies that x2 = 0. In our case ẋ2 �= 0, but it is nevertheless asymptotically
vanishing. Therefore, it is intuitively clear that if α(t) has non-zero projections
onto all matrices (vectors) in R

p×q , and α(t) moves sufficiently fast (e.g. so that
its velocity is non-vanishing), then condition (2.42) could imply that x2(t)→ 0 as
t → ∞. These properties of α(t) having non-zero projections to every vector in
R

q×p together with the requirement that its velocity is non-vanishing are captured
by the notion of persistency of excitation.

Definition 2.5.1 A function α : R → R
p×q is called persistently exciting iff

there exist T , δ,� ∈ R>0, such that for all t ∈ R and every θ ∈ R
p the following

inequality holds:

δ‖θ‖2 ≤ θT
(∫ t+T

t

α(τ )α(τ)T dτ

)
θ ≤ �‖θ‖2. (2.43)

Persistency of excitation of a function admits a simple geometric interpretation.
On applying the mean-value theorem to (2.43) we obtain that

θT
(∫ t+T

t

α(τ )α(τ)T dτ

)
θ = T (θTα(τ))(α(τ)Tθ), τ ∈ [t , t + T ].

Therefore, noticing that θTα(τ)Tα(τ)θ = ‖α(τ)θ‖2 and taking (2.43) into account
we can conclude that there exist T , δ,� ∈ R>0:

∀ t ∈ R ∃ τ ∈ [t , t + T ] :
δ

T
‖θ‖2 ≤ ‖α(τ)θ‖2 ≤ �

T
‖θ‖2. (2.44)

If α(t) is a vector-function, i.e. q = 1, then

α(τ)θ = ‖α(τ)‖‖θ‖cos(β(τ )),

where β(τ) is the angle between the vectors α(τ) and θ , τ ∈ [t , t+T ]. Thus (2.44)
in this case is equivalent to

δ

T
≤ ‖α(τ)‖2 cos2(β(τ )) ≤ �

T
.
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θ
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Figure 2.5 Persistency of excitation of the function α(t). In (a) α(t) is not per-
sistently exciting. The vector α(t) stays in � for all t ∈ R, where � is the plane
normal to θ . In (b) α(t) is persistently exciting. The vector α(t) does not stay in
� for all t . In particular, there are time instants t1 and t2 at which its projection on
θ is not zero.

This means that for all t there exists a time instant τ ∈ [t , t+T ] such that the angle
β(τ) deviates from ±π/2+ 2πk, k ∈ Z. If the length of ‖α(τ)‖ is bounded from
above by Mα then

|cos(β(τ ))| ≥ 1

Mα

√
δ

T
> 0,

and hence the vector α(τ) must have a non-zero projection on θ . This is illustrated
in Figure 2.5.

Let us show that persistency of excitation of the function Bφ(t)T in (2.30)
together with condition (2.39) ensures that

lim
t→∞ x2(t) = 0.

The result is formulated in Lemma 2.3

Lemma 2.3 Consider the system

ẋ2 = −φ(t)Cx1(t),

where x1(t) is a bounded and continuous function satisfying conditions (2.39) and
(2.41). Suppose that

lim
t→∞Bφ(t)Tx2(t) = 0,

where φ(t) is a bounded continuous function, and Bφ(t)T is persistently exciting.
Then

lim
t→∞ x2(t) = 0.

Proof of Lemma 2.3 Consider the interval [t0,∞) as a union of the intervals
[ti , ti+1], ti+1 = ti + T , i = 0, 1, . . . Given that x1(t)→ 0 as t →∞ and that the
function φ(t) is bounded, there should exist a function δ2(t) : R → R

p such that
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x2(τ ) = x2(ti)+ δ2(τ ), ∀ τ ∈ [ti , ti+1], lim
t→∞ δ2(t) = 0. (2.45)

Let us denote Bφ(t) = α(t). The function α(t) is persistently exciting, hence there
exist τi ∈ [ti , ti + T ] such that

‖α(τi)x2(ti)‖ ≥ δ

T
‖x2(ti)‖. (2.46)

On substituting (2.45) into (2.46) we obtain

δ

T
‖x2(ti)‖ ≤ ‖α(τi)(x2(τi)− δ2(τi))‖ ≤ ‖α(τi)δ2(τi)‖ + ‖α(τi)x2(τi)‖,

and finally

lim
i→∞

δ

T
‖x2(ti)‖ ≤ lim

i→∞ (‖α(τi)δ2(τi)‖ + ‖α(τi)x2(τi)‖) = 0.

Therefore, x2(ti)→ 0 as i →∞. This, together with (2.45), implies that x2(t)→ 0
as t →∞. �

A remarkable property of system (2.30) subjected to conditions (2.32) is that
persistency of excitation of φ(t) not only assures that both x1(t) and x2(t) con-
verge to zero asymptotically but also guarantees that the rate of this convergence is
exponential. Numerous versions of this result can be found in the literature on adap-
tive control (see e.g. Morgan and Narendra (1992), Sastry and Bodson (1989), and
Narendra and Annaswamy (1989)). We will reproduce it here, providing, in addi-
tion, the rate of convergence expressed in terms of A, B, C, and φ(t). The result is
generally based on the argument presented in Loria and Panteley (2002).

Theorem 2.2 Consider system (2.30), and suppose that conditions (2.32) hold.
Moreover, let the function Bφ(t)T in (2.30) be persistently exciting:

∃ δ, T :
∫ t+T

t

φ(τ )BTBφ(τ)dτ ≥ δ ∀ t , (2.47)

and 6

max{‖φ(t)‖, ‖φ̇(t)‖} ≤ B1.

Let ?(t , t0), ?(t0, t0) = I be the fundamental system of solutions of (2.30), and
let p be a vector from R

p+q . Then

‖?(t2, t1)p‖ ≤ e−ρ(t2−t1)‖p‖D2, ∀ t2 ≥ t1 ≥ t0,

6 In what follows, if not stated otherwise, the symbol ‖ · ‖ applied to a q × p matrix A will stand for the induced
norm ‖A‖ = supx∈Rp/{0} ‖Ax‖/‖x‖. It is clear from this definition that ‖Ax‖ ≤ ‖A‖‖x‖. The value of ‖A‖
is ‖A‖ = λmax(A

TA)1/2 (see e.g. Bernstein (2005)). In systems with uncertainties, finding the eigenvalues of
ATA can be a challenging task. In these cases the following estimate of ‖A‖ is useful: ‖A‖ ≤ √qp maxi,j |ai,j |.
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where the parameters ρ and D2 do not depend on t0 and p, and can be expressed
explicitly as functions of B1, the constants δ and T in (2.47), and matrices A, B,
C, P , and Q.

Proof of Theorem 2.2 Let us start with the following lemma

Lemma 2.4 Let x(t) : R → R
n be a function satisfying

max{‖x‖2,[t ,∞], ‖x‖∞,[t ,∞]} ≤ c‖x(t)‖, ∀ t ≥ t0. (2.48)

Then

‖x(t)‖ ≤ ce1/2e
− t−t1

2c2 ‖x(t1)‖, ∀ t ≥ t1 ≥ t0. (2.49)

Proof of Lemma 2.4. Notice that (2.48) implies∫ ∞

t

‖x(τ )‖2 dτ ≤ c2‖x(t)‖2, ‖x‖2∞,[t ,∞] ≤ c2‖x(t)‖2.

Let v(t) = ∫∞
t
‖x(τ )‖2 dτ , then v̇ = −‖x(t)‖2 ≤ −(1/c2)

∫∞
t
‖x(τ )‖2 dτ =

−1/(c2v). Invoking the comparison lemma from Khalil (2002) results in∫ ∞

t2

‖x(τ )‖2 dτ ≤ e
− t2−t1

c2

∫ ∞

t1

‖x(τ )‖2 dτ , t2 ≥ t1 ≥ t0.

Notice that

T ‖x(t2 + T )‖2 ≤ T ‖x‖2∞[t2+T ,∞] ≤
∫ t2+T

t2

‖x‖2∞,[τ ,∞] dτ

≤
∫ ∞

t2

c2‖x(τ )‖2 dτ ≤ c2e
− t2−t1

c2 c2‖x(t1)‖2.

On letting T = c2 we obtain that

‖x(t2 + T )‖ ≤ ce
T

2c2 e
− t2+T−t1

2c2 ‖x(t1)‖ = ce
1
2 e
− t2+T−t1

2c2 ‖x(t1)‖.
Denoting τ = t2 + T , we get

‖x(τ )‖ ≤ ce
1
2 e
− τ−t1

2c2 ‖x(t1)‖ ∀ τ ≥ t1 + T .

The lemma will be proven if we show that the same estimate holds for t0 ≤ t1 ≤
τ ≤ t1+ T . Condition (2.48) implies that ‖x(τ )‖ ≤ c‖x(t1)‖ for all τ ≥ t1. On the
other hand,

1 = e
1
2 e
− T

2c2 ≤ e
1
2 e
− τ−t1

2c2 ≤ e
1
2 ∀ t1 ≤ τ ≤ t1 + T .

Hence ‖x(τ )‖ ≤ c‖x(t1)‖ ≤ ce
1
2 e
− τ−t1

2c2 ‖x(t1)‖ for t1 ≤ τ ≤ t1 + T as well. �
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Let us turn to the proof of the theorem. Consider x = col(x1, x2). If we show
that there exists c ∈ R>0 such that (2.48) holds then according to Lemma 2.4, we
can conclude that

‖x(t2)‖ ≤ ce
1
2 e
− 1

2c2 (t2−t1)‖x(t1)‖, ∀ t2 ≥ t1 ≥ t0.

The result would then follow immediately if we let x(t1) = p and substitute x(t2) =
?(t2, t1)p into the inequality above. Let us now find a constant c such that (2.48)
holds for system (2.30).

Consider the positive definite function V (x) = xT
1Px1 + ‖x2‖2, where P is a

symmetric positive definite matrix satisfying (2.32). According to (2.35)–(2.37),
we can conclude that

min{λmin(P ), 1}‖x‖2 ≤ V (x) ≤ max{λmax(P ), 1}‖x‖2,

and that V̇ ≤ −xT
1Qx1 ≤ −λmin(Q)‖x1‖2. Thus

‖x1‖2,[t ,∞] ≤ max{λmax(P ), 1}1/2

λmin(Q)1/2
‖x(t)‖ = c1‖x(t)‖,

‖x‖∞,[t ,∞] ≤ max{λmax(P ), 1}1/2

min{λmin(P ), 1}1/2
‖x(t)‖ = c2‖x(t)‖, ∀ t ≥ t0.

(2.50)

Let us now estimate ‖x2‖2,[t ,∞]. In order to do so we introduce a new variable
z = x2 − φ(t)BTx1 and consider its derivative w.r.t. t :

ż = −φ(t)BTBφ(t)Tz − [φ(t)BTA+ (φ(t)BTBφ(t)T)φ(t)BT

+ φ(t)C + φ̇(t)BT]x1. (2.51)

To proceed further we will need the following lemma.

Lemma 2.5 Consider the system

ż = −�α(t)α(t)Tz, z ∈ R
n,α : R → R

n×m, (2.52)

where α is persistently exciting (i.e. property (2.43) holds), ‖α(t)‖ ≤ M , and
� = �T is a positive definite matrix. Let z(t , t0) be a solution of (2.52) passing
through z0 at t = t0. Then there exist λ,D ∈ R>0 such that

‖z(t , t0)‖ ≤ De−λ(t−t0)‖z0‖, t ≥ t0,

where

D =
(
λmax(�)

λmin(�)

) 1
2

eλT , λ = δλmin(�)

T (1+ λmax(�)M2T )2

independently of z0, t , and t0.
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Proof of Lemma 2.5. Consider the following positive definite function:

V (z) = ‖z‖2
�−1 , λmin(�

−1)‖z‖2 ≤ V (z) ≤ λmax(�
−1)‖z‖2.

Its derivative is V̇ = −2‖zTα(t)‖2, and hence

V (z(t0 + T ))− V (z(t0)) ≤ −2
∫ t0+T

t0

‖α(τ)Tz(τ )‖2 dτ .

Given that z(τ ) = z(t0)−�
∫ τ

t0
α(s)α(s)Tz(s)ds and (a−b)2 ≥ a2β/(1+β)−βb2,

β ∈ R>0, we have that

‖α(τ)Tz(τ )‖2 ≥ ‖α(τ)Tz(t0)‖2 β

1+ β
− β

(∫ τ

t0

α(τ)T�α(s)α(s)Tz(s)ds
)2

.

Thus, taking into account that α(t) is persistently exciting we can derive the
following estimate:

2
∫ t0+T

t0

‖α(τ)Tz(τ )‖2 dτ

≥ 2βδ

1+ β
‖z(t0)‖2 − 2

∫ t0+T

t0

∫ t0+T

t0

(α(τ)T�α(s))2 ds

×
∫ t0+ T

t0

‖α(s)Tz(s)‖2 ds dτ

≥ β

1+ β

2δ

λmax(�−1)
V (z(t0))− βλmax(�)

2M4T 2(V (z(t0))− V (z(t0 + T ))).

Hence

V (z(t0 + T ))− V (z(t0)) ≤ − β

1+ β

2δ

λmax(�−1)
V (z(t0))

+ βλmax(�)
2M4T 2(V (z(t0))− V (z(t0 + T )))⇒

V (z(t0 + T )) ≤ ρV (z(t0)),

where

ρ =
(

1− 2δ

λmax(�−1)

β

(1+ β)(1+ βλ2
max(�)M

4T 2)

)
.

The value of ρ is minimized at β = 1/(λmax(�)M
2T ), in which case7

V (t0 + T ) ≤ ρV (t0), ρ =
(

1− 2δ

λmax(�−1)

1

(1+ λmax(�)M2T )2

)
.

7 Notice that condition (2.43) implies that 0 < ρ < 1, and hence ln(ρ) is defined.
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Notice that

− ln(1− σ)

T
≥ σ

T
, σ ∈ (0, 1).

Therefore

V (z(t0 + T )) ≤ e
ln(ρ)
T

T V (z(t0)) ≤ e−2λT V (z(t0)),

λ = δ

λmax(�−1)

1

T (1+ λmax(�)M2T )2
.

Since any �t ≥ 0 can be expressed as �t = nT + t ′, t ′ ∈ [0, T ), we have that

V (z(t0 +�t)) ≤ e−2λ(nT+t ′)

e−2λt ′ V (z(t0)) ≤ e−2λ�t

e−2λT
V (z(t0)).

Finally

‖z(t0 +�t)‖ ≤ De−λ�t‖z(t0)‖, D =
(
λmax(�

−1)

λmin(�
−1)

)1/2

eλT .

The desired inequality now follows from obvious identities: λmin(�
−1) =

1/λmax(�) and λmax(�
−1) = 1/λmin(�). �

Let ?1(t , t0), ?1(t0, t0) = I be the fundamental system of solutions of

ż = −φ(t)BTBφ(t)Tz.

According to Lemma 2.5, we have that ‖?1(t2, t1)z(t1)‖ ≤ c3e
−τ(t2−t1)‖z(t1)‖,

where8

c3 = eτT , τ = δ

T (1+ T 2λmax(BTB)B2
1 )

2
.

Given that any solution of (2.51) can be expressed as

z(t) = ?1(t , t1)z(t1)+
∫ t

t1

?1(t , s)χ(s)x1(s)ds, t ≥ t1 ≥ t0,

where χ(s) = −(φ(s)BTA+ (φ(s)BTBφ(s)T)φ(s)BT + φ(s)C + φ̇(s)BT), and
that

‖χ(s)‖ ≤ B1(‖A‖‖B‖ + ‖C‖ + ‖B‖)+ B3
1‖B‖3 = c4,

we can immediately derive that∫ t

t1

‖z(s)‖2ds ≤ ‖z(t1)‖2 c
2
3

2τ
+ c2

4c
2
3

∫ t

t1

(∫ s

t1

e−τ(s−σ)‖x1(σ )‖dσ
)2

ds.

8 Here we use the fact that ‖Bφ(t)T‖ ≤ ‖B‖‖φ(t)T‖, and that λmax(G
TG) = λmax(GGT) for any G ∈ R

p×m

(see Bernstein (2005), Proposition 4.4.9, for more details). Hence we have that ‖φ(t)T‖ = ‖φ(t)‖, ‖BT‖ = ‖B‖,
and ‖Bφ(t)T‖ ≤ λmax(B

TB)1/2B1.
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According to Khalil (2002), page 200, the double integral above can be estimated
as∫ t

t1

(∫ s

t1

e−τ(s−σ)‖x1(σ )‖dσ
)2

ds

=
∫ t

t1

(∫ s

t1

e−τ(s−σ)/2e−τ(s−σ)/2‖x1(σ )‖dσ
)2

ds

≤
∫ t

t1

∫ s

t1

e−τ(s−σ)dσ

∫ s

t1

e−τ(s−σ)‖x1(σ )‖2 dσ ds

≤ 1

τ

∫ t

t1

∫ s

t1

e−τ(s−σ)‖x1(σ )‖2 dσ ds = 1

τ

∫ t

t1

∫ t

σ

‖x1(σ )‖2e−τ(s−σ) ds dσ

= 1

τ

∫ t

t1

‖x1(σ )‖2
∫ t

σ

e−τ(s−σ) ds dσ ≤ 1

τ 2
‖x1‖2

2,[t1,t].

Therefore

‖z‖2
2,[t1,t] ≤

c2
3

2τ
‖z(t1)‖2 + c2

4c
2
3

τ 2
‖x1‖2

2,[t1,t].

Given that z = x2 − φ(t)BTx1, the following estimate holds: ‖z‖2,[t1,t] ≥
‖x2‖2,[t1,t] − ‖φ(·)BTx1‖2,[t1,t]. Thus

‖x2‖2,[t1,t] ≤ ‖z‖2,[t1,t] + B1‖B‖‖x1‖2,[t1,t],

and hence

‖x2‖2,[t1,t] ≤
[

c3√
2τ
‖z(t1)‖ + c4c3

τ
‖x1‖2,[t1,t]

]
+ B1‖B‖‖x1‖2,[t1,t].

Given that

‖z(t1)‖ ≤ (B1‖B‖‖x1(t1)‖ + ‖x2(t1)‖) ≤ (1+ B1‖B‖)‖x(t1)‖,
we obtain

‖x2‖2,[t1,t] ≤ c3√
2τ

(1+ B1‖B‖)‖x(t1)‖ +
[c4c3

τ
+ B1‖B‖

]
‖x1‖2,[t1,t]

= c5‖x(t1)‖ + c6‖x1‖2,[t1,t].

Thus, invoking (2.50), we can derive that

‖x‖2,[t1,t] ≤ (c5 + c1c6)‖x(t1)‖.
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Hence

max{‖x‖2,[t1,t], ‖x‖∞,[t1,t]} ≤ c7‖x(t1)‖, c7 = max{(c5 + c1c6), c2},
and

‖?(t0, t1)p‖ ≤ D2e
−ρ(t−t0)‖p‖, D2 = c7e

1/2, ρ = 1/(2c2
7).

Let us now summarize the main results of this chapter. In this chapter we intro-
duced basic notions of asymptotic characterization of dynamical systems such as
invariant sets, attracting sets, and attractors. We introduced various definitions of
stability and discussed tools of stability-analysis such as the method of Lyapunov
functions and Lemma 2.1. These tools are illustrated with the stability analysis
problem for system (2.30). Our choice of the system is motivated primarily by
the fact that equations of this type emerge in many problems of adaptive regula-
tion. Even though stability analysis of the zero equilibrium in this system turns
out to be a simple exercise, we will come back to this example many times. We
have not yet explained, however, why other concepts and notions introduced in this
chapter, such as Poisson and Poincaré stability, are no less important. The main
reason for postponing more detailed motivation of these matters is that we wanted
to jump to the analysis of modern methods of stable adaptive regulation as quickly
as possible. This is presented in the next chapter. The analysis would allow us to
formulate basic theoretical limitations of these classical methods. In this way the
necessity to employ wider stability and convergence concepts emerges naturally as
a consequence of such limitations.



3

The problem of adaptation in dynamical systems

In this chapter we provide an overview of mathematical formulations of the problem
of adaptation in dynamical systems. Adaptation is considered here as a special
regulatory process that emerges as a response of a physical system to changes in the
environment. In order to understand the notion of adaptation the terms “regulation,”
“response,” and “environment” need to be given some physical sense and precise
mathematical definitions. Instead of inventing a new language of our own, we adopt
these terms from the language of mathematical control theory. It is clear that this
adoption of terms will create a certain bias in our approach. On the other hand, it
will allow us to operate with rigorously defined and established objects that have
already passed the test of time.

We start with a retrospective overview and analysis of main ideas in the existing
literature on adaptation in the domain of control. These ideas gave rise to dis-
tinct mathematical statements of the problem of adaptation. We will discuss their
strengths and limitations with respect to the demands of new real-world applica-
tions in biology, neuroscience, and engineering. As a result of the analysis, we will
formulate a list of features that a modern theory of adaptation must inherit, and
propose a program that will allow us to contribute to the development of such a
theory in the following chapters.

3.1 Logical principles of adaptation

The theory of adaptive regulation, as a set of notions, methods, and tools for sys-
tematic study of systems adjusting their properties in response to changes in the
environment, has a long history of development. As with many other theories,
mathematical formalizations are often preceded by the development of a general
common-sense understanding of the phenomenon. This common-sense understand-
ing is then supplied with a range of models that are believed to be adequate to
the phenomena being studied at the time. These models, together with empirical
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insights, are then expressed in precise mathematical language. Axioms, assump-
tions, and constraints are clearly an inherent part of such a description. Since basic
models, axioms, and assumptions are influenced by paradigms and views prevail-
ing at the time of their development, so are the resulting theories. Thus, in order
to understand the boundaries and scope of existing theories of adaptation it is only
natural to view existing classical results through the prism of their historical neces-
sity. Here we do not wish to discuss these classical statements in great detail. We
will, however, review core logical principles of the early theories of adaptation.
These principles, though old, constitute the basis of ideas inherent to many recent
results and statements.

3.1.1 Searching-based adaptation and extremal systems

The first theories of adaptive regulation emerged at the end of the 1930s. These
results were initially motivated by the necessity to develop systems for automatic
optimization of performance for industrial machines and combustion engines. Typ-
ically, a criterion determining the performance of a machine was defined by means
of a function of measured physical variables. The main operational principle of such
automatic optimization systems can be described as searching for the extremum
of this function followed by regulatory actions aimed at keeping the system’s
performance at the optimum.

Examples of these early automatic extremum-seeking or peak-holding proce-
dures in the context of adaptation were described by Y. S. Khlebtsevich and
V. V. Kazakevich (Khlebtsevich 1965; Kazakevich 1946). In the 1950s extremum-
seeking systems and the associated set of theoretical problems received substantial
attention in the literature (Draper and Lee 1951, 1960; Tsien 1954; Ivakhnenko
1962; Kazakevich 1958; Aseltine et al. 1958; Feldbaum 1959; Morosanov 1957;
Ostrovskii 1957; Pervozvanskii 1960). One of the first systematic studies of these
systems was presented in the Principles of Optimalizing Control Systems and an
Application to the Internal Combustion Engine (1951) by C. S. Draper and Y.
T. Li. A large bibliography on adaptive systems can be found in Aseltine et al.
(1958). In most of these early works the input–output behavior of the systems was
described by static maps. In the 1990s these models were extended to the class of
Wiener–Hammerstein systems explicitly incorporating some linear dynamics (see
e.g. Wittenmark and Urquhart (1995)).

Despite the apparent simplicity of the models, the problem of ensuring the over-
all Lyapunov stability of the extremum-seeking adapting systems remained open
for nearly 40 years. One of the first theoretically justified schemes of extremal
controllers for a broad class of dynamical systems appeared in Krstić and Wang
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(2000). The main idea is to use searching signals modeled by an external har-
monic perturbation of small amplitude. The latter serves as a generator of certain
exploratory motions of the system in the vicinity of its current state. Applications of
adaptive systems based on extremum-searching are reviewed in Sternby (1980) and
in Astrom and Wittenmark (1961). These applications range from control systems
for combustion engines, turbines, and windmills to solar panels. Potential applica-
tions include automotive systems such as brake controls (Drakunov et al. 1995)
and soft landing of valves (Peterson and Stefanopoulou 2004), and bioreactors
(Guay et al. (2004). Yet, despite all these success stories, adaptation mechanisms
based on the extremum-seeking procedures still have not gained broad popularity.

There are several reasons for the lack of wider popularity of these methods. Some
of them are provided below. First of all, we would like to mention the necessity
of exploring motions in these systems. Such motions, if present in the normal
operating regime of a system, inevitably will interfere with the system’s own goals.
Second, the amount of time needed to locate the extremum is often a non-negligible
quantity. Third, unmodeled dynamics, delays, and external perturbations combined
with the necessity to follow pre-specified exploratory motions may give rise to
the emergence of undesired oscillations in the behavior of the resulting adapting
systems. Finally, the common assumption that the input–output behavior of the
system is described by a unimodal function prevents straightforward application of
the existing methods to systems with multiple extrema.

3.1.2 Principles of adaptation beyond searching-based
optimization strategies

An alternative and an extension to the trial-and-error adaptation employed in sys-
tems with extremum-seeking regulatory mechanisms is the idea of direct, searchless
optimization proposed in the 1960s. In the context of adaptive systems this alterna-
tive corresponds to a family of regulatory mechanisms that allow one to steer the
system’s state to the optimal values without resorting to exploration. Therefore, this
class of systems is sometimes referred to as “analytical” or “searchless” self-tuning
systems (Krasovskii 1963; Solodovnikov 1965; Kazakov and Evlanov 1965). The
advantage of the latter concept is that it is no longer limited to extremum-seeking
mechanisms and, hence, allows one to cover a wider range of problems within a
unified theoretical framework. Yet, this generality comes at a price. The cost of
such extension was that the definition of adaptation needed to be revised. Particular
notions of adaptation inevitably affect the range and content of basic operational
principles determining the resulting behavior of an adapting system or process. In
order to be able to understand the development of these principles, let us review
how the notion of adaptation evolved over time in the literature.
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Adaptive systems. Point of view 1.According to Bellman and Kalaba (1960) an
adapting, self-organizing, and self-regulating system is one that gradually improves
its performance through observation of its inputs in some stochastic environment.
More precisely, in the summary to Bellman and Kalaba (1960), Bellman and Kalaba
write that “. . . in many engineering, economic, biological and statistical control
processes, a decision-making device is called upon to perform under various con-
ditions of uncertainty regarding underlying physical processes. These conditions
range from complete knowledge to total ignorance. As the process unfolds, addi-
tional information may become available to the controlling element, which then
has the possibility of learning to improve its performance based upon experi-
ence; i.e., the controlling element may adapt itself to its environment.” Following
this intuition R. Bellman and other authors defined adaptation (and adaptive con-
trol) as an iterative control strategy involving Bayesian estimation of uncertain
random variables (e.g. parameters of the process models, statistical characteris-
tics of input signals, and perturbations) combined with the ideas of optimality
(Bellman and Kalaba 1960; Bellman 1961; Bellman and Kalaba 1965; Fu 1969;
Kwakernaak 1969).

For example, in Kwakernaak (1969) adaptation necessarily includes (a) identifi-
cation or estimation of a-posteriori statistics followed (b) by stochastic control. In
particular, if the uncertainties are limited to parameters of the model and the values
of this parameter are distributed in accordance with some probabilistic law then (b)
can be viewed as a standard Bayesian optimization task.
Adaptive systems. Point of view 2. A number of authors attempted to define

adaptation by considering specific ways in which adaptive behavior can be realized
in a given system. For example, in Li and van der Valde (1961) the authors sug-
gest the following hierarchy of regulatory actions, depending on their complexity,
ensuring a certain degree of adaptivity:

(a) high-gain time-invariant compensatory feedbacks;
(b) modification (or switching) of the system’s parameters according to a given

program or a set of rules;
(c) modification of the system’s parameters determined by a given performance

criterion;
(d) modification of the systems’s structure in order to optimize a given performance

criterion.

This hierarchy offers a characterization of adaptive systems with respect to the
preferred regulatory action. This characterization allows one to organize adaptive
systems into four classes (a)–(d).

Class (a) consists of those systems in which an appropriately selected time-
invariant control ensures satisfactory performance under various conditions. A
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simple example of such a system can be described as follows. Suppose that the
system’s dynamics is given by the equation

ẋ = d(t , x)+ u, (3.1)

where u is a regulatory or control input, and d : R × R → R is a continuous and
bounded function, i.e. ‖d(t , x)‖ ≤ B, B ∈ R>0. The function d(·, ·) is unknown,
and the purpose of the system is to keep its state, x, in the ε-neighborhood of the
origin. If the function d(·, ·) were known then the feedback

u = −kx − d(t , x), k ∈ R>0 (3.2)

would be the desired solution. This feedback would “compensate” for the influence
of d(·, ·) on the system’s dynamics and make the origin asymptotically stable. The
problem, however, is that the function d(·, ·) is not known, and hence compensatory
feedback (3.2) cannot be used. A reasonable strategy for the system would be to
use a feedback compensating for the influence of all possible perturbations d(·, ·)
and ensuring that the system’s solutions satisfy

lim sup
t→∞

|x(t , x0)| ≤ ε.

An example of such a feedback is

u = −B

ε
x. (3.3)

An obvious advantage of this control function is that it does not require any addi-
tional information about the function d(·, ·) apart from knowledge of the bounds
for ‖d(t , x)‖. The disadvantage is that the gain B/ε may become very large, and
hence control (3.2) is not suitable when minimal regulatory actions are preferable.

The adaptation mechanisms in systems of class (b) are more sophisticated than
mere high-gain domination of the uncertainties described above. Examples of these
systems include cyclic switching, and hysteresis-based adaptation mechanisms
(Middleton et al. 1988; Morse et al. 1988), and perhaps the wealth of adaptation
schemes in the domain of supervisory control based on pre-routing (Morse 1995).
In these works the adaptive controller consisted of an indexed family of elemen-
tary control functions. Each control function corresponds to a certain state of the
regulated process, and it is chosen such that the process’s dynamics is satisfactory
with this controller. Adaptation in this system is realized via switching from one
elementary control function to another according to a specific program.

Class (c) contains the vast majority of algorithms of parameter adaptation
reported in the literature. These algorithms include gradient-based algorithms for
parameter tuning and many other schemes described in the classical monographs
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by Narendra and Annaswamy (1989), Krstić et al. (1995), and Fomin et al. (1981).
In order to illustrate these schemes, consider the system

ẋ = θd(t , x)+ u. (3.4)

This system is a modification of (3.1) in which the function d(·, ·) is multiplied by
θ ∈ R. Let us suppose that the function d(·, ·) is known, but the value of θ is not
available. The objective is to find a control input u that will steer the system’s state
to the origin. This objective can be attained if we choose the following control:

u = −kx − θ̂d(t , x), k ∈ R>0,

where the parameter θ̂ is updated according to the following rule:

˙̂
θ = xd(t , x). (3.5)

Observe that

V (x, θ̂ ) = 1

2
x2 + 1

2
(θ − θ̂ )2

is a Lyapunov function for (3.4) and (3.5), and that

V̇ ≤ −kx2.

Hence, solutions of (3.4) and (3.5) exist and are bounded. Furthermore, by invoking
Lemma 2.1 we can conclude that limt→∞ x(t , x0) = 0.

Class (d) in the classification above includes regulatory mechanisms based on the
automatic compensation of parameter uncertainties by a limit cycle in the control
loop. Also systems with variable structure (Emelyanov 1967) and sliding mode-
based control (Utkin 1992) can be related to this class. The utility of this class of
regulatory mechanisms is that they do not generally require detailed knowledge of
the system’s dynamics, as is often the case for the mechanisms of class (c).

The notions of adaptation provided in variants 1 and 2 were criticized on account
of the fact that they allow a substantial degree of flexibility, in interpretation. As a
reaction to this flexibility, a new interpretation emerged.
Adaptive systems. Point of view 3. In Gibson (1961), Mishkin and Braun

(1961), and Truxhall (1965) the authors criticize flexible application of the term
“self-tuning” to “adaptive” systems classified as of class (a) or (d) in the classifi-
cation above. The critique can be generally expressed as Truxhall’s statement that
adaptation and self-tuning are mere interpretations or points of view of an observer
studying the behavior of a system (Truxhall 1965). This claim is a natural reaction
to a number of attempts to classify any system with uncertainties as adaptive (Tou
1964). A system that does possess a certain degree of adaptation is likely to operate
according to the following sequence of steps:
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(a) determine relevant behavioral variables (characteristics) and criteria of optimal
performance;

(b) compare current values or characteristics of these variables with the ones
corresponding to optimal behavior;

(c) adjust itself in such a way that the variables previously selected attain optimal
values.

Steps (b) and (c) are to be realized automatically by the system, whereas step (a) is
the responsibility of the designer. The main logical stages inherent to developing
any adaptive process according to Truxhall are optimization, identification, and
stability analysis.

On analyzing classical points of view on the notions and principles of adaptation,
we can conclude that, despite the fact that these views may differ substantially in
terms of the definitions and interpretations, there are certain invariants that may
allow us to produce a rather meaningful, albeit informal, characterization of an
adaptive system. One of these is that adaptation is commonly recognized as a
purposeful regulatory process in a system operating in an uncertain environment.
This regulation is often related to the adjustments of the system’s structure or tuning
of its parameters constrained by a set of problem-specific optimality conditions.
Almost all of the concepts considered share the same postulate that effective learning
or adaptation should be based upon some prior information about the system and/or
environment. Further specification of the concept requires a more detailed and
precise description of the environment, regulated processes, and system. These are
considered in the next section.

3.2 Formal definitions of adaptation and mathematical statements
of the problem of adaptation

Formal statements of the problem of adaptation and adaptive regulation received
great attention in a number of fundamental works (Tsien 1954; Ivakhnenko 1962;
Feldbaum 1959, 1965; Li and van der Valde 1961; Margolis and Leondes 1961;
Mishkin and Braun 1961; Florentin 1962; Zadeh 1963; Lee 1964;Yakubovich 1968;
Krasovsky et al. 1977; Saridis 1977; Sragovich 1981; Fomin et al. 1981; Widrow
et al. 1976; Tsypkin 1968, 1970). Despite the fact that these statements may vary
in terms of the degree of mathematical rigor and their particular language, there are
useful invariants in these statements that will help us to understand the evolution of
the problem of adaptation over time. In what follows we review those statements
which are not linked explicitly with any particular mechanism of adaptation and
thus bear a substantial degree of generality.
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3.2.1 The formulation of the problem of adaptation by R. Bellman
and R. Kalaba

In the fundamental work by Bellman and Kalaba (1965) adaptation and adaptive
(control) systems are discussed within the following framework of assumptions.1

An adaptive control process is described by

p1 = T (p, q, r),

where p is the system’s state variable, q is the decision variable, r is a random
variable with a fixed, but unknown, distribution function, and T (·, ·, ·) is a trans-
formation describing the dynamics of the state over time. Let dG(r) be an a priori
estimate for the unknown distribution function of r . The physical state of the system
is p, but the state of the control process is the couple (p,G).

The aim is to use a control policy maximizing the expected value of the “criterion
function”

RN = g(p, q1, r1)+ g(p1, q2, r2)+ · · · + g(pN−1, qN , rN).

The control policy here is the sequence of values of the decision variable:
q1, q2, . . . , qN .

The set of solutions to this problem is constrained by the following additional
assumptions.

(1) We can observe the state of the system at each stage.
(2) At each stage, we regard the a-priori estimate as the actual distribution function.

Expected values are obtained on this basis.
(3) We have a systematic procedure for modifying the a-priori distribution function

as the process unfolds; this procedure itself may be an adaptive one.

As a result of the choice of q1, we then have the transformations

p1 = T (p, q1, r1),

dG1(r) = S(r;p, q1, r1,G).
(3.6)

In words, the new estimate of the distribution function depends upon the old distri-
bution function, the value of r1, if observed, the original state p, the new state p1,
and the decision q1.

Let fN(p,G) be the expected value of RN obtained using an optimal policy,
starting in the stage (p,G). Then the principle of optimality yields the functional

1 We present the description of an adaptive control process as it is stated in the original work by Bellman and Kalaba
(1965), pages 102–103.
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equation

fN(p,G) = max
q1

[∫
[g(p, q1, r1)+ fN−1(T (p, q1, r1),G1)]dG(r1)

]
,

where G1 is as in (3.6), for N ≥ 2 and for N = 1 we have

f1(p,G) = max
q1

[∫
g(p, q1, r1)dG(r1)

]
.

In the conclusion to this statement the authors acknowledge that it is not too diffi-
cult to write down these relations, but it is quite difficult to obtain either analytical
or numerical results from these equations.

3.2.2 Adaptivity according to L. Zadeh

An alternative approach for developing a constructive and precise notion of adap-
tivity is suggested in Zadeh (1963). According to L. Zadeh, finding a satisfactory
definition of adaptation is a difficult problem. This is because of “. . . the lack of clear
differentiation between the external manifestations of adaptive behavior on the one
hand, and the internal mechanism by which it is achieved on the other. To subsume
both under a single concise definition has proved to be an elusive objective, since it
is very difficult – perhaps impossible – to find a way of characterizing in concrete
terms the large variety of ways in which adaptive behavior can be realized.”

In order to define external manifestations of adaptivity, L. Zadeh employs the
following language. Consider a system A endowed with a family of functions Sγ :

Sγ = {u|u : R>0 → R
m}.

The family Sγ defines all admissible inputs to the system. It is assumed that some
components of u(t) represent external inputs applied to A by a controller, whereas
others model the influence of disturbances. In L. Zadeh’s terminology the family
Sγ constitutes a source, possibly, but not necessarily, with a probability measure
defined on this family in such a way as to make Sγ a stochastic process. It is
supposed that there is a specified family of sources {Sγ } parametrized by γ ∈ G,
where G is a set. Thus we have a system A for which the inputs are some functions
u(t) from Sγ . The latter is a member of a family of sources {Sγ }.

In order to define the performance of A an additional performance function P

is introduced. A possible way to do this is as follows. Let A(Sγ ) denote a set of
the system’s responses to inputs Sγ . For consistency we suppose that the set of
responses is a family of functions parametrized by γ . Thus for every class of input
signals Sγ there would be a corresponding set of responses Rγ . Hence, one can



3.2 Mathematical statements of the problem of adaptation 53

now define P as a function from G into R
d , and the value of P(γ ) quantitatively

measures the system’s performance.
Suppose now that W ⊂ R

d is a set specifying the acceptable performance of
the system. In other words, we say that the performance of A is acceptable iff
P(γ ) ∈ W .

Definition 3.2.1 A system A is adaptive with respect to {Sγ } and W if it performs
acceptably well, i.e. P(γ ) ∈ W , with every source in the family {Sγ }, γ ∈ G. More
compactly, A is adaptive with respect to G and W if it maps G into W .

According to L. Zadeh’s comment regarding this definition, every system is
adaptive with respect to some G and W . Thus what matters is not whether system
A is adaptive, but with respect to which sets G and W its adaptive behavior is
evident.

3.2.3 The problem of adaptation according to V. A. Yakubovich

Perhaps the most general and rigorous definitions of the term “adaptation” and
subsequently formal statements of the problem of adaptive regulation are those pro-
vided in Yakubovich (1968), Saridis (1977), Sragovich (1981), Fomin et al. (1981),
and Fradkov (1990). These definitions gave rise to a set of successful concepts of
adaptation that resulted in the mathematical theory of adaptive control presented
in the monographs by Fomin et al. (1981) and Fradkov (1990). Adaptation, as a
regulatory process, is not restricted to a finite interval of time but can continue
indefinitely. The goals of adaptation are some asymptotic regimes of the system’s
dynamics. These goals are thus not explicitly dependent on transients. For the sake
of illustration let us consider a simplified statement of the problem of adaptation
from Fomin et al. (1981).

Suppose that the system’s dynamics is governed by the following system of
ordinary differential equations:

ẋ = f(x, θ , t , u),

y = h(x, θ , t , u),
(3.7)

where θ is the vector of unknown parameters,�θ ⊂ R
d , and u ∈ R

m, f : R
n×�θ×

R≥0 × R
m → R

n, h : R
n ×�θ × R≥0 × R

m → R
k are some sufficiently smooth

functions. Without loss of generality, and if the nature of the problem requires it,
one can replace the parameter θ on the right-hand side of (3.7) with a continuous
function of t : θ : R≥0 → �θ , θ(t) ∈ F. In this case the set F becomes a set
of functions of a given class. The broadness of this class determines the class of
adaptivity of the system.
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The goal of adaptation (or adaptive regulation) is defined by means of a certain
goal functional Q:

Q[x(τ ), u(τ ), 0 ≤ τ ≤ t] ≤ � ∀ t ≥ t∗,

where � ≥ 0 is a threshold of acceptable performance. The functional Q[·, ·, ·]
relates the system’s state and corresponding control signals u ∈ R

m to a value from
R. The latter is an indicator of the system’s performance.

The problem of adaptive regulation is stated as that of finding a control law
ensuring that the goal requirement is fulfilled. The values of the control input at
time t should be explicitly computable from the available measurement information
about the system’s behavior in the past. More precisely, the following class of
control functions is considered admissible:

u = Ut [y(τ ), u(τ ), β(τ ), 0 ≤ τ ≤ t],
β = Bt [y(τ ), u(τ ), β(τ ), 0 ≤ τ ≤ t],

where β ∈ R
p is the vector of adjustable parameters of the control law u. Once the

functional Ut [·, ·, ·, ·] has been chosen, ensuring that the goal functional is satisfied
and that the system’s state is bounded depends solely upon a suitable choice of
the adjustment law for β. Overall the choice of Ut [·, ·, ·, ·] and Bt [·, ·, ·, ·] should
guarantee that the goal requirement is satisfied for all θ ∈ �θ (or θ(t) ∈ F) and
initial conditions x(0) and β(0).

Before we conclude this section, let us briefly comment on the evolution of the
problem of adaptation in the context of dynamical systems and regulation. Orig-
inally the notions of adaptation and mathematical formulations of the problem of
adaptive regulation were confined to the framework of stochastic processes and
iterative optimization. This is not surprising, for the uncertainties were understood
as stochastic processes. This inevitably led to the perception that the most suitable
tools for developing the notion of adaptation and general principles of adaptivity
are the theories and language of stochastic analysis. Furthermore, adaptation itself
was limited to a descriptive characterization of how an abstract dynamical system
responds to a certain class of inputs. The lack of agreement on how a particular adap-
tive behavior is to be realized resulted in the vagueness of the notion of adaptation
which led to L. Zadeh’s and J. Truxhall’s critique that a safer and more meaningful
position would be to define adaptation in terms of its external manifestations.

This was the case before the emergence of parametric formulations of the notions
and problems of adaptation. Despite the fact that these formulations did not inherit
the same level of generality as the non-parametric ones, they enabled a more precise
and specific description of what an adaptive system is. According to these formu-
lations, adaptation is a specific process of tuning of the parameters of a controller.
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This process must ensure a satisfactory performance of the system in the presence
of uncertainties. In this text we accept this particular view on the problem of adap-
tation. We restrict our attention to deterministic systems and aim to provide a set of
methods applicable to solve the observation and regulation problems considered in
Chapter 1. In order to understand what sort of methods we need, let us first review
existing methods in the domain of adaptive control and regulation. We do not wish
to provide an exhaustive analysis of all of the methods available in the literature.
Our goal is more modest. We will focus on a few basic ideas forming the core of
many existing methods for solving the problem of adaptive regulation in various
parametric formulations.

3.3 Adaptive control for nonlinear deterministic dynamical systems

Suppose that the class of dynamical systems for which an adaptive regulatory (or
control) mechanism is to be derived is specified as follows:

ẋ = f(x, θ , t , u), (3.8)

where f : R
n×R

d ×R×R
m → R

n is a locally Lipschitz function with respect to
x, θ , and u, uniformly in t , x ∈ R

n is the state vector, θ ∈ �θ , where �θ ⊂ R
d is

the vector of parameters, and u is the control input. The values of θ are supposed
to be unknown a priori.

The main objective is to find a control input such that the state x is steered
into a small neighborhood of a given set �x ⊂ R

n, or tracks asymptotically some
trajectory r(t) : R → R

n for all θ ∈ �θ ⊂ R
d . The desired control input u should

comply with the following requirements:

(1) u is not a function of the time-derivatives of x;
(2) u does not depend explicitly on θ .

The class of possible control inputs will be limited to

u : R
n × R

p × R → R
m, u = u(x, θ̂ , t), (3.9)

where θ̂ is generated by

ξ̇ = fξ (ξ , x, t , u), fξ : R
ξ × R

n × R× R
m → R

ξ ,

θ̂ = hξ (ξ , x, t), hξ : R
ξ × R

n × R → R
p.

(3.10)

The right-hand side of (3.10) is supposed to be locally Lipschitz; ξ is the vector of
the internal state of the controller, and θ̂ is the vector of adjustable parameters.
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3.3.1 Velocity gradient

The method of velocity gradient was proposed in Fradkov (1979) and further devel-
oped in Fomin et al. (1981), Fradkov (1990), and Fradkov et al. (1999). The main
idea of the method is two-fold: (1) the process of adaptation is viewed as an opti-
mization procedure; and (2) this procedure is to minimize the instantaneous velocity
of a goal functional Q(x, t) : R

n ×R≥0 → R. Let us now consider this method in
more detail.

Suppose that the system’s dynamics is given by (3.8), and that the objective is
to find the function u and corresponding auxiliary system (3.10), such that for all
θ ∈ �θ the following property holds:

lim
t→∞Q(x(t , x0), t) = 0. (3.11)

The function Q(x, t) in (3.11) is supposed to be a positive definite function with
respect to x uniformly in t . In particular, we suppose that

∃ ρ1(·), ρ2(·) ∈ K∞ : ρ1(‖x‖) ≤ Q(x, t) ≤ ρ2(‖x‖) ∀ t ∈ R. (3.12)

The method requires that the following two assumptions hold for (3.8) and
Q(x(t , x0)).

Assumption 3.1 There exists and is known a function u : R
n × R

p × R →
R

m, such that for every θ ∈ �θ on the right-hand side of (3.8) there is a vector
θ̂
∗

ensuring that the zero equilibrium of the combined system (3.8) with control
u(x, θ̂

∗
, t) is globally asymptotically stable in the sense of Lyapunov. Furthermore,

the following holds:

∂Q(x, t)

∂x
f(x, θ , t , u(x, θ̂

∗
, t))+ ∂Q(x, t)

∂t
≤ −α1(Q), α1 ∈ K. (3.13)

Assumption 3.1 simply states that for every θ ∈ �θ there exists a feedback
u(x, θ̂ , t) globally (asymptotically) stabilizing the origin. Furthermore, the function
Q(x, t) specifying the goal of adaptation in (3.12) is the corresponding Lyapunov
function.

Assumption 3.2 There exists and is known a function satisfying Assumption 3.1,

and furthermore for all θ , θ̂ , θ̂
′ ∈ �θ , x ∈ R

n, and t ∈ R the following inequality
holds:

(θ̂
′ − θ̂)T

(
∂

∂ θ̂

[
∂Q

∂x
f(x, θ , t , u(x, θ̂ , t))

])T

≥ ∂Q(x, t)

∂x
f(x, θ , t , u(x, θ̂ , t))− ∂Q(x, t)

∂x
f(x, θ , t , u(x, θ̂

′
, t)). (3.14)
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Assumption 3.2 is a sort of convexity constraint. It requires that the partial
derivative

∂Q

∂x
f(x, θ , t , u(x, θ̂ , t)) (3.15)

be convex with respect to θ̂ . Notice that Assumption 3.2 is a stronger requirement
than simply an extra convexity constraint imposed on the functionu(x, θ̂ , t). Indeed,
even for functions u(x, θ̂ , t) that are convex with respect to θ̂ the actual sign of
inequality (3.14) depends on ∂Q(x, t)/∂x.

Let us suppose that Assumptions 3.1 and 3.2 hold, and consider the evolution of
Q(x, t) over time. This evolution satisfies the following differential equation:

Q̇ = ∂Q

∂x
f(x, θ , t , u(x, θ̂ , t))+ ∂Q(x, t)

∂t
.

By invoking Theorem 2.1 we can conclude that condition (3.11) is automatically
satisfied if the inequality

Q̇ ≤ −α1(Q)

holds for all x, t , and θ . Thus affecting the system dynamics in such a way that
the derivative Q̇ is decreasing with time may be a plausible control-and-adaptation
strategy. In the framework of parametric adaptation we can influence the system’s
dynamics by adjusting parameters of the controller. Following this logic, we can
propose a plausible adaptation algorithm, in which parameters of the controller are
adjusted proportionally to the gradient of (3.15) or Q̇with respect to θ̂ . In particular,
we set

˙̂
θ = −�

(
∂

∂ θ̂

[
∂Q

∂x
f(x, θ , t , u(x, θ̂ , t))

])T

, � > 0. (3.16)

The quantity Q̇ can be viewed as a sort of “velocity” of Q(x, t); hence the above
proposal is referred to as the method of velocity gradient.

Clearly the right-hand side of (3.16) may depend on θ explicitly. Hence, in order
to be able to implement this algorithm without violating the original statement that
the values of θ are unknown, we shall impose an additional technical assumption.
This assumption is that the partial derivative

∂

∂ θ̂

[
∂Q

∂x
f(x, θ , t , u(x, θ̂ , t))

]

does not depend on θ explicitly.
Asymptotical properties of the velocity-gradient adaptation scheme are formu-

lated in the next theorem (see also Fomin et al. (1981)).
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Theorem 3.1 Consider system (3.8) and suppose that there is a function Q(x, t)
satisfying condition (3.12). Furthermore, let us suppose that there exists a function
u(x, t , θ̂) satisfying Assumptions 3.1 and 3.2.

Then solutions of the closed-loop system with control u(x, θ̂ , t) and adaptation
algorithm (3.16) exist for all t ≥ t0 and are bounded for every θ ∈ �θ and all
initial conditions x(t0) = x0 ∈ R

n. Moreover, property (3.11) holds.

Proof of Theorem 3.1. The proof of the theorem can be easily completed following
a logic similar to that we used when we analyzed system (2.30). We will start with
demonstrating the existence and boundedness of the system’s solutions by invoking
the method of Lyapunov functions. Then we will apply Lemma 2.1 to show that
(3.11) holds.

Consider the following function:

V (x, θ̂ , θ∗, t) = Q(x, t)+ 1

2
‖θ̂ − θ̂

∗‖2
�−1 ,

where ‖θ̂ − θ̂
∗‖2

�−1 stands for (θ̂ − θ̂
∗
)T�−1(θ̂ − θ̂

∗
). The function V is positive

definite in R
n+p and hence satisfies condition (2.33). Taking (3.16) into account,

we obtain

V̇ = Q̇− (θ̂ − θ̂
∗
)T�−1�

(
∂

∂ θ̂

[
∂Q

∂x
f(x, θ , tu(x, θ̂ , t))

])T

.

Property (3.14) implies that

V̇ = Q̇− (θ̂ − θ̂
∗
)T
(

∂

∂ θ̂

[
∂Q

∂x
f(x, θ , t , u(x, θ̂ , t))

])T

≤ Q̇− ∂Q(x, t)

∂x
[f(x, θ , t , u(x, θ̂ , t))− f(x, θ , t , u(x, θ̂

∗
, t))].

Thus, taking into account the equality

∂Q(x, t)

∂x
[f(x, θ , t , u(x, θ̂ , t))− f(x, θ , t , u(x, θ̂

∗
, t))]

= ∂Q(x, t)

∂x
[f(x, θ , t , u(x, θ̂ , t))− f(x, θ , t , u(x, θ̂

∗
, t))]

+ ∂Q(x, t)

∂t
− ∂Q(x, t)

∂t

= Q̇− ∂Q(x, t)

∂x
f(x, θ , t , u(x, θ̂

∗
, t))− ∂Q(x, t)

∂t

and invoking (3.13), we conclude that

V̇ ≤ ∂Q(x, t)

∂x
f(x, θ , t , u(x, θ̂

∗
, t))+ ∂Q(x, t)

∂t
≤ −α1(Q) ≤ 0. (3.17)
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This demonstrates that the point (x, θ̂) = (0, θ̂
∗
) in the extended state space of

the system (3.8) and (3.16) is globally stable in the sense of Lyapunov. Thus the
existence and boundedness of the solutions follow.

Notice that (3.17) implies that the following integral inequality holds:∫ t

t0

α1(Q(x(τ ), τ))dτ ≤ V (x(t), θ̂(t0), θ̂
∗
, t0) ≤ ∞ ∀ t0, t ∈ R.

Then, according to Barbalat’s lemma (Lemma 2.1),

lim
t→∞α1(Q(x(t), t)) = 0 ⇒ lim

t→∞Q(x(t), t) = 0.

�

Remark 3.1 The concept of velocity gradient can, in principle, be applied to a
wide range of systems (3.8) with linear and nonlinear parametrization of the right-
hand side with respect to the vector of unknown parameters θ . One needs to ensure,
however, that the convexity requirement, as specified by (3.2), holds. This require-
ment can be viewed as a constraint on the class of admissible regulatory inputs
u(x, θ̂ , t) and functionals Q(x, t). Notice that this constraint does not explicitly
limit the class of parametrizations of f(x, θ , t , u). It does, however, impose certain
restrictions on the choice of u(x, θ̂ , t). Let us consider an example. Suppose that
the system’s dynamics is described by the equation

ẋ = cos(θ1x + θ2)x
2 + u, (3.18)

where θ1 and θ2 are some unknown real numbers, and the goal is to steer the
system’s state to the origin by selecting an appropriate input u. Clearly, system
(3.18) is nonlinearly parametrized with respect to θ1 and θ2. Let

u = −θ̂x − x3. (3.19)

This choice of the control input satisfies Assumptions 3.1 and 3.2. Indeed, Assump-
tion 3.2 holds when the function u is linear in θ̂ . In order to see that Assumption
3.1 holds too, one may pick Q(x, t) = 1

2x
2 and derive

Q̇ = −x2(θ̂ − cos(θ1x + θ2)x + x2).

Given that the inequality θ̂∗ > 1/4+ ρ ensures that the estimate

θ̂∗ − cos(θ1x + θ2)x + x2 ≥ ρ, ρ > 0, ρ ∈ R

holds for all x, it also implies that

Q̇ ≤ −2ρQ.
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The latter inequality guarantees that Assumption 3.1 holds. Thus, one can apply the
method of velocity gradient to derive a feedback ensuring that the state of system
(3.18) is adaptively regulated to the origin. Further generalizations of this approach
can be found in a number of works, e.g. Putov (1993) and Lin and Qian (2002b).

Remark 3.2 An interesting special case to which the theorem might apply is the
class of systems that are affine in control with linear parametrization of admissible
control functions:

ẋ = f(x, θ , t)+ g(x, t)u,

u = ?(x, t)θ̂ , ? : R
n × R → R

p.

In this case algorithm (3.16) reduces to

˙̂
θ = −�

(
∂Q(x, t)

∂x
g(x, t)?(x, t)

)T

. (3.20)

Denoting(
∂Q(x, t)

∂x
g(x, t)?(x, t)

)T

= φ(t), x1 = Q(x, t), x2 = θ̂ − θ ,

and assuming that (3.13) can be written as an equality,

∂Q(x, t)

∂x
[f(x, θ , t)+ g(x, t)?(x, t)θ̂

∗
)] + ∂Q(x, t)

∂t
= −αQ, (3.21)

where α ∈ R>0, we arrive at the following description of the closed-loop system:

d

dt

(
x1

x2

)
=
( −α φ(t)T

−�φ(t) 0

)(
x1

x2

)
. (3.22)

In Chapter 2 (Lemmas 2.2 and 2.3 and Theorem 2.2) we formulated some of the
asymptotic properties for such systems.

As follows from the remarks above, successful application of the method of
velocity gradient depends on the choice of functions Q(x, t) and u(x, θ̂

∗
, t). The

former serves as a goal functional and at the same time doubles as the Lyapunov
function linked to the class of admissible control inputs u(x, θ̂

∗
, t). Finding these

functions for general nonlinear systems is outside the method’s scope. These func-
tions are assumed to be given. There are, however, classes of systems for which this
assumption may be lifted. These systems and corresponding methods are presented
in the next section.
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3.3.2 Adaptive integrator back-stepping

Below we present the method of adaptive integrator back-stepping as it is described
in the original work by Krstić et al. (1992). Consider the class of systems with
lower-triangular structure:

ẋi = xi+1 + θTφi(x1, . . . , xi), (3.23)

ẋn = φ0(x)+ θTφn(x)+ β0(x)u, (3.24)

where θ ∈ R
p is the vector of unknown parameters, and φ0(·), φi(·), and β0(·)

are sufficiently smooth functions. We suppose that the function β0(x) is separated
away from zero for all x ∈ R

n:

∃ δ ∈ R>0 : |β0(x)| ≥ δ ∀ x ∈ R
n.

Let our objective be to find a control input steering the variable x1 to x1 = xe = 0
and simultaneously stabilizing the system in some sense. In order to find such a
control input Krstić et al. (1992) developed the following iterative procedure.

Step 1. Let us denote z1 = x1 and z2 = x2 − α1 and rewrite the first equation of
the original system in the above notation ẋ1 = x2 + θTφ1(x1):

ż1 = z2 + α1 + θTφ1(x1). (3.25)

The variable α1 is considered as a virtual control. Now consider

V1(z1, θ̂) = 1

2
z2

1 + ‖θ − θ̂‖2
�−1 , � > 0,

where θ̂ : R≥0 → R
p is a differentiable function yet to be defined. Differentiating

V1(z1, θ̂) and taking (3.25) into account, we obtain

V̇1 = z1(z2 + α1 + θTφ1(x1))+ (θ̂ − θ)�−1 ˙̂θ
= z1(z2 + α1 + θ̂

T
φ1(x1))+ (θ̂ − θ)�−1(

˙̂
θ − �z1φ1(x1)). (3.26)

If the system (3.23) and (3.24) consisted of just one equation and x2 were the actual

control input u, i.e. x2 = α1 = u, then, on setting τ 1(x1) = ˙̂θ1,

τ 1 = �z1(x1)φ1(x1), (3.27)

α1(x1, θ̂) = −c1z1 − θ̂
T
φ1(x1), c1 ∈ R>0, (3.28)

would ensure that V̇1 = −c1z
2
1 = −c1x

2
1 ≤ 0. Hence this choice would guarantee

asymptotic convergence of the system’s state to the set x1 = 0. The function



62 The problem of adaptation in dynamical systems

α1(x1, θ̂), therefore, can be called the first stabilizing function, and the function
τ 1(x1) is the corresponding first tuning function.

Since x2 is not the actual control input, z2 �= 0, and hence our previous choice

u = α1(x1, θ̂), ˙̂θ = τ 1(x1) is not justified. For the moment, let us simply rewrite
ż1 and V̇1 using the notations above:

V̇1 = −c1z
2
1 + z1z2 + (θ̂ − θ)�−1(

˙̂
θ − τ 1(x1)), (3.29)

ż1 = −c1z1 + z2 + (θ − θ̂)Tφ1(x1). (3.30)

Step 2. Let us introduce the new variable z3 = x3 − α2 and rewrite the second
equality in (3.23) and (3.24), namely ẋ2 = x3 + θTφ2(x1, x2), as follows:

ż2 = z3 + α2 + θTφ2(x1, x2)− ∂α1(x1, θ̂)

∂x1
(x2 + θTφ1(x1))− ∂α1(x1, θ̂)

∂ θ̂

˙̂
θ .

(3.31)

Suppose that we can use α2 as a control input, and consider the function V2 =
V1 + 1

2z
2
2. According to (3.30) and (3.31) the time-derivative of V2 is

V̇2 = −c1z
2
1 + z2

[
z1 + z3 + α2 − ∂α1

∂x1
x2 − ∂α1

∂ θ̂

˙̂
θ

+ θ̂
T
(

φ2(x1, x2)− ∂α1

∂x1
φ1(x1)

)]

+ (θ̂ − θ)T�−1
[ ˙̂
θ − �

(
z1φ1(x1)+ z2

(
φ2(x1, x2)− ∂α1

∂x1
φ1(x1)

))]
.

(3.32)

If x3 were the actual controlu then the value of z3 in (3.31) and (3.32) would be zero.

Thus, by compensating for the term θ̂ − θ in (3.32) by setting ˙̂θ = τ 2(x1, x2, θ̂),
where

τ 2(x1, x2, θ̂) = �

[
z1(x1)φ1(x1)

+ z2(x1, x2, θ̂)

(
φ2(x1, x2)− ∂α1(x1, θ̂)

∂x1
φ1(x1)

)]

= τ 1(x1)+ �z2

(
φ2(x1, x2)− ∂α1(x1, θ̂)

∂x1
φ1(x1)

)
, (3.33)
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and assigning

α2(x1, x2, θ̂) = −z1(x1)− c2z2(x1, x2, θ̂)+ ∂α1(x1, θ̂)

∂x1
x2

+ ∂α1(x1, θ̂)

∂ θ̂
τ 2(x1, x2, θ̂)

− θ̂
T
(

φ2(x1, x2)− ∂α1(x1, θ̂)

∂x1
φ1(x1)

)
(3.34)

we would ensure that

V̇2 = −c1z
2
1 − c2z

2
2.

However, the variable x3 is not the actual control input u, and therefore z3 �= 0. Yet,
taking the notation (3.34) into account, V̇2 can still be expressed in the following
simplified form:

V̇2 = −c1z
2
1 − c2z

2
2 + z2z3 +

[
z2

∂α1

∂ θ̂
+ (θ − θ̂)T�−1

]
(τ 2 − ˙̂θ), (3.35)

and (3.31) may be rewritten as

ż2 = −z1 − c2z2 + z3 + (θ − θ̂)T
(

φ2 −
∂α1

∂x1
φ1

)
+ ∂α1

∂ θ̂
(τ 2 − ˙̂θ). (3.36)

Step 3. Let us introduce the new variable z4 = x4−α3 and, taking this denotation
into account, rewrite the equality ẋ3 = x4 + θTφ3(x1, x2, x3) as follows:

ż3 = z4 + α3 + θTφ3 −
∂α2

∂x1
(x2 + θTφ1)−

∂α2

∂x2
(x3 + θTφ2)−

∂α2

∂ θ̂

˙̂
θ . (3.37)

Using the same logic as in Steps 1 and 2, we suppose that α3 is a control input,
and introduce the following Lyapunov candidate function for the extended system:
V3 = V2 + 1

2z
2
3 (the state vector of this system is (z1, z2, z3, θ̂)). Consider V̇3:

V̇3 = −c1z
2
1 − c2z

2
2 + z2

∂α1

∂ θ̂
(τ 2 − ˙̂θ)

+ z3

[
z2 + z4 + α3 − ∂α2

∂x1
x2 − ∂α2

∂x2
x3 − ∂α2

∂ θ̂

˙̂
θ

+ θ̂
T
(

φ3 −
∂α2

∂x1
φ1 −

∂α2

∂x2
φ2

)]
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+ (θ̂ − θ)T�−1
[ ˙̂
θ − �

(
z1φ1 + z2

(
φ2 −

∂α1

∂x1
φ1

)

+ z3

(
φ3 −

∂α2

∂x1
φ1 −

∂α2

∂x2
φ2

))]
(3.38)

and compensate for the term θ̂ − θ in (3.38) by setting ˙̂θ = τ 3:

τ 3 = �

[
z1φ1 + z2

(
φ2 −

∂α1

∂x1
φ1

)
+ z3

(
φ3 −

∂α2

∂x1
φ1 −

∂α2

∂x2
φ2

)]

= τ 2 + �z3

(
φ3 −

∂α2

∂x1
φ1 −

∂α2

∂x2

)
. (3.39)

Given that

˙̂
θ − τ 2 = ˙̂θ − τ 3 + τ 3 − τ 2 = ˙̂θ − τ 3 + �z3

(
φ3 −

∂α2

∂x1
φ1 −

∂α2

∂x2
φ2

)
, (3.40)

we can rewrite (3.38) as follows:

V̇3 = −c1z
2
1 − c2z

2
2 + z2

∂α1

∂ θ̂

(
τ 3 − ˙̂θ

)
+ z3

[
z2 + z4 + α3 − ∂α2

∂x1
x2 − ∂α2

∂x2
x3 − ∂α2

∂ θ̂

˙̂
θ

+
(

θ̂
T − z2

∂α1

∂ θ̂
�

)(
φ3 −

∂α2

∂x1
φ1 −

∂α2

∂x2
φ2

)]

+ (θ̂ − θ)T�−1(
˙̂
θ − τ 3). (3.41)

If x4 (or equivalently α3) were the actual control then z4 = 0 and the choice

α3 = −z2 − c3z3 + ∂α2

∂x1
x2 + ∂α2

∂x2
x3 + ∂α2

∂ θ̂
τ 3

+
(
z2

∂α1

∂ θ̂
� − θ̂

T
)(

φ3 −
∂α2

∂x1
φ1 −

∂α2

∂x2
φ2

)
(3.42)

would ensure that
V̇3 = −c1z

2
1 − c2z

2
2 − c3z

2
3.

Since this is not the case, we have that

V̇3 = −c1z
2
1 − c2z

2
2 − c3z

2
3 + z3z4

+
[
z2

∂α1

∂ θ̂
+ z3

∂α2

∂ θ̂
+ (θ − θ̂)T�−1

]
(τ 3 − ˙̂θ), (3.43)
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and, taking (3.37) and (3.42) into account, the right-hand side of ż3 can be
determined as

ż3 = − z2 − c3z3 + z4 + (θ − θ̂)T
(

φ3 −
∂α2

∂x1
φ1 −

∂α2

∂x2
φ2

)

+ ∂α2

∂ θ̂
(τ 3 − ˙̂θ)+ z2

∂α1

∂ θ̂
�

(
φ3 −

∂α2

∂x1
φ1 −

∂α2

∂x2
φ2

)
. (3.44)

Step i. Consider zi+1 = xi+1 − αi and rewrite the equation ẋi = xi+1 +
θTφi(x1, . . . , xi) accordingly:

żi = zi+1 + αi + θTφi −
i−1∑
k=1

∂αi−1

∂xk
(xk+1 + θTφk)−

∂αi−1

∂ θ̂

˙̂
θ . (3.45)

Let αi be a virtual control of the system in (z1, . . . , zi) coordinates. Looking for
stability conditions for the extended system with state (z1, . . . , zi)⊕ θ̂ , we introduce
the Lyapunov candidate function Vi = Vi−1 + 1

2z
2
i . Its time-derivative is

V̇i = −
i−1∑
k=1

ckz
2
k +

(
i−2∑
k=1

zk+1
∂αk

∂ θ̂

)
(τ i−1 − ˙̂θ)

+ zi

[
zi−1 + zi+1 + αi −

i−1∑
k=1

∂αi−1

∂xk
xk+1 − ∂αi−1

∂ θ̂

˙̂
θ

+ θ̂
T
(

φi −
i−1∑
k=1

∂αi−1

∂xk
φk

)]

+ (θ̂ − θ)T�−1

[
˙̂
θ − �

i∑
l=1

zl

(
φl −

l−1∑
k=1

∂αl−1

∂xk
φk

)]
. (3.46)

On choosing the function τ i in ˙̂θ = τ i as

τ i = �

i∑
l=1

zl

(
φl −

l−1∑
k=1

∂αl−1

∂xk
φk

)
= τ i + �zi

(
φi −

i−1∑
k=1

∂αi−1

∂xk
φk

)
(3.47)

we can annihilate the influence of θ̂ − θ in (3.46). Furthermore, given that

˙̂
θ − τ i−1 = ˙̂θ − τ i + τ i − τ i−1 = ˙̂θ − τ i + �zi

(
φi −

i−1∑
k=1

∂αi−1

∂xk
φk

)
, (3.48)
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we can rewrite V̇i as

V̇i = −
i−1∑
k=1

ckz
2
k +

i−2∑
k=1

zk+1
∂αk

∂ θ̂
(τ i − ˙̂θ)

+ zi

[
zi−1 + zi+1 + αi −

i−1∑
k=1

∂αi−1

∂xk
xk+1 − ∂αi−1

∂ θ̂

˙̂
θ +

(
θ̂

T −
i−2∑
k=1

zk+1
∂αk

∂ θ̂
�

)

×
(

φi −
i−1∑
k=1

∂αi−1

∂xk
φk

)]
+ (θ̂ − θ)T�−1(

˙̂
θ − τ i). (3.49)

If xi+1 were the actual control input, i.e. αi = u = xi+1, then consequently setting

αi = −zi−1 − cizi +
i−1∑
k=1

∂αi−1

∂xk
xk+1 + ∂αi−1

∂ θ̂
τ i

+
[

i−2∑
k=1

zk+1
∂αk

∂ θ̂
� − θ̂

T
](

φi −
i−1∑
k=1

∂αi−1

∂xk
φk

)
(3.50)

would ensure that

V̇i = −
i∑

k=1

ckz
2
k .

Since this is not the case we have

V̇i = −
i∑

k=1

ciz
2
i + zizi+1 +

[
i−1∑
k=1

∂αk

∂ θ̂
+ (θ − θ̂)T�−1

]
(τ i − ˙̂θ), (3.51)

and zi satisfy the following equations:

żi = −zi−1 − cizi + zi+1 + (θ − θ̂)T

(
φi −

i−1∑
k=1

∂αi−1

∂xk
φk

)

+ ∂αi

∂ θ̂
(τ i − ˙̂θ)+

(
i−2∑
k=1

zk+1
∂αk

∂ θ̂
�

)(
φi −

i−1∑
k=1

∂αi−1

∂xk
φk

)
. (3.52)

Step n. Let zn = xn−αn−1. Observe that the variable αn−1 is already defined
at the previous, n− 1, step of the procedure. Thus, taking ẋn = φ0(x)+ θTφn(x)+
β0(x)u, (3.51), and (3.52) into account, we can express żn as

żn = φ0 + θTφn + β0u−
n−1∑
k=1

∂αn−1

∂xk
(xk+1 + θTφk)−

∂αn−1

∂ θ̂

˙̂
θ . (3.53)
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Let us now introduce the following functionVn = Vn−1+ 1
2z

2
n. Clearly, the function

Vn is positive definite with respect to zi and (θ̂ − θ), and its derivative satisfies

V̇n = −
n−1∑
k=1

ckz
2
k +

(
n−2∑
k=1

zk+1
∂αk

∂ θ̂

)
(τn−1 − ˙̂θ)

+ zn

[
zn−1 + β0u+ φ0 −

n−1∑
k=1

∂αn−1

∂xk
xk+1 − ∂αn−1

∂ θ̂

˙̂
θ

+ θ̂
T
(
φn −

n−1∑
k=1

∂αn−1

∂xk
φk

)]
+ (θ̂ − θ)T �−1

[
˙̂
θ − �

n∑
l=1

zl

(
φl −

l−1∑
k=1

φk

)]
.

(3.54)

In order to compensate for the term (θ̂ − θ) in (3.54) we set

˙̂
θ = τn = �

n∑
l=1

zl

(
φl −

l−1∑
k=1

∂αl−1

∂xk
φk

)

= τn−1 + �zn

(
φn −

n−1∑
k=1

∂αn−1

∂xk
φk

)
. (3.55)

Taking (3.54) and

θ̂ − τn−1 = τn − τn−1 = �zn

(
φn −

n−1∑
k=1

∂αn−1

∂xk
φk

)
(3.56)

into account, we can conclude that

V̇n =
n−1∑
k=1

ckz
2
k + zn

[
zn−1 + β0u+ φ0 −

n−1∑
k=1

∂αn−1

∂xk
xk+1 − ∂αn−1

∂ θ̂

˙̂
θ

+
(

θ̂
T −

n−2∑
k=1

zk+1
∂αk

∂ θ̂
�

)(
φn −

n−1∑
k=1

∂αn−1

∂xk
φk

)]
.

(3.57)

Thus choosing u as

u = 1

β0

[
−zn−1 − cnzn − φ0 +

n−1∑
k=1

∂αn−1

∂xk
xk+1 + ∂αn−1

∂ θ̂
τn

+
(

n−2∑
k=1

zk+1
∂αk

∂ θ̂
� − θ̂

T
)(

φn −
n−1∑
k=1

∂αn−1

∂xk
φk

)]
(3.58)
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will ensure that the derivative V̇n is non-positive:

V̇n = −
n∑

k=1

ckz
2
k ,

and consequently that zi and θ̂ are bounded along the solutions of (3.23) and (3.24).
Given that

x1 = z1, x2 = z2 + α1(z1, θ̂),

x3 = z3 + α2(x1, x2, θ̂) = z3 + α2(z1, z2 + α1(z1, θ̂), θ̂), . . .

and that the functions αi(x1, . . . , xi , θ̂) are smooth, we can conclude that x(t , x0) =
(x1(t , x0), . . . , xn(t , x0)) is bounded and defined for all t ≥ t0. Moreover, according
to Lemma 2.1,

lim
t→∞ zi(t) = 0. (3.59)

In order to see that x(t , x0) converges to a limit at t →∞, let us rewrite (3.23)
and (3.24) in the zi-coordinates. On denoting

wi(x1, . . . , xi , θ̂) = φi(x1, . . . , xi)−
i−1∑
k=1

∂αi−1

∂xk
φk(x1, . . . , xk) (3.60)

we obtain that

ż1 = −c1z1 + z2 + (θ − θ̂)Tw1(x1, θ̂),

ż2 = −z1 − c2z2 + z3 + (θ − θ̂)Tw2(x1, x2, θ̂)

−
n∑

k=3

∂α1

∂ θ̂
�zkwk(x1, . . . , xk , θ̂),

ż3 = −z2 − c3z3 + z4 + (θ − θ̂)Tw3(x1, x2, x3, θ̂)

−
n∑

k=4

∂α2

∂ θ̂
�zkwk(x1, . . . , xk , θ̂)+ z2

∂α1

∂ θ̂
�w3(x1, x2, x3, θ̂),

...
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zi = −zi−1 − cizi + zi+1 + (θ − θ̂)Tw(x1, . . . , xi , θ̂)

−
n∑

k=i+1

∂αi−1

∂ θ̂
�zkwk(x1, . . . , xk , θ̂)

+
i−2∑
k=1

zk+1
∂αk

∂ θ̂
�wi(x1, . . . , xi , θ̂),

...

żn = −zn−1 − cnzn + (θ − θ̂)Twn(x1, . . . , xn, θ̂)

+
n−2∑
k=1

zk+1
∂αk

∂ θ̂
�wn(x1, . . . , xn, θ̂),

˙̂
θ = �

n∑
i=1

ziwl(x1, . . . , xi , θ̂).

(3.61)

The right-hand side of (3.61) is a smooth vector field. Hence, z̈i are bounded due
to the fact that the variables x, zi , and θ̂ are bounded. According to Lemma 2.1,
(3.59) implies that

lim
t→∞ ż(t) = 0.

Hence, in accordance with (3.61), the following limits exist:

lim
t→∞(θ − θ̂(t))wi(x1(t), . . . , xi(t), θ̂(t)) = 0. (3.62)

Let us demonstrate that xi(t) also converge to the corresponding limits as t →∞.
Indeed, since x1 = z1, the equation limt→∞ z1(t) = 0 implies that limt→∞ x1(t) =
0. Notice that w1(x1, θ̂) = φ1(x1) and

lim
t→∞(θ − θ̂(t))Tw1(x1(t), θ̂(t)) = lim

t→∞(θ − θ̂(t))Tφ1(x1(t)) = 0 ⇒

lim
t→∞ θTφ1(x1(t)) = lim

t→∞ θ̂
T
φ1(x1(t)) = θTφ1(0);

hence,

lim
t→∞ x2(t) = lim

t→∞ z2(t)+ α1(z1(t), θ̂(t))

= lim
t→∞ z2(t)− c1z1(t)− θ̂(t)Tφ1(x1(t)) = −θTφ1(0).
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Thus, using (3.62) and (3.61), we arrive at

lim
t→∞(θ − θ̂(t))Tw2(x1, x2, θ̂(t)) = lim

t→∞(θ − θ̂(t))Tφ2(x1(t), x2(t)) = 0 ⇒

lim
t→∞ θ̂

T
(t)φ2(x1(t), x2(t)) = θTφ2(0, xe

2).

According to (3.50) the variables αi satisfy

αi =− zi−1 − cizi +
i−1∑
k=1

∂αi−1

∂xk

(
xk+1 + θ̂

T
φk

)
+ ∂αi−1

∂ θ̂
τ i

+
[

i−2∑
k=1

zk+1
∂αk

∂ θ̂
� − θ̂

T
]

φi ;

hence,
lim
t→∞α2(t) = lim

t→∞ = −θTφ2(0, xe
2),

and limt→∞ x3(t) = limt→∞ z3(t) + α2(t) = −θTφ2(0, xe
2). On repeating these

steps for i = 3, . . . , n we obtain

lim
t→∞ θ̂

T
(t)φi(x1(t), . . . , xi(t)) = θTφi(0, xe

2, . . . , xe
i ),

lim
t→∞ xi(t) = −θTφi−1(0, xe

2, . . . , xe
i−1).

Summarizing the results, we can now state the following theorem (Krstić et al.
1992).

Theorem 3.2 Let the system (3.23) and (3.24) be given, with u defined as in
(3.58). Then the equilibrium xe ⊕ θ , xe = (xe

1, . . . , xe
n) of the extended system is

globally stable in the sense of Lyapunov. Furthermore,

lim
t→∞ x(t) = x

e.

The method of adaptive integrator back-stepping resolves the issue of searching
for the goal functionalQ(x, t) required in the method of velocity gradient.Although
the method applies to a narrower class of systems, it is fully constructive and hence
constitutes a convenient solution to the problem of adaptive regulation. One can
also view this method as a synthesis technology.

Before we proceed further, let us comment that both of the methods considered
so far assume (or impose, should we consider dominance-based generalizations)
linear or convex parametrization of the corresponding control input. This inevitably
motivates the question about the possibility of ensuring a certain degree of adap-
tivity in systems with nonlinearly parametrized controls. In the next sections we
review the ideas offering answers to this question.
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3.3.3 Minimax and domination-based algorithms of adaptive regulation

A technique aimed at addressing the issue of nonlinear parametrization was
proposed in Loh et al. (1999). The authors consider systems in the so-called
error-model form:

ėc =− k1ec + k2

[
ϕT
I (αI − α̂I)+

m∑
i=1

(
fi(φi , θi)− fi(φi , θ̂i )

)
− ua(t)

]
,

(3.63)

where ec stands for the error (or state); αI ∈ R
I and θi ∈ Fi ⊂ R are parameters

of which the values are unknown, and α̂I ∈ R
I, θ̂i are their estimates. The domains

Fi are supposed to be closed intervals in R with known boundaries, k1 ∈ R>0 and
k2 ∈ R are known parameters of the model, and φi : R≥0 → R

p, ϕI : R≥0 → R
I,

and fi : R
p × R → R are some known continuous functions. The variable ua(t)

is the auxiliary control input.
The objective is to find an auxiliary input ua(t) and an adaptation algorithm for

α̂I and θ̂i such that the values of ec and α̂I and θ̂i are bounded.
Let us introduce the new variable eε , ε ∈ R>0,

eε = ec − εS

(
ec

ε

)
, S

(
ec

ε

)
=



1, ec/ε ≥ 1,
ec/ε, |ec/ε| < 1,
−1, ec/ε ≤ −1,

(3.64)

and choose the class of admissible adaptation algorithms and auxiliary control
inputs as

ua = sign(k2)S

(
ec

ε

) m∑
i=1

a∗i (θ̂i , t), (3.65)

˙̂αI = sign(k2)�αeεϕI, �α > 0, (3.66)

˙̂
θi = sign(k2)γθi eεω

∗
i (θ̂i , t), γθi > 0. (3.67)

The functions a∗i : R×R → R and ω∗i : R×R → R in (3.65)–(3.67) must satisfy
the following equations:

a∗i (θ̂i , t) = min
ωi∈R

max
θi∈Fi

sign(eεk2)
[
fi(φi(t), θi)− fi(φi(t), θ̂i )+ (θ̂i − θi)ωi

]
;

(3.68)

ω∗i (θ̂i , t) = arg min
ωi∈R

max
θi∈Fi

sign(eεk2)
[
fi(φi(t), θi)− fi(φi(t), θ̂i )+ (θ̂i − θi)ωi

]
.

(3.69)



72 The problem of adaptation in dynamical systems

The asymptotic properties of the system (3.63)–(3.69) are formulated in the next
theorem (Loh et al. 1999).

Theorem 3.3 Consider the system (3.63), where the variables θ̂i and α̂I, ua(t)

satisfy (3.64)–(3.69).
Then solutions of the system (3.63)–(3.69) are bounded for all initial conditions

α̂I(t0) ∈ R
I, ec(t0) ∈ R. If, in addition, the functions ϕI(·) and φi(·), i = 1, . . . ,m

are globally bounded then

lim
t→∞ eε(t) = ec(t)− εS

(
ec(t)

ε

)
= 0. (3.70)

Proof of Theorem 3.3. Consider the function

V = 1

2

(
e2
ε + |k2|(α̂I − αI)

T�−1
αI

(α̂I − αI)+ |k2|
m∑
i=1

γ−1
θi

(θ̂i − θi)
2

)

and compute its time-derivative:

V̇ =




0, |ec| ≤ ε,

−k1eceε + k2eε
∑m

i=1

[
fi(φi(t), θi)− fi(φi(t), θ̂i )

+ (θ̂i − θi)ω
∗
i − a∗i sign(k2)S(ec/ε)

]
, |ec| > ε.

(3.71)

Taking the definition of eε into account (see (3.65)), we can conclude that the second
equation in (3.71) implies that

V̇ ≤ |k2|
(
− k1

|k2|e
2
ε + eε

m∑
i=1

[
sign(k2)

(
fi(φi(t), θi)− fi(φi(t), θ̂i )

)

+ (θ̂i − θi)ω
∗
i − a∗i S

(ec

ε

)])
. (3.72)

Now consider two cases, (1) eε ≥ 0 and (2) eε < 0, and show that the inequality
V̇ ≤ 0 holds in both cases.

Case 1. Let eε ≥ 0 and |ec| > ε. Given that S(ec/ε) = sign(ec) for |ec| > ε, we
first notice that the inequality V̇ ≤ 0 would be satisfied if we could show that

a∗i ≥ sign(k2)
[
fi(φi(t), θi)− fi(φi(t), θ̂i )+ (θ̂i − θi)ω

∗
i

]
(3.73)

holds for all θi ∈ Fi . Clearly (3.73) holds if for some a-priori-chosen ω∗i the
following condition is satisfied:

a∗i (θ̂i , t) = max
θi∈Fi

sign(k2)
[
fi(φi(t), θi)− fi(φi(t), θ̂i )+ (θ̂i − θi)ω

∗
i

]
.
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Observe that the functions a∗i serve as auxiliary dominating terms in (3.65). Thus
choosing the functions ω∗i such that the values of a∗i (θ̂i , t) are minimized leads to

a∗i (θ̂i , t) = min
ωi∈R

max
θi∈Fi

sign(k2)
[
fi(φi(t), θi)− fi(φi(t), θ̂i )+ (θ̂i − θi)ωi

]
,

ω∗i = arg min
ωi∈R

max
θi∈Fi

sign(k2)
[
fi(φi(t), θi)− fi(φi(t), θ̂i )+ (θ̂i − θi)ωi

]
.

(3.74)

Case 2. Let ec < 0, then the required inequality V̇ ≤ 0 is satisfied if

a∗i (θ̂i , t) = max
θi∈Fi

sign(k2)
[
fi(φi(t), θ̂i )− fi(φi(t), θi)+ (θi − θ̂i )ω

∗
i

]
for all θi ∈ Fi . Imposing the minimality constraints leads to the following:

a∗i (θ̂i , t) = min
ωi∈R

max
θi∈Fi

sign(k2)
[
fi(φi(t), θ̂i )− fi(φi(t), θi)+ (θi − θ̂i )ωi

]
,

ω∗i (θ̂i , t) = arg min
ωi∈R

max
θi∈Fi

sign(k2)
[
fi(φi(t), θ̂i )− fi(φi(t), θi)+ (θi − θ̂i )ωi

]
.

(3.75)

Finally, notice that (3.68) and (3.69) specify the same functions as the combination
of conditions (3.74) for eε ≥ 0 and (3.75) for eε < 0. Therefore, we can conclude
that V̇ ≤ 0 for all t ≥ t0, provided that the theorem conditions hold. Boundedness
of the function V implies that solutions of the system are bounded.

In order to see that (3.70) holds, notice that

V̇ ≤ −k1e
2
ε .

Hence, boundedness of the functions ϕI and φi implies that ėc is bounded. Thus
ėε is bounded, and eε is uniformly continuous for all t ≥ t0. In this case property
(3.70) follows immediately from Barbalat’s lemma (Lemma 2.1). The theorem is
proven. �

In addition to the minimax method there are other alternatives for dealing with
nonlinear parametrization of uncertainties. One of the ideas can be briefly presented
as follows. Instead of presenting a nonlinearly parametrized compensator in the
controller (which leads to error models (3.63) that are nonlinearly parametrized
w.r.t. θ̂i) one can search for an admissible controller that is nonlinear in x but
linear in θ̂i (or, generally, a controller satisfying Assumptions 3.2 and 3.1). The
literature about various formulations of this idea is large (see e.g. Lin and Qian
(2002a,b), Ding (2001), Boskovic (1995), and Putov (1993)). These methods are
similar to the minimax-based techniques in that the control functions on the right-
hand side are used to dominate (majorize) the nonlinearity rather than to compensate
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for it precisely. In addition, we wish to mention that Karsenti et al. (1996) and
Astolfi and Ortega (2003) offer alternative solutions to the problem of adaptive
regulation in the presence of nonlinear parametrization. These solutions bear an
overall similarity to the adaptation algorithms in finite form which we present in
Chapter 5. Therefore we do not discuss them in detail here.

3.4 Applicability issues of conventional methods of adaptive
control and regulation

The synthesis and analysis methods considered so far obviously do not exhaust
the vast variety of intricate techniques available in the literature on adaptive con-
trol and regulation to date. Variations of these general ideas are many; they are
detailed in a number of monographs (see e.g. Fradkov et al. (1999)), and review-
ing all of these with the same level of detail would divert the discussion away
from the main topic of this book. Yet an overview of basic statements of the
problem of adaptation and, consequently, methods of adaptive control and regula-
tion, from Bellman’s classical works (Bellman 1961; Bellman and Kalaba 1965)
to Krstić et al. (1995), Ioannou and Sun (1996), Fradkov et al. (1999), Kolesnikov
(2000), and Astolfi and Ortega (2003), allows us to formulate a number of fun-
damental problems and challenges in the area. In what follows we specify
four general issues that motivated the development of results presented in this
book.

The first class of problems is related to the very notion of adaptation in regulated
dynamical systems. Truxhall’s general thesis that adaptation is a mere viewpoint of
a designer is too ambiguous and not very constructive to serve as a formal defini-
tion of an adaptive system. On the other hand, more formal and classical statements
of the problem of adaptation, such as those provided by L. Zadeh (Zadeh 1963)
and V. A. Yakubovich (Yakubovich 1968; Fomin et al. 1981), despite their having
guided the development of the theory over many decades, do not go far beyond the
usual presumption about what an adaptive system is. In particular, within this frame-
work adaptive regulation (and, hence, adaptation) is associated with a special behav-
ior of a set of the system’s variables (outputs) of which the values behave in a certain
sense predictably in the presence of perturbations and unknowns regarding the part
of the system to be regulated. This definition of adaptivity leads to a number of
issues, of which some examples are listed in the preface to the special issue of System
& Control Letters devoted to the problems of adaptive control (Polderman and Pait
2003). Polderman and Pait stress that adaptivity on the one hand and the overall
reduction of uncertainty about the regulated system as a result of adaptation on the
other are not sufficiently well connected in most of the conventional statements of
the problem of adaptation. Thus, usual interpretations of adaptive regulation without
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any additional references to, for example, optimality blur the boundaries between
the general problem of regulation and adaptive regulation. As an illustration, con-
sider the following statement of the output-regulation problem (Byrnes and Isidori
2003). The mathematical model of the system to be regulated is

ẋ = f(x, ω, u),

ω̇ = S(ω),

y = k(x, ω),

e = h(x, ω),

(3.76)

where y ∈ R
p is the vector of measured variables, e ∈ R

q is the vector of regulated
variables, u ∈ R

m is the control input, and ω(t , ω0, t0) is the perturbation function
defined as a solution of the following initial-value problem

ω̇ = S(ω), ω(t0) = ω0.

The functions f , h, k, andS are supposed to beCk-smooth. The goal is to ensure that

lim
t→∞ e(t) = 0 (3.77)

holds for all x(t0) ∈ R
n and ω(t0) ∈ �ω ⊂ R

d. The problem constituted by (3.76)
and (3.77) is stated as a typical regulation problem. Despite, however, the fact
that the term adaptation is not explicitly mentioned in Byrnes and Isidori (2003),
this statement of the problem is very similar to that of Yakubovich (1968) and
Fomin et al. (1981). This suggests, if we leave some mathematical details aside,
that the latter statement in principle is no more general than the former. It is, there-
fore, clear that adaptive regulation must be considered a more specific problem. One
such specific distinction could be, for example, the addition of a formal requirement
for an increase of the system’s performance with time.

The second class of problems is the general issue of the goals of adaptation.
Standard statements of the adaptive-regulation problem require that the adaptation
goal be defined as

Q[x(τ ), u(τ ), 0 ≤ τ ≤ t] ≤ �, ∀ t > t∗,

where Q(·) is a known sign-definite function(al). In many cases, e.g. in
Narendra and Annaswamy (1989), Ioannou and Sun (1996), Fradkov (1990), and
Fradkov et al. (1999), applicability of the results additionally requires that the
functions Q(·) satisfy the following list of properties:

• Q(x, t) : R
n × R≥0 → R≥0, Q ∈ C1;

• lim‖x‖→∞Q(x, t) = ∞, ∀ t ∈ R≥0;
• Q(0, t) = 0 (if regulation to the origin is required).
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These properties, coupled with the standard Assumption 3.1 for the velocity-
gradient method (Fradkov 1979, 1990), or with a similar condition for other
gradient-based methods (Narendra and Annaswamy 1989), automatically imply
that Q is a corresponding Lyapunov function for the system in which the param-
eters are “frozen” and are set to the optimal values. Thus availability of a
Lyapunov function for the unperturbed system (no parametric perturbations) is
necessary for many standard adaptive-regulation schemes. Existing improvements
(Panteley et al. 2002) allow one to replace the requirement of availability of a Lya-
punov function with the knowledge that such a function exists. However, even if
the mere existence of the Lyapunov function is required, such a requirement implies
that the system’s target motions have to be globally stable in the sense of Lyapunov.
This obviously restricts the range of admissible motions in such adaptive systems
a priori. Hence dealing with unstable, multi-stable, or even locally stable target
dynamics is problematic within this classical framework.

On the other hand, there exist systems in which multi-stability is natu-
ral. These systems include lasers (Brambilla et al. 1991; Chizhevsky 2000,
2001; Chizhevsky and Corbalan 2002), chemical reactors, metabolic networks,
and biological and social systems (Bak and Pakzusci 1995; Sneppen et al.
1995; Ito et al. 2003; Hindmarsh and Rose 1984; Ditchburn and Ginzburg 1952;
Martinez-Conde et al. 2004; Solé et al. 1999; Bak and Sneppen 1993; Makarova
2002; Malinetskii 2006). The class of problems in which only locally stable motions
are generally plausible includes the interesting problem of bifurcation control
(Krener et al. 2004) in the presence of uncertainties. Unstable and chaotic target
dynamics also occur in large-scale models of the human brain and information pro-
cessing (van Leeuwen et al. 1997; Kaneko and Tsuda 2000; Kaneko 1990, 1994).
There are examples of dynamical systems in which unstable attractors not only
exist and are plausible but also prevail and have a certain behavioral function
(Timme et al. 2002).

All these systems and processes do not admit a single globally asymptotically sta-
ble equilibrium, and, hence, finding the corresponding goal function Q(·) is hardly
possible without invoking additional regularization procedures (e.g. extending the
system’s state space, introducing a reference model, etc.). The sole purpose of such
procedures is to transform the problem into the usual framework for which a Lya-
punov function may be found. The questions, however, are is this regularization
always possible, is it actually needed, and is it natural? Or, perhaps, would enabling
unstable target dynamics and developing appropriate analysis and synthesis tech-
niques be more beneficial? This motivates the development of novel methods of
adaptive regulation that are suitable for systems with unstable target dynamics.

The third general class of problems is the problem of performance of adaptive
systems. Often the performance of an adaptive system is considered acceptable if, in
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addition to some asymptotic properties of the system, the overall Lyapunov stability
is guaranteed (Fomin et al. 1981; Fradkov 1990; Fradkov et al. 1999; Sastry 1999;
Sastry and Bodson 1989; Narendra and Annaswamy 1989; Krstić et al. 1995) in an
extended state space. Let Z be such extended state space including the state vector
of the system, the vector of unknown parameters, and the vector of other internal
variables of the system. Let z0 be an element of Z , let �z ⊂ Z be the target set, and
denote solutions of the extended system passing through z0 at t = t0 by z(t , z0).
Stability of �z in the sense of Lyapunov implies that for any ε > 0 there exists
δ > 0 such that ‖z0‖�z

< δ ⇒ ‖z(t , z0)‖�z
< ε for all t ≥ t0. If for a given small

ε the value of δ could be made reasonably large then the performance of such a
system would be very satisfactory.

In practice, however, this is rarely the case, at least in the domain of adaptive
control. What we are likely to observe is a more conservative situation in which
the value of δ is small when the value of ε is small. In order to illustrate this point,
consider the case in which �z = z∗ is a point and V (z, z∗) is a Lyapunov function
satisfying the usual conditions γ (‖z−z∗‖) ≤ V (z, z∗) ≤ α(‖z−z∗‖), α, γ ∈ K∞.
Thus V̇ ≤ 0 implies that V (z(t , z0), z∗) ≤ V (z0, z∗) ≤ α(‖z0 − z∗‖). On the
other hand, γ (‖z(t , z0) − z∗‖) ≤ V (z(t , z0), z∗), and hence ‖z(t , z0) − z∗‖ ≤
γ−1(α(‖z0 − z∗‖)). If we now demand that ‖z(t , z0) − z∗‖ < ε, this would be
automatically satisfied if z0 satisfied the inequality γ−1(α(‖z0 − z∗‖)) < ε. This
is equivalent to saying that ‖z0 − z∗‖ ≤ α−1(γ (ε)) = δ(ε). Notice that this usual
procedure results in an estimate of δ of which the value is a monotone function of
ε, and hence the smaller ε the smaller δ.

While this analysis is acceptable in many applications, it has clear limitations in
the domain of adaptive systems. This is because substantial changes in the system’s
operational conditions (z0 becomes distant from z∗) constitute the main reason for
adaptation. Thus performance measures concerning small deviations due to small
perturbations might not make a lot of sense in problems of this kind.2 In order to find
a remedy to this issue, a stronger requirement of asymptotic and even exponential
Lyapunov stability is sometimes imposed (Sastry and Bodson 1989). The ability
to satisfy these new requirements often comes at a cost: the need to ensure that
certain variables of a system satisfy a sort of persistency-of-excitation condition
(Lee and Narendra 1988; Morgan and Narendra 1992) (see Definition 2.5.1). Given
that the actual trajectories of these variables will generally depend on a number of
uncertain quantities, checking whether this condition holds constitutes a separate
issue.

2 This view that adaptation (as a re-tuning) becomes advantageous (and, hence, makes sense) over other approaches
to regulation, when the degree of uncertainty is relatively high, is illustrated in French (2002).
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Alternative characterizations of the performance of adaptive systems include
upper bounds of L2- and L∞-norms for the state, parameter estimates, control
inputs, and error signals (Ioannou and Sun 1996; Krstić et al. 1995; French et al.
2000; French 2002). An interesting performance measure involving an adaptation
time is introduced and studied in Timofeev (1988). In all these cases, however, the
class of systems is limited to a specific system of ordinary differential equations, or
the analysis is restricted to one or just a few algorithms of adaptation. In addition
to these results there is a number of working heuristics aimed at improving the per-
formance of adaptive systems, see e.g. Narendra and Balakrishnan (1994, 1997)
or Krstić et al. (1992, 1994), and Krstić and Kokotović (1993). In Krstić et al.
(1994), for example, the authors make a very interesting observation that a special
class of nonlinear adaptation schemes constructed for linear models outperforms
standard adaptation schemes for the same model class. This suggests that the stan-
dard schemes are indeed too conservative and that there is room for performance
improvement. The problem, however, is that finding a systematic procedure for
generating such algorithms is a non-trivial issue.

The fourth class of problems is the problem of the adequacy of mathematical mod-
els of reality used for the creation and analysis of adaptive regulatory mechanisms.
As we mentioned earlier, the standard models considered in the domain of adaptive
control are ordinary differential equations, in which the uncertainties are linearly
parametrized functions:

f(x, θ) =
m∑
i=1

φi(x)θi , φi : R
n → R

n, θ = (θ1, θ2, . . . , θm)
T.

A positive aspect of these models is the availability of a wide spec-
trum of analysis tools and adaption algorithms aimed at dealing with this
class of system (Sastry and Bodson 1989; Sastry 1999; Fomin et al. 1981;
Narendra and Annaswamy 1989; Ioannou and Sun 1996; Fradkov et al. 1999). To
a first approximation such modeling is valid and is sometimes very instrumental. In
particular, linearity with respect to θ allows one to extend the applicability of stan-
dard adaptation algorithms in which knowledge of x(t) is needed to those schemes
in which only a function x(t) (measured outputs) is available for direct observation
(Kreisselmeier 1977; Krstić and Kokotović 1996; Marino and Tomei 1993; Marino
1990; Nikiforov 1998). On the other hand, models of a large class of physical pro-
cesses are genuinely nonlinearly parametrized. This is the case e.g. for models of
biological and chemical reactors (Boskovic 1995; Stigter and Keesman 2004), mod-
els of friction in mechanical and biomedical systems (Armstrong-Helouvry 1991,
1993; Canudas de Wit and Tsiotras 1999; Pacejka and Bakker 1993; ÓLeary et al.
2003), induction motors and magnet suspensions (Costic et al. 2000; Ghosh et al.
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2000), electromechanical valves (Peterson and Stefanopoulou 2004), and models of
engines and power plants (Bachmayer et al. 2000; Gelfi et al. 2003).

Generally adaptive control methods for these models invoke domina-
tion or majorization techniques (Loh et al. 1999; Annaswamy et al. 1998;
Kojic and Annaswamy 2002; Ding 2001; Lin and Qian 2002a,b; Boskovic 1995).
This leads to excessive overcompensation of “unwanted” nonlinearities, which
in turn negatively affects the performance of the whole system in the long
term. Non-dominating adaptation algorithms are either local (Karsenti et al.
1996) or not practical enough (Pomet 1992; Ilchman 1997; Martensson 1985;
Martensson and Polderman 1993).3

3.5 Summary

Analysis of the evolution of the problem of adaptive regulation and control allows us
to formulate several key limiting characterizations of standard and commonly used
mathematical statements of the problem (for deterministic systems). Relaxation of
one or all of these limiting factors is a feature that we consider highly desirable.

In the rest of the book we will develop a set of results that will allow us to
construct and analyze adaptation mechanisms with these desired features. We will
depart from an understanding that the target dynamics of a system is not restricted
to stable motions in the sense of Lyapunov. Regarding the information we will
require about the systems that are adaptively controlled, we will try to keep these
requirements at the minimal levels that are adequate to the needs of analysis. In order
to develop general principles of adaptation and adaptive regulation we will need to

(1) use a language that allows us to describe dynamical systems without the
need to know the corresponding differential equations in detail (or without even
assuming that the model is specified by ordinary differential equations);

(2) introduce and develop analysis methods for studying asymptotic properties
of such objects; no stability assumptions about asymptotic regimes must be used
unless stated overwise.

These results should allow us to formulate general principles for the function-
ing and organization of an adaptive system in the presence of uncertainties. The
principles are expected to take the shape of certain constraints specifying general
input–output and input–state properties of such systems. These principles of the
general functioning and organization of an adaptive system will then be used to
formulate specific goals of adaptation. Since no stability requirements would be
introduced at the stage of development of these principles, it is natural to expect

3 These algorithms constitute a mathematical proof that an adaptation law exists but cannot be considered as
practical solutions to the problem (Martensson 1985; Martensson and Polderman 1993).
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Specific laws
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realizing desired principles
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Figure 3.1 A hierarchical outline of methods and results presented in the text.

that no stability constraints would be needed in order to ensure that these goals are
realized by a specific adaptation mechanism.

Adiagram illustrating this strategy for creating a set of tools and methods suitable
to solve the five issues mentioned above is shown in Figure 3.1. This diagram shows
the general strategy the author personally pursued. Naturally, it reflects the structure
of the book.
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4

Input–output analysis of uncertain
dynamical systems

In this chapter we provide analysis tools for dynamical systems described as input–
output and input–state mappings (or simply operators) in the corresponding spaces.
Such a description is advantageous and natural when mathematical models of the
systems are vaguely known and uncertain. We will see that the basic properties of
these input–output and input–state mappings (such as boundedness and continuity)
constitute important information for our understanding of the various ways in which
an adaptation can be organized in these systems.

In particular, we will see that some basic stability notions (Lyapunov stability
of invariant sets (LaSalle and Lefschetz 1961), stability of solutions in the sense of
Lyapunov, and input-to-state, input-to-output, output-to-state, and input–output sta-
bility (Zames 1966)) are equivalent to continuity of a certain mapping characterizing
the dynamics of the system (Theorems 4.1 and 4.3).

As we have said earlier, real physical systems, however, are not always stable and
hence their input–output and input–state characterizations are not always continu-
ous. Moreover, the target dynamics of these systems should not necessarily admit
continuous input–output or input–state description. Indeed, continuity of a mapping
S at a given point u0 in essence reflects the fact that the value of the mapping S(u),
can be made arbitrarily close to S(u0), provided that u remains sufficiently close to
u0. In reality this is a quite idealistic picture, and in most cases such infinitesimal
closeness is not needed. What is needed, however, is that the system’s behavior
(the quantity S(u)) does not change much if u remains close to u0. However subtle
the difference between these wordings might appear, the objects of study are quite
different mathematically. In the former case they are continuous mappings, whereas
in the latter case they are not. Therefore the results available for systems for which
the input–output or input–state mappings are continuous cannot be extended auto-
matically to the realm of systems for which these mappings are discontinuous. Thus
results that would allow us to analyze the asymptotic properties of such systems
and their interconnections are needed.

83
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In this chapter we will study the asymptotic properties of interconnections of
systems whose behavior can be described by locally bounded mappings and that
are not necessarily continuous. We will provide conditions specifying the existence,
completeness, and boundedness of variables in such interconnections (Theorems
4.4 and 4.5), and estimate the locations of limit sets in these systems (Corollary
4.1). These results about the general properties of interconnections of systems
with locally bounded input–output mappings will be used to state the problem of
functional synthesis of a general adaptive regulator.

Two general solutions of the problem will be provided. One solution is called
here the bottle-neck or jamming synthesis principle. It will allow us to formulate
a sort of separation principle (Theorem 4.6) in the domain of adaptive regulation.
The other solution, the contraction–exploration principle, is based on studying
systems consisting of compartments of which the dynamics is either contracting or
exploring. Contracting compartments reflect relaxation of the system’s variables to
invariant sets, whereas exploring compartments correspond to a searching mecha-
nism of an adaptive system looking for the most optimal conditions of operation.
We will study how these two compartments must interact so that weakly attracting
sets emerge at the optimal conditions of the system’s operation (Theorem 4.7, or
the non-uniform small-gain theorem). We will analyze the asymptotic properties of
such systems (Corollary 4.2) and provide simple criteria connecting parameters of
the input–output and input–state mappings of the interacting contracting-exploring
compartments with the estimates of attractor basins (Corollary 4.3). In addition
to providing general principles for functional and structural synthesis of adaptive
systems, these results lead to a generalized non-uniform small-gain theorem for
cascades of integrally input-to-state stable systems with bidirectional connections.

4.1 Operator description of dynamical systems

Similarly to Zadeh and Desoer (1991) and Pupkov et al. (1976), let us consider a
physical object O. Let us suppose that the following list of assumptions holds:

(1) observation of variables, parameters, and generally, processes of O does not
change the object;

(2) processes of O are described by real functions of real variables defined on a
non-empty interval T ⊂ R;

(3) external stimulation u, the influence of the environment e, internal processes x
in the object, and measurements y of these processes are also real functions of
real variables defined on T .

The function u : T → R
m is referred to as a control input, the function e :

T → R
s models the influence of the environment (perturbations), the function
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x : T → R
n is the state of O, and y : T → R

h are the observables or outputs
of O.

The sets of admissible functions u(t), e(t), x(t) and y(t), t ∈ T are defined by
the symbols U , E , X , and Y , respectively.

The intervals T , on which these functions are defined, are referred to as intervals
of existence of the object. The maximal interval of existence T ∗(O, u, e) for some u
and ewill be referred to as the existence time of O. It is clear that the existence time
of O depends on u ∈ U and e ∈ E . If such dependence is clear from the context,
then for the sake of notational compactness we will replace T ∗(O, u, e) with T ∗.
Example 4.1.1 Solutions of the following equation present an example of objects
for which the existence time may be finite, depending on the inputs:

ẋ = x2 + u, x(t0) = 0.

If u(t) = constant, u ≤ 0 for all t ≥ t0, then the solution to this initial-value
problem is defined for all t ≥ t0, and hence the existence interval is [t0,∞) ⊂ R.
If, however, u > 0, then x(t) reaches infinity in finite time T ∗. Hence the existence
interval in this case is T ∗ = [t0, T ∗).

In mathematical systems theory a “system” is understood as a binary relation S,
defined on {U×E}×{X×Y}. LetP ⊆ {U×E}×{X×Y}be the graph of this relation.
Then a system is defined by a set of pairs ({u, e}, {x, y}) ∈ {U × E} × {X × Y}. It
is allowed that x(t) and y(t) need not be defined for some u ∈ U and e ∈ E . This
general definition, however, does not account for causal relations between inputs
and outputs.

In dynamical systems causal relations are important. In many cases we are inter-
ested in predicting the values of x(t) and y(t) in response to u(t) and e(t). Thus, in
order to introduce such causal relations between elements defining the system (i.e.
u(t), e(t), x(t), and y(t)), we need to extend our former definition of a system. A
possible way to do so is provided in the definition below.

Definition 4.1.1 Let U , E , X , and Y be given. A system S, defined on U , E , X ,
and Y is a six-tuple 〈U , E , X , Y , ST , HT 〉, where

ST : {u(t), e(t)} ⊆ U × E %→ {x(t)} ⊆ X , (4.1)

HT : {u(t), e(t), x(t)} ⊆ U × E × X %→ {y(t)} ⊆ Y , (4.2)

T = [t0, T ] ⊆ T ∗.
Mapping ST in (4.1) determines the input-to-state properties of the system, and

the mapping HT in (4.2) defines the input/state-to-output relation.



86 Input–output analysis of uncertain dynamical systems

In order to be able to compare state x(t) and output y(t) of the system for different
u(t) and e(t), a metric in the sets of U , E ,1 X , and Y is needed. Moreover, in many
problems the sets of functions U and X inherit the structure of linear space. In
other words, in these sets there is an operation “+” with respect to which they form
an Abelian group, and there is an operation “·” of multiplication on a scalar that is
distributive w.r.t. the operation “+”. Thus in what follows we will suppose that U , E
X , and Y are normed linear spaces of functions defined over T . In particular we will
restrict our attention to Ln

p[t0, T ]-spaces, p ∈ R≥1, R≥1 = {x ∈ R|x ≥ 1} ∪ ∞,
n ∈ N. This choice is motivated by the fact that the relevant features of u(t),
x(t), and y(t), e.g. energy, power, and maximal amplitude, are the values of the
corresponding ‖·‖p,[t0,T ]-norms. Moreover, some standard performance criteria are
naturally defined as Ln

1[t0, T ]-, Ln
2[t0, T ]-, and Ln∞[t0, T ]-norms.

The set E is chosen here to be a linear normed space Le. This is because the set E
will accommodate not only the functions of time but also unknown parameters of O
and initial conditions.An example of Le is a direct sum Le = R

d⊕Lp[t0, T ], where
‖ · ‖Le in Le is induced by the Euclidean norm in R

d and Lp[t0, T ], respectively:

∀ z ∈ Le, z = ξ ⊕ ν, ξ ∈ R
d , ν ∈ Lp[t0, T ] ⇒ ‖z‖Le = ‖ξ‖ + ‖ν(t)‖p,[t0,T ].

From now on we will consider systems S of which the input–output properties
are defined in the following sense.

Definition 4.1.2 Consider a system 〈U , E , X , Y , ST , HT 〉, where

X ⊆ Lx[t0, T ] ⊆ Ln
q[t0, T ],

U ⊆ Lu[t0, T ] ⊆ Lm
p [t0, T ],

Y ⊆ Ly[t0, T ] ⊆ Lh
k [t0, T ], q, p, k ∈ R≥1 ∪ {∞}.

The system admits an input–state operator ST (u, e),

ST (u, e) : Lu[t0, T ] × E %→ Lx[t0, T ], (4.3)

and an input–output operator HT (u, e),

HT (u, e) : Lu[t0, T ] × E %→ Ly[t0, T ], (4.4)

on T = [t0, T ] if and only if

u(t) ∈ Lu[t0, T ] ⇒ x(t) ∈ Lx[t0, T ], ∀ e ∈ E ;

u(t) ∈ Lu[t0, T ] ⇒ y(t) ∈ Ly[t0, T ], ∀ e ∈ E .

1 We will see below, however, that introducing a metric for E is not actually necessary for all results of this chapter.
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If mappings ST (u, e) and HT (u, e) were known and available then we could
immediately proceed to the analysis of these objects. The problem is that in the
context of adaptation these mappings are rarely known precisely. On the other
hand, having some information about input–state and input–output properties of
the system is necessary for the goals of analysis. This information should allow
comparison of the values of x(t) for different functions u(t). Yet, it should be of
a rather general type that could easily be provided at the modeling stage. Possible
candidates for such additional information about the system are the input–state and
input–output margins.

Definition 4.1.3 Consider the system (4.1) and (4.2) defined on T = [t0, T ]. We
say that the system admits input–state and input–output margins γS,Lx and γH ,Ly

if and only if

(1) the system (4.1) and (4.2) admits an input–state operator ST (u, e) : Lu[t0, T ]×
E %→ Lx[t0, T ] and there exists a function γS,Lx : Le×R≥0×R → R≥0, such
that

‖x(t)‖Lx ,[t0,T ] ≤ γS,Lx (e, ‖u(t)‖Lu,[t0,T ], T ), (4.5)

where γS,Lx (e, ‖u(t)‖Lu,[t0,T ], T ) is non-decreasing with respect to the term
‖u(t)‖Lu,[t0,T ] and is locally bounded;

(2) the system (4.1) and (4.2) admits an input–output operator HT (u, e) : Lu[t0, T ]
× E %→ Ly[t0, T ] and there is a function γH ,Ly : Le ×R≥0 ×R → R≥0, such
that

‖y(t)‖Ly ,[t0,T ] ≤ γH ,Ly (e, ‖u(t)‖Lu,[t0,T ], T ), (4.6)

where the function γH ,Ly (e, ‖u(t)‖Lu,[t0,T ], T ) is non-decreasing with respect
to ‖u(t)‖Lu,[t0,T ] and is locally bounded.

The functions γS,Lx and γH ,Ly provide us with a reasonably rough estimation of
how the system’s behavior might change with u(t) and e. These characterizations
allow a substantially high degree of uncertainty about the system. Notice, however,
that there may be many such margins defined for one system and in this sense these
functions do not define the system uniquely. Moreover, these functions may be
defined for different norms. Let us illustrate this with an example.

Example 4.1.2 Consider the following ordinary differential equation of first order:

ẋ = −x + u, x(t0) ∈ E ⊂ R,

y = x, T = [t0, T ], (4.7)

where u ∈ C0[t0, T ] and u ∈ L1∞[t0, T ]∩L1
2, [t0, T ]. Clearly (4.7) admits an input–

state operator ST : L1∞[t0, T ] ∩ L1
2, [t0, T ] × E %→ L1∞[t0, T ] ∩ L1

2, [t0, T ]. It is



88 Input–output analysis of uncertain dynamical systems

also easy to see that this system admits at least four different input–state margins,
L1

2 %→ L1∞, L1
2 %→ L1

2, L1∞ %→ L1
2, and L1∞ %→ L1∞.

Amongst all the possible types of input–state and input–output margins the exis-
tence of the margins for Lx ⊆ Ln∞[t0, T ] and Ly ⊆ Lh∞[t0, T ] and correspondingly
for the norms ‖·‖Lx = ‖·‖∞,[t0,T ] and ‖·‖Ly = ‖·‖∞,[t0,T ] is of special importance.
These margins will be denoted by γS,∞ and γH ,∞, respectively. The existence of
γS,∞ and γH ,∞ implies that there exists a non-empty interval T on which the state
of the system (4.1) and (4.2) is a bounded function. The latter is a manifestation
of the physical realizability of the system. This motivates the introduction of the
following notion.

Definition 4.1.4 System S is called

(1) realizable if for every u ∈ Lu and e ∈ E there exists a number T (u, e) > t0

such that
‖x(t)‖∞,[t0,T ] <∞, (4.8)

‖y(t)‖∞,[t0,T ] <∞; (4.9)

(2) realizable with a margin with respect to the norm ‖·‖Lu if for every e ∈ E there
exists a number T (e) > t0 such that the following margins γS,∞ and γH ,∞ are
defined for S on T = [t0, T ]:

‖x(t)‖∞,[t0,T ] ≤ γS,∞(e, ‖u(t)‖Lu,[t0,T ], T ), (4.10)

‖y(t)‖∞,[t0,T ] ≤ γH ,∞(e, ‖u(t)‖Lu,[t0,T ], T ). (4.11)

The interval T = [t0, T ] is referred to as the realizability interval of the system
for the given u ∈ Lu and e ∈ E .

It is clear that every system defined by a system of ordinary differential equations
with continuous right-hand sides is realizable if u(t) ∈ C0. This follows immedi-
ately from the Peano existence theorem. Notice that realizability implicitly suggests
that the values of ‖u(t)‖Lu,[t0,T ] are defined for those inputs for which realizabil-
ity is claimed. Using the notion of realizability of a system on T , let us proceed
with defining another important characterization of a dynamical system with inputs,
namely completeness.

Definition 4.1.5 A system S is called

(1) complete, if it is realizable and its realizability interval T = [t0,∞);
(2) complete with a margin with respect to the norm ‖ · ‖Lu , if it is complete and

there exist γS,∞ and γH ,∞ such that inequalities (4.10) and (4.11) hold for all
T ≥ t0.
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Completeness of a system implies that the interval on which the system is defined
is [t0,∞). For systems modeled by ordinary differential equations completeness
implies that solutions are defined for all t , e ∈ E and u(t) ∈ Lu.

Often completeness of an elementary system describing the original object in
the sense of Definition 4.1.5 does not need a proof. In fact, in many cases we
start the analysis assuming that the system is complete (excluding exotic cases
such as in Example 4.1.1). Yet, when analyzing more complex objects such as
various interconnected compartments comprising an adaptive system, establishing
completeness becomes an important step in the analysis. Indeed, in order to tell
how the state of a system behaves at t → ∞, one must be sure that it is at least
defined for all t . We will discuss this in the next sections of this chapter.

Now we will move on to the input–output analysis of systems. We start by
establishing basic input–output and input–state properties of stable systems and
then proceed with developing analysis methods for the unstable ones.

4.2 Input–output and input–state characterizations of stable systems

Traditional stability notions invoke the notion of the phase flow, or simply flow
(LaSalle and Lefschetz 1961). The flow is defined as a mapping

x(t , x0, t0), x : R× R
n × R → R

n, (4.12)

satisfying the following condition:

x(t0, x0, t0) = x0.

The arguments of x(t , x0, t0) are the variable t ∈ R representing a time instant,
the vector x0 ∈ R

n defining initial conditions, and t0 ∈ R corresponding to a time
instant at which the value of x is equal to x0. Notice that, since the values of x0 and
t0 are fixed, we can consider the pair (x0, t0) as an element of a set E0 ⊆ R

n ⊕ R

that is a subset of the space E modeling environmental (external) factors. Thus the
phase flow (4.12) can be thought of as a mapping that relates pairs (x0, t0) ∈ E0 ⊂ E
to elements from Ln∞[t0, T ].

Since we are interested in studying systems, not the flows, let us associate the
following system with flow (4.12):

ST : E %→ Lx ⊆ Ln∞[t0, T ],
HT : E %→ Ly ⊆ Ln∞[t0, T ]. (4.13)

The mappings are defined on T = [t0, T ]. For the moment we will consider E as
the space of inputs. Let �∗ ⊂ R

n be an invariant set with respect to x(t , x0, t0). In
Chapter 2 we provided a number of stability definitions relating to the asymptotic
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behavior of a flow with respect to an invariant set. Despite some differences in
many of these stability definitions, they share important general properties. These
properties are continuity of the mapping ST and the existence of the corresponding
continuous input–state margins γS,Lx (e, T ):

γS,Lx (e, T ) = γS,Lx (x0 ⊕ t0, T ) = γS,L∞(‖x0‖�∗ , T ). (4.14)

While continuity of the function γS,L∞(·, ·) does not require any additional com-
ments, we would like to clarify our current use of the term “continuity” with regard
to the mapping ST . Let us define a closeness measure of an element e = x0⊕ t0 of
E to �∗ as

ρe(e,�) = ‖x0‖�∗ ,
and a closeness measure of an element x of Lx to S(�∗) = {z ∈ Lx |z(t) =
x(t , p, t0), p ∈ �∗} as

ρx(x(t), S(�∗)) = ‖x(t)‖�s ,[t0,∞],
�s = {ζt ∈ R

n|ζt = p(t), p(t) ∈ S(�∗), t ≥ t0}. (4.15)

We will call the mapping ST continuous with respect to x0 at �∗ iff

∀ ε > 0 ∃ δ > 0 : ρe(e,�) < δ ⇒ ρx(x(t), S(�∗)) < ε. (4.16)

Similarly, it will be called locally bounded with respect to x0 in a neighborhood of
�∗ iff

ρe(e,�) < δ ⇒ ∃ ε : ρx(x(t), S(�∗)) < ε. (4.17)

Having these notations in mind, we can now formulate the following statement:

Theorem 4.1 Consider a complete system of which the input–output properties
are defined by (4.13).

(1) Let �∗ be an invariant set. Then it is stable in the sense of Lyapunov iff the
following alternatives hold:

(1.1) the mapping S∗T (x0, t0) = ST (x0 ⊕ t0), T = [t0,∞] from R
n × R to Lx ⊆

Ln∞[t0,∞] is continuous with respect to x0 at �∗ for all t0 ∈ R;
(1.2) the input–state margin γS,Lx (e, T ) of ST can be represented as in (4.14),

where γS,L∞(0, t0) = 0, ∀ t0 ∈ R is a locally bounded with respect to t0,
continuous, and non-decreasing function of ‖x0‖�∗ in a vicinity of zero.

(2) The set �∗ is (locally) stable in the sense of Lagrange if the following
alternatives hold:

(2.1) the mapping S∗T (x0, t0) = ST (x0 ⊕ t0), T = [t0,∞] from R
n × R to Lx ⊆

Ln∞[t0,∞] is locally bounded with respect to x0 in a neighborhood of �∗ for
all t0 ∈ R;
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(2.2) the input–state margin γS,Lx (e, T ) of ST can be represented as in (4.14), in
which the function γS,L∞(0, t0) = 0, ∀ t0 ∈ R is locally bounded with respect
to t0 and ‖x0‖�∗ (in a neighborhood of zero).

(3) A solution is stable in the sense of Lyapunov if S∗T (x0, t0) = ST (x0⊕ t0) with
T = [t0,∞] is continuous with respect to x0 (Lx ⊆ Ln∞[t0,∞] is a space
with standard ‖ · ‖∞,[t0,∞] metrics).

As follows from Theorem 4.1, stability of sets and solutions in the sense of
Lyapunov are equivalent to continuity of some mappings in the corresponding
spaces. In each case, however, the closeness measures in Lx with respect to which
the continuity is defined differ. Stability in the sense of Lagrange is equivalent to
local boundedness of S∗T (x0, t0). It is also worth mentioning that in the case of stable
sets and solutions there exist input–state margins γS,Lx (e, T ) that do not depend
on T .

Standard stability notions in the domain of dynamical systems characterize the
asymptotic behavior of states without paying much attention to inputs. The lat-
ter, however, are important components of an abstract system. An extension of
the standard stability notions characterizing the actual input–output and input–
state behavior of systems was introduced in a series of works by Zames (1966),
Sontag and Wang (1996), Angeli et al. (2004) and Krichman et al. (2001). These
are the notions of input-to-output stability and input-to-state stability.

Consider a system, and let x(t) ∈ Ln∞[t0, T ], u(t) ∈ Lu[t0, T ], and E = R
n⊕R.

Then, according to Definition 4.1.2, we have that the system’s input–state and
input–output relations are defined as

ST : Lu × E %→ Lx ⊆ Ln∞[t0, T ],
HT : Lu × E %→ Ly ⊆ Ln∞[t0, T ]. (4.18)

Suppose that system (4.18) is complete. Now, following Zames (1966) and Khalil
(2002), we can introduce the notion of input-to-output stability as follows.

Definition 4.2.1 A system (of which the input–output relations are defined by
(4.18)) is called input-to-output stable if there exist α ∈ K and β ∈ R>0 such that

‖y(t)‖Ly ,[t0,T ] ≤ α(‖u(t)‖Ly ,[t0,T ])+ β (4.19)

holds for all u(t) ∈ Lu[t0,∞] ∩ Ly[t0, T ], e ∈ E .
A system is input-to-output stable with a finite input-to-output gain if there exists

γ > 0 such that

‖y(t)‖Ly ,[t0,T ] ≤ γ ‖u(t)‖Ly ,[t0,T ] + β. (4.20)
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Figure 4.1 A diagram showing feedback interconnection of two systems.

An important property of input-to-output systems is that this characteristic not
only allows one to characterize the input–output properties of a single system but
also provides a useful tool for the analysis of the existence and stability of intercon-
nections of uncertain systems. Consider, for example, a feedback interconnection
of two systems S1 and S2 of which the input–state relations are defined by H1,T
and H2,T :

H1,T : y1(t) = H1,T (u1(t)),

H2,T : y2(t) = H2,T (u2(t)).

The diagram of this interconnection is shown in Figure 4.1. It is shown in Zames
(1966) that if the product γ1γ2 (or the composition α1◦α2) is strictly less than 1 then
the feedback interconnection is also input-to-output stable. A simple statement of
this result, also known as the small-gain theorem, is presented below (Khalil 2002;
Zames 1966).

Theorem 4.2 Let S1 and S2 be two input-to-output stable systems:

‖y1(t)‖Ly ,[t0,T ] ≤ γ1‖u1(t)‖Ly ,[t0,T ] + β1,

‖y2(t)‖Ly ,[t0,T ] ≤ γ2‖u2(t)‖Ly ,[t0,T ] + β2.

Then the feedback interconnection of S1 and S2 is input-to-output stable (with
(u1, u2) as input and y1 (or y2) as output), provided that

γ1γ2 < 1. (4.21)

The main idea of the proof can be sketched as follows. Given that both systems
are input-to-output stable, and that in the feedback interconnection u1 is replaced
with y2 + u1 (u2 is replaced with y1 + u2), we can write

‖y1(t)‖Ly ,[t0,T ] ≤ γ1(‖y2(t)‖Ly ,[t0,T ] + ‖u1(t)‖Ly ,[t0,T ])+ β1

≤ γ1γ2‖y1(t)‖Ly ,[t0,T ] + γ1‖u1(t)‖Ly ,[t0,T ]
+ γ1γ2‖u2(t)‖Ly ,[t0,T ] + β1 + γ1β2.
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Thus the condition γ1γ2 < 1 allows us to express ‖y1(t)‖Ly ,[t0,T ] as

‖y1(t)‖Ly ,[t0,T ] ≤
γ1‖u1(t)‖Ly ,[t0,T ]

1− γ1γ2
+ γ1γ2‖u2(t)‖Ly ,[t0,T ]

1− γ1γ2
+ β3,

where β3 = (β1 + γ1β2)/(1− γ1γ2).
There are generalizations of this result that replace input-to-output stability in the

statement of Theorem 4.2 with a less restrictive notion of practical input-to-output
stability (Jiang et al. 1994).

Definition 4.2.2 System (4.18) is called practically input-to-output stable if there
exist functions α ∈ K, β ∈ KL, and D ∈ R≥0 such that

‖y(t)‖ ≤ β(‖x0‖, t)+ α(‖u(t)‖Ly ,[t0,T ])+D, (4.22)

for all u(t) ∈ Lu[t0, T ] ∩ Ly[t0, T ], e ∈ E .

Input–output stability and small-gain theorems are instrumental for establishing
input–output characterizations of larger systems composed of input–output-stable
components. They do not, however, immediately allow one to characterize the
asymptotic properties of the system’s state. A powerful extension of the notion of
input–output stability that allows one to characterize both the input–output and
the input–state asymptotic behavior of systems is developed in Sontag and Wang
(1996), Krichman et al. (2001), and Angeli et al. (2004). A key element of this
extension is constituted by the notions of input-to-state, output-to-state, and input-
to-output-state stability.

Definition 4.2.3 Consider a complete system (4.1) and (4.2), and let �∗ be an
invariant set of the system for u(t) = 0. The system is called

(1) globally input-to-state stable w.r.t. �∗ ⊂ R
n if there are functions γ ∈ K and

β ∈ KL such that

‖x(t , x0, t0)‖�∗ ≤ β(‖x0‖�∗ , t)+ γ (‖u(τ )‖∞,[t0,t]) (4.23)

holds for all x0 ∈ R
n, t ≥ t0;

(2) globally integrally input-to-state stable w.r.t. �∗ ⊂ R
n if there are γ ∈ K and

β ∈ KL such that for all x0 ∈ R
n and t ≥ t0 the following estimate holds:

‖x(t , x0, t0)‖�∗ ≤ β(‖x0‖�∗ , t)+
∫ t

t0

γ (‖u(τ )‖)dτ ; (4.24)
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(3) globally input–output–state stable w.r.t. �∗ ⊂ R
n if there are γu ∈ K, γy ∈ K,

and β ∈ KL such that for all x0 ∈ R
n, t ≥ t0 the following holds:

‖x(t , x0, t0)‖�∗ ≤ β(‖x0‖�∗ , t)+ γu(‖u(τ )‖∞,[t0,t])+ γy(‖y(τ )‖∞,[t0,t]);
(4.25)

(4) globally output–state stable if there are γy ∈ K, β ∈ KL such that

‖x(t , x0, t0)‖�∗ ≤ β(‖x0‖�∗ , t)+ γy(‖y(τ )‖∞,[t0,t]) (4.26)

for all x0 ∈ R
n, t ≥ t0.

The notion of input-to-state stability is closely related to that of Lyapunov. In
particular, in Sontag and Wang (1996) the input-to-state stability is shown to be
equivalent to the existence of a Lyapunov function for the original system without
inputs. In addition the following obvious properties hold.

Theorem 4.3 Let (4.18) be a complete system. Then

(1) if the system is input-to-output stable then there exists a locally bounded
w.r.t. e, continuous in ‖u‖Ly ,[t0,T ] and bounded in T input–output margin
γH ,Ly (e, ‖u(t)‖Ly ,[t0,T ], T );

(2) if the system is input–state stable then there exists an input–state margin γS,Lx

(e, ‖u(t)‖Lu,[t0,T ], T ):

γS,Lx (e, ‖u(t)‖Lu,[t0,T ], T ) = γS,L∞(‖x0‖�∗ , t0, ‖u(t)‖Lu,[t0,T ], T ),

where γS,L∞(·) is a function that is continuous w.r.t. ‖x0‖�∗ and
‖u(t)‖Lu,[t0,T ], which is locally bounded in t0 and bounded in T . Moreover,
γS,L∞(0, t0, 0, T )= 0 for all t0, T ≥ t0.

The theorem follows immediately from Definition 4.2.3.
Similar properties can be established for integral variants of input-to-state sta-

bility. The general properties of stable systems formulated in Theorems 4.1 and
4.3 allow us to establish specific properties of the corresponding input–output and
input–state relations in the definitions of these systems. These results will be used
in the next section to determine what the general invariants of unstable systems are,
and what kind of analysis tools may be made available for studying them.

4.3 Input–output and input–state analysis of uncertain unstable systems

The analysis in the previous section showed that popular and widely used notions
of stability are very closely related to continuity of the corresponding input–output
and input–state characterizations of the system. As has been mentioned earlier,
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stability in the sense of Lyapunov is often a criterion of the fitness and robustness
of a system. Thus establishing continuity of S∗T (x0, t0) w.r.t. x0 or continuity of
γS,L∞ would automatically ensure the robustness and fitness of the system.

Continuity and the availability of certain input–output or input–state charac-
terizations of a system allow one to employ a wealth of mathematical resources
when studying the asymptotic properties of such systems and their interconnec-
tions. In particular, knowledge of a continuous input–output margin is necessary
for conventional small-gain-based analysis.

The main issue, however, is that tight, albeit continuous, input–output and
input–state characterizations of a system are not always available. A more realistic
requirement is that these characterizations are modeled by some locally bounded
rather than continuous functions. Thus an extension of the theory to this class of
systems is needed.

In order to be able to proceed with a formal statement of the problem, let us first
define three basic types of interconnections: serial, parallel, and feedback. For this
purpose consider two systems S1 and S2:

S1,T : Lu1 × E1 %→ Lx1 ⊆ Ln1∞[t0, T ],
H1,T : Lu1 × E1 %→ Ly1 ⊆ Lm1∞ [t0, T ], (4.27)

S2,T : Lu2 × E2 %→ Lx2 ⊆ Ln2∞[t0, T ],
H2,T : Lu2 × E2 %→ Ly2 ⊆ Lm2∞ [t0, T ]. (4.28)

Definition 4.3.1 Let systems S1 and S2 be given, and Ly1 ⊆ Lu2 . Serial
interconnection of S1 and S2 is the system S:

ST : Lu × E %→ Lx ⊆ Ln1+n2∞ [t0, T ],
HT : Lu × E %→ Ly ⊆ Lm2∞ [t0, T ], (4.29)

where

E = E1 ⊕ E2, Lx = Lx1 ⊕ Lx2 , Ly = Ly2 , Lu = Lu1 ,

ST (u, e1 ⊕ e2) = S1,T (u, e1)⊕ S2,T (H1,T (u, e1), e2),

HT (u, e1 ⊕ e2) = H2,T (H1,T (u, e1), e2). (4.30)

Definition 4.3.2 Let systems S1 and S2 be given, and Lu = Lu1 ∩ Lu2 �= 0.
Parallel interconnection of S1 and S2 is the following system S:

ST : Lu × E %→ Lx ⊆ Ln1+n2∞ [t0, T ],
HT : Lu × E %→ Ly ⊆ Lm1+m2∞ [t0, T ], (4.31)
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where
E = E1 ⊕ E2, Lx = Lx1 ⊕ Lx2 , Ly = Ly1 ⊕ Ly2 ,

ST (u, e1 ⊕ e2) = S1,T (u, e1)⊕ S2,T (u, e2),

HT (u, e1 ⊕ e2) = H1,T (u, e1)⊕H2,T (u, e2).
(4.32)

Definition4.3.3 Let S1 and S2 be given, and Ly1 ⊆ Lu2 and Ly2 ⊆ Lu1 . Feedback
interconnection of S1 and S2 is the system S:

ST : Lu × E %→ Lx ⊆ Ln1+n2∞ [t0, T ],
HT : Lu × E %→ Ly ⊆ Lm1+m2∞ [t0, T ], (4.33)

where

E = E1 ⊕ E2, Lx = Lx1 ⊕ Lx2 , Ly = Ly1 ⊕ Ly2 , Lu = Lu1 ⊕ Lu2 ,

y1 = H1,T (u1 + y2, e1),

y2 = H2,T (u2 + y1, e2),

ST (u1 ⊕ u2, e1 ⊕ e2) = S1,T (u1 + y2, e1)⊕ S2,T (u2 + y1, e2),

HT (u1 ⊕ u2, e1 ⊕ e2) = H1,T (u1 + y2, e1)⊕H2,T (u2 + y1, e2).

(4.34)

One of the basic questions about interconnections is whether they are realizable
and complete. While establishing the realizability and completeness of serial and
parallel interconnections of two or more systems is a rather straightforward exercise,
finding a satisfactory answer for the feedback interconnections is non-trivial. This
is because the definition of feedback interconnections, (4.34), is implicit. Thus ST
and HT are not explicitly defined. Moreover, we wish to allow that the input–output
and input–state characterization of each system involved be known up to a locally
bounded function. Thus the questions of realizability and completeness become
even more complicated since the functions Hi,T and Si,T in (4.34) are not known
precisely.

Realizability and completeness are not the only properties one needs to know
when dealing with interconnections of uncertain systems. In particular, having
estimates of the norms of the system’s state and output (in Lx and Ly) for the given
input environmental factors from E is often desirable. In addition, estimating the
limit sets (ω-limit sets) of the interconnection is sometimes required.

Thus the following problems are relevant.

Problem 4.1 Realizability and completeness analysis. Let S, defined by

ST : Lu × E %→ Lx ⊆ Ln∞[t0, T ],
HT : Lu × E %→ Ly ⊆ Ln∞[t0, T ], (4.35)
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be an interconnection (serial, parallel, feedback) of two systems S1 and S2.
Determine

(1) conditions2 when the system S is realizable;
(2) conditions when the system S is complete.

Problem 4.2 Local boundedness of input–state/input–output characterizations of
interconnections. Let S be a complete system defined by (4.35).

(1) Determine conditions ensuring that input–state and input–output mappings of
S are locally bounded for all u ∈ Lu.

(2) Estimate the input–state, γS,Lx (·, ·, ·), and input–output, γH ,Lx (·, ·, ·), margins
of the corresponding input–state and input–output mappings:

‖x(t)‖Lx ,[t0,T ] ≤ γS,Lx (e, ‖u(t)‖Lu,[t0,T ], T ),

‖y(t)‖Ly ,[t0,T ] ≤ γH ,Ly (e, ‖u(t)‖Lu,[t0,T ], T ).

Problem 4.3 Asymptotic analysis of interconnections of systems. Let S be a com-
plete system defined by (4.35), and let its input–state and input–output mappings
be locally bounded.

Determine estimates of theω-limit sets of state x(t) and output y(t) of the system.
In addition, derive the bounds for

lim
T→∞‖x(t)‖Lx ,[T ,∞], lim

T→∞‖y(t)‖Ly ,[T ,∞] (4.36)

as functions e ∈ E and u ∈ Lu.

Solutions to these three problems and other related questions are provided in the
next sections.

4.3.1 Realizability of interconnections of systems
with locally bounded operators

Let us consider the realizability and completeness problem, and let us start with the
simplest cases of serial and parallel interconnections. Completeness and realizabil-
ity conditions of the interconnections in these cases are provided in the theorem
below.

Theorem 4.4 Consider (4.27) and (4.28), and let (4.31) and (4.32) be realizable
(complete).

2 Here the term conditions refers to specific properties of S1 and S2.
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Then

(1) parallel interconnection of (4.31) and (4.32) is realizable (complete).
In addition, if systems S1 and S2 admit input–state and input–output margins
w.r.t. the norms ‖ · ‖Lu1

and ‖ · ‖Lu2
on [t0, T1], [t0, T2], and γH ,Ly1

,

‖y1(t)‖Lu2 ,[t0,T1] ≤ γH ,Ly1⊆Lu2
(e1, ‖u1(t)‖Lu1

, T1),

then
(2) serial interconnection (4.29) and (4.30) of S1 and S2 is also realizable

(complete), and its input–state and input–output margins can be defined as

‖x(t)‖∞,[t0,T ] ≤ γS1,∞(e1, ‖u1(t)‖Lu1 ,[t0,T ], T )

+ γS2,∞(e2, γH ,Ly1
(e1, ‖u1(t)‖Lu1

, T ), T ), (4.37)

‖y(t)‖∞,[t0,T ] ≤ γH2,∞(e2, γH ,Ly1
(e1, ‖u1(t)‖Lu1

, T ), T ).

In the case in which the systems are not complete, the existence time T = T ∗(S)

can be estimated as
T ∗(S) ≤ min{T ∗(S1), T

∗(S2)}. (4.38)

Realizability and completeness of serial and parallel interconnections together
with estimates (4.37) will be used in the analysis of feedback interconnections of
systems. Before we proceed to these results, let us first introduce an additional
useful notion.

Definition 4.3.4 Consider a system S given by (4.1) and (4.2) for which the input–
state and input–output mappings are ST and HT , (4.3) and (4.4), and T = [t0, T ].
Let, in addition, the following mapping be defined for S:

ψ : Lx[t0, T ] × Eψ %→ Lψ [t0, T ], (4.39)

where Lψ [t0, T ] is a linear normed space with the norm ‖ · ‖Lψ ,[t0,T ], and Eψ is a
linear space.

We will say that the mapping ψ(x(t), eψ) ∈ Lψ [t0, T ] majorizes state x(t) and
output y(t) with respect to ‖ ·‖Lψ , iff there exist functions µS,∞ : E×R≥0 → R≥0

and µH ,∞ : E × R≥0 → R≥0 such that

‖x(t)‖∞,[t0,T ] ≤ µS,∞(e, ‖ψ(x(t), eψ)‖Lψ ,[t0,T ]), (4.40)

‖y(t)‖∞,[t0,T ] ≤ µH ,∞(e, ‖ψ(x(t), eψ)‖Lψ ,[t0,T ]). (4.41)

Without loss of generality we will suppose that µS,∞(·,p) and µH ,∞(·,p) are
non-decreasing functions of a real variable p.
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Majorization in general and majorizing functions in particular have been used
successfully in various areas of adaptive regulation and control.3 The utility of
using majorizing functions is that they allow us to tell how a number of (potentially
unaccessible) variables of a system vary by observing just a few available quantities
(majorizing functions).

Let X ⊆ R
n, then an example of a majorizing function state is any estimate of

the following type:
‖x‖ ≤ µ(‖ψ(x)‖). (4.42)

Notice that standard conditions (2.23) specifying the choice of a Lyapunov function
in the analysis of stability V (x, t),

α1(‖x‖) ≤ V (x, t) ≤ α2(‖x‖), α1,α2 ∈ K∞,

can be viewed as a majorization.
Despite the fact that (2.23) and (4.40)–(4.42) may indeed look very similar, they

are different in that the latter trio relates norms of functions in the corresponding
spaces while the former expression compares the values of functions at a point.
This difference is further illustrated in the example below.

Example 4.3.1 Consider the following system of equations describing the motion
of a point mass attached to a spring:

ẋ1 = x2,

ẋ2 = k0x1 + f (x2, t)+ u(t), k0 < 0.
(4.43)

The function f : R × R≥0 → R, f ∈ C1 models the influence of nonlinear
damping. Let ψ(x(t), λ) = λx1(t)+ x2(t), λ ∈ R>0, and consider

ẋ1 = −λx1 + ψ(t).

The function ψ(x(t), λ) ∈ L1∞[t0, T ]majorizes the state of (4.43) w.r.t. the uniform
norm ‖ · ‖∞,[t0,T ]. We notice that x1(t) satisfies the following equation:

x1(t) = e−λ(t−t0)x1(t0)+ e−λt

∫ t

t0

eλτψ(τ)dτ ⇒

|x1(t)| ≤ |x1(t0)| + 1

λ
‖ψ(t)‖∞,[t0,t].

Then, using
|x2(t)| ≤ |ψ(t)| + λ|x1(t)|,

3 See, for example, Putov (1993), where the concept is used for solving problems of robust adaptive control.
In Lin and Qian (2002a,b) majorizing functions are employed to ensure adaptive compensation of nonlinearly
parametrized perturbations.
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we can obtain that

‖x(t)‖∞,[t0,t] ≤
(

1+ 1

λ

)
‖ψ(t)‖∞,[t0,t] + (1+ λ)|x1(t0)|. (4.44)

Moreover, in addition to proving that (4.44) holds, it is possible to show that
the function ψ(x(t), λ) ∈ L1∞[t0, T ] majorizes x1(t) in (4.43) w.r.t. the norms
L1
p[t0, T ], p ≥ 1. Indeed, using Hölder’s inequality and the triangle inequality

(Kolmogorov and Fomin 1976) and also that

e−λt

(∫ t

t0

|eλτ |q dτ
) 1

q

≤
(

1

λq

) 1
q

,

we can obtain

‖x1(t)‖∞,[t0,t] ≤ |x1(t0)| +
(

1

λq

) 1
q ‖ψ(t)‖p,[t0,t],

1

p
+ 1

q
= 1.

Hence variable x1(t) of (4.43) is majorized by ψ(t) w.r.t. the norms ‖ · ‖p,[t0,t] too.
These examples imply that, to keep the values of x1(t) and x2(t) within some given
bounds, it is sufficient to ensure that the value of ‖ψ(t)‖∞,[t0,t] is bounded from
above. If boundedness of x1(t) is needed, then ensuring that ‖ψ(t)‖p,[t0,t], p ≥ 1 is
bounded suffices. Moreover, precise knowledge of the nonlinear damping f (x2, t)
is not required in order to draw such a conclusion.

Let S be a system and ψ(x, eψ) be a majorizing mapping for this system. Given
that the state of the system can be expressed as x = ST (u, e), the following mapping
can now be defined:

PT (u, e, eψ) : Lu[t0, T ] × E × Eψ %→ Lψ [t0, T ],
PT (u, e, eψ) = ψ(ST (u, e), eψ).

(4.45)

Similarly to input–state and input–output margins, we can introduce a margin
function γP ,Lψ for PT (u, e, eψ):

‖ψ(t)‖Lψ ,[t0,T ] ≤ γP ,Lψ (e, eψ , ‖u(t)‖Lu,[t0,T ], T ),

where γP ,Lψ is a function that is locally bounded and non-decreasing in
‖u(t)‖Lu,[t0,T ].

General input–output, input–state, and majorizing characterizations of systems
define the behavior of systems for all inputs u and e. In addition to this general
description, it is also useful to know the system’s behavior relative to a certain class
of inputs. For example, it may happen that the system’s inputs can be decomposed
as u(t) = u∗(t)+δ(t), where u∗ is an element of Lu and δ is an element of a subset
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Figure 4.2 Feedback interconnection of systems S1 and S2.

of Lu with some special properties. In order to be able to capture these possibilities,
let us summarize this as an assumption.

Assumption 4.1 Consider a system S and suppose that for every e ∈ E there is
a function u∗(e, t) and a subspace Lδ[t0, T ] ⊆ Lu[t0, T ] such that the following
relations hold:

‖ψ(t)‖Lψ ,[t0,T ] ≤ γP ,Lψ (e, eψ , ‖δ(t)‖Lδ ,[t0,T ], T ), (4.46)

‖y(t)‖Ly ,[t0,T ] ≤ γH ∗,Ly (e, ‖δ(t)‖Lδ ,[t0,T ], T ). (4.47)

The functions γP ,Lψ and γH ∗,Ly are the margins for the corresponding majorizing
and input–state mappings Lδ[t0, T ] %→ Lψ [t0, T ] and Lδ[t0, T ] %→ Ly[t0, T ]:

PT (u∗(e, t)+ δ(t), e, eψ),

ST (u∗(e, t)+ δ(t)).

Let us now consider a feedback interconnection of a system S1 satisfying
Assumption 4.1 and a system S2. The diagram of this interconnection is shown
in Figure 4.2. As has been mentioned earlier, feedback interconnections (4.34) are
not explicitly defined in terms of the input–output mappings of S1 and S2, hence
determining the realizability and completeness of the interconnection is generally
an issue. The problem becomes even more challenging if merely input–state and
input–output margins are known. Yet, in a number of cases, the realizability and
completeness of feedback interconnections can be established relatively easily.
These cases are specified in the theorem below.

Theorem 4.5 Existence of small gain, or the bottle-neck theorem. Let S1 be a
realizable (complete) system of which the input–output and input–state mappings
S1,T and H1,T are defined as (4.27), and let T = [t0, T ] be the realizability interval
of S1. Let us suppose that

(1) for the system S1 there exists a majorizing mapping ψ(x1(t), eψ) and a function
u∗(e1, t) ∈ Lu[t0, T ] satisfying Assumption 4.1.
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Consider S2, (4.28), of which the input–state and input–output mappings are

S2,T : Ly1[t0, T ] × E2 %→ Lx2[t0, T ],

H2,T : Ly1[t0, T ] × E2 %→ Lδ[t0, T ],
and let system S2

(2) be realizable (complete) w.r.t. the norm ‖ · ‖Ly1 ,[t0,T ]
(3) and have an input–output margin γH2,Lδ that is globally bounded w.r.t.

‖·‖Ly1 ,[t0,T ]; i.e. there exists a continuous function γ ∗H2,Lδ
(e2, T ) : E2×R≥0 →

R≥0 such that the inequality

γH2,Lδ (e2, ‖y1(t)‖Ly1 ,[t0,T ], T ) ≤ γ ∗H2,Lδ
(e2, T ) (4.48)

holds for all y1(t) ∈ Ly1[t0, T ].
Then the feedback interconnection (4.34) of systems S1 and S2 is realizable

(complete) for all u(t):

u(t) = u∗(e1, t)+ δ(t), δ(t) ∈ Lδ[t0, T ]. (4.49)

Moreover, if the functions γP ,Lψ (·) and γ ∗H2,Lδ
(·) are bounded in T ,

sup
T≥t0

γP ,Lψ (e1, eψ , d, T ) = �P (e1, eψ , d),

sup
T≥t0

γ ∗H2,Lδ
(e2, T ) = �C(e2),

then x1(t) and y1(t) are bounded, and hence the following estimates hold:

‖x1(t)‖∞,[t0,T ] ≤ µS1,∞(e1,�P (e1, eψ ,�C(e2)+ ‖δ(t)‖Lδ ,[t0,T ])),
‖y1(t)‖∞,[t0,T ] ≤ µH1,∞(e1,�P (e1, eψ ,�C(e2)+ ‖δ(t)‖Lδ ,[t0,T ])).

(4.50)

According to Theorem 4.5, which we will refer to as the existence of small
gain theorem or the bottle-neck theorem, realizability (completeness) of the feed-
back interconnections of systems S1 and S2 with locally bounded input–state and
input–output mappings follows automatically if an input–output margin γH2,Lδ

corresponding to the input–output mapping Ly1[t0, T ] in Lδ[t0, T ] is a bounded
function of ‖y1(t)‖Ly1 ,[t0,T ] for all y1(t) ∈ Ly1[t0, T ]. In contrast to the standard
small-gain results (see e.g. Theorem 4.2), Theorem 4.5 does not require the exis-
tence and availability of input–output gains γ1 and γ2 for H1 and H2, and does not
require that the product γ1γ2 < 1. Instead, the mere existence of an input–output
margin of mapping (4.48) that is bounded w.r.t. ‖y1(t)‖Ly1 ,[t0,T ] is required. The
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Figure 4.3 Illustration of the conditions of Theorem 4.5.

input–output gains for both systems,

γLy1 ,Lδ = sup
δ(t)∈Lδ[t0,T ]

‖H1,T (u∗(e, t)+ δ(t), e1)‖Ly1 ,[t0,T ]
‖δ(t)‖Lδ[t0,T ]

,

γLδ ,Ly1
= sup
y1(t)∈Ly1 [t0,T ]

‖H2,T (y1(t), e2)‖Lδ ,[t0,T ]
‖y1(t)‖Ly1 [t0,T ]

,

γLδ ,Lδ = sup
δ(t)∈Lδ[t0,T ]

‖H2,T (H1,T (u∗(e1, t)+ δ(t), e1), e2)‖Lδ ,[t0,T ]
‖δ(t)‖Lδ ,[t0,T ]

,

(4.51)

are allowed to be undefined for certain inputs (see Figure 4.3(c)), grow unboundedly
(Figure 4.3(a)), and do not necessarily satisfy the smallness condition γLδ ,Lδ =
γLy1 ,Lδ · γLδ ,Ly1

< 1 for all y1(t) ∈ Ly1[t0, T ] and δ(t) ∈ Lδ[t0, T ] (Figure 4.3(b)).
Figure 4.3(a) depicts graphs of γH ∗

1 ,Ly1
(e1, ‖δ(t)‖Lδ ,[t0,T ], T ) for three different

values of e1. Figure 4.3(b) shows γH2,Lδ (e2, ‖y1(t)‖Ly1 ,[t0,T ], T ), and Figure 4.3(c)
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depicts the corresponding input–output gains γ ∗Lδ ,Lδ
at δ(t) ∈ Lδ[t0, T ]:

γ ∗Lδ ,Lδ
(‖δ(t)‖Lδ ,[t0,T ], T ) = γH2,Lδ (e2, γH ∗

1 ,Ly1
(e1, ‖δ(t)‖Lδ ,[t0,T ], T ), T )

‖δ(t)‖Lδ ,[t0,T ]
.

Given that condition (4.48) holds, there exists a non-increasing function the graph
of which is above the graph of γ ∗Lδ ,Lδ

(‖δ(t)‖Lδ ,[t0,T ], T ) for every e1 ∈ E1 and T

fixed (see Figure 4.3(c), in which plots of γ ∗Lδ ,Lδ
(‖δ(t)‖Lδ ,[t0,T ], T ) corresponding

to various values of e1 are shown in different styles). It is also clear that for every
such e1 ∈ E1 there is r(e1) ∈ R≥0 such that

γLδ ,Lδ (r(e1)) = sup
‖δ(t)‖Lδ ,[t0,T ]>r(e1)

γ ∗Lδ ,Lδ
(‖δ(t)‖Lδ ,[t0,T ], T ) < 1 (4.52)

(the leftmost boundary of the shaded domain in Figure 4.3(c)). Hence, for all e1 ∈ E1

there would exist r(e1) ≥ 0, such that the loop gain γLδ ,Lδ in (4.51) is strictly
smaller than 1 for δ(t) ∈ Lδ[t0, T ] of which the norm ‖δ(t)‖Lδ ,[t0,T ] is sufficiently
large: ‖δ(t)‖Lδ ,[t0,T ] > r(e1). If, in addition, the function γ ∗H2,Lδ

(e2, T ) in (4.48)
is globally bounded in T then the loop gain in the feedback interconnection of S1

and S2 will be strictly smaller than 1 for all T > t0 and ‖δ(t)‖Lδ ,[t0,T ] > r(e1).
This property is very similar to the standard small-gain condition. The difference
is that in our case this condition is satisfied for signals δ(t) of which the norm is
sufficiently large.

Notice also that, on denoting δe(t) = δ(t) + y2(t) and using (4.52), one can
derive the following estimate:

‖y2(t)‖Lδ ,[t0,T ] ≤ γLδ ,Lδ (r(e1))‖δe(t)‖Lδ ,[t0,T ]
≤ γLδ ,Lδ (r(e1))‖y2(t)‖Lδ ,[t0,T ] + γLδ ,Lδ (r(e1))‖δ(t)‖Lδ ,[t0,T ] ⇒

‖y2(t)‖Lδ ,[t0,T ] ≤ γLδ ,Lδ (r(e1))

1− γLδ ,Lδ (r(e1))
‖δ(t)‖Lδ ,[t0,T ]. (4.53)

Inequality (4.53), in turn, can be referred to as input–output stability “for large
inputs,” where the term “large inputs” refers to δ : ‖δ(t)‖Lδ ,[t0,T ] > r(e1).4

The term input–output stability for large inputs introduced above complements
the notion of input–output stability in small (Khalil (2002), Definition 5.2, p. 201):

‖y2(t)‖Lδ ,[t0,T ] ≤ αr(‖δ(t)‖Lδ ,[t0,T ])+ β,

where αr ∈ K is defined for ‖δ(t)‖Lδ ,[t0,T ] ≤ r . Indeed, input–output stability in
small assumes that all singularities and resonances occur outside a bounded domain

4 See also Definition 4.2.1, in which the notion of input–output stability is specified.
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D0(r) ⊆ Lδ[t0, T ] : ‖δ(t)‖Lδ ,[t0,T ] ≤ r in Lδ[t0, T ]. Input–output stability for large
inputs, (4.53), however, implies that singularities and resonances can occur only
for those inputs δ of which the amplitude is sufficiently small. For every e1 the
domain within which these singularities and resonances occur is bounded by the
sphere D0(r(e1)).

In the next section we will use the results of the analysis of realizability and
completeness of serial, parallel, and feedback interconnections summarized in The-
orems 4.4 and 4.5 for stating and solving the problem of input–output (functional)
adaptive regulation.

4.3.2 Functional synthesis of adaptive systems: the
separation principle

In order to be able to make a step forward from the analysis of interconnections
of systems of which the models bear a degree of uncertainty to developing basic
principles of organization of systems of which the goals include adaptive regulation
we need to specify the notions of a controlled or regulated process (object) and
of a controlling or regulating process (controller), and the goals and objectives
of regulation/control, including a performance measure. We will suppose that an
object to be controlled can be defined as the following system Sp:

Sp,T : Lu[t0, T ] × Ep %→ Lxp[t0, T ],
Hp,T : Lu[t0, T ] × Ep %→ Lyp[t0, T ],
Pp,T : Lxp[t0, T ] × Ep × Eψ %→ Lψp[t0, T ].

(4.54)

Let the space of inputs be denoted as Lu[t0, T ], and let U∗ ⊆ Lu[t0, T ] be the set
of admissible inputs. We allow that the inputs u∗ can be functions of xp(t) and ep

as long as these functions are defined. Keeping this dependence in mind, we write:

u∗(t) = u∗(ep, xp(t), t).

Notice that Lu[t0, T ] is a linear space. Hence, an element u(t) ∈ Lu[t0, T ] can
always be represented as the following sum:

u(t) = u∗(ep, xp(t), t)+ δ(t), δ(t) ∈ Lδ[t0, T ] ⊆ Lu[t0, T ], (4.55)

where u(t) ∈ U∗ is given and Lδ[t0, T ] is a subspace of Lu[t0, T ].5 The decom-
position (4.55) allows us to view the original system (4.54) as a new system S∗p
of which the inputs are from Lδ[t0, T ] ⊆ Lu[t0, T ]. “Modified” input–output and

5 A trivial example of Lδ[t0, T ] is Lu[t0, T ].
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input–state mappings of (4.54) can be obtained by replacing u(t) in (4.54) with
u∗(ep, xp(t), t)+ δ(t), δ(t) ∈ Lδ[t0, T ] ⊆ Lu[t0, T ]:

S∗p,T (δ, e) = Sp,T (u∗ + δ, ep),

H∗
p,T (δ, e) = Hp,T (u∗ + δ, ep),

P∗p,T (δ, e, eψ) = Pp,T (u∗ + δ, ep, eψ).

(4.56)

A minimal control objective at this stage is to ensure that the state xp(t) and
output yp(t) of Sp are defined for all t ∈ [t0, T ]. If u∗, xp and ep were known then
this goal could easily be attained by choosing the input appropriately. The problem,
however, is that this is not always the case, and hence a procedure for feeding the
system Sp with admissible inputs is needed.

A controller is a system Sc,

Sc,T : Lyp[t0, T ] × Ec %→ Lxc[t0, T ],
Hc,T : Lyp[t0, T ] × Ec %→ Lyc[t0, T ] ⊆ Lu[t0, T ], (4.57)

producing the estimates of yc(t) ∈ Lyc[t0, T ] ⊆ Lu[t0, T ], u∗(ep, xp(t), t) ∈ U∗
from yp(t) ∈ Lyp[t0, T ].

Given thatu∗(ep, x(t), t) ∈ U∗ depends onxp(t), ep ∈ Ep, and that these functions
might not be available, reconstruction of relevant information about the values of
xp(t) and ep is necessary. For this purpose we introduce an additional observer
system So,

So,T : Lyp[t0, T ] × Eo %→ Lxo[t0, T ],
Ho,T : Lyp[t0, T ] × Eo %→ Lyo[t0, T ], (4.58)

an adaptation system Sa,

Sa,T : Lyp[t0, T ] ⊕ Lyo[t0, T ] × Ea %→ Lxa [t0, T ],
Ha,T : Lyp[t0, T ] ⊕ Lyo[t0, T ] × Ea %→ Lya [t0, T ], (4.59)

and the functions

uo : Ep × Lyo[t0, T ] × R≥0 → Lu[t0, T ],
ua : Lya [t0, T ] × Lyo[t0, T ] × R≥0 → Lu[t0, T ],

where yo(t) is the estimate of xp(t) at ep as a function(al) of yp, and ya(t) is
the estimate of ep as a function(al) of yp(t) and yo(t). Notice that the function
uo(ep, yo(t), t) can be thought of as an estimate of u∗(ep, xp(t), t) from the values
of yp(t); knowledge of the values of ep is assumed. The function ua(ya(t), yo(t), t),
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in turn, is an estimate of uo(ep, yo(t), t) from just yp(t) and yo(t). Thus the function
ua(ya(t), yo(t), t) is an estimate of u∗(ep, xp(t), t) from yp(t). We will therefore
assign that ua(ya(t), yo(t), t) is the output yc(t) of the controller Sc.

In general, the performance of a system is measured in terms of how far the
system’s behavior is from the desired one. Since the desired behavior in our case
is mere boundedness of state and outputs, accessing the performance of the system
in terms of the closeness of the actual inputs to Sp to the desired ones is a plausible
option. In particular, the distances separatinguo(ep, yo(t), t),ua(ya(t), yo(t), t), and
u∗(ep, xp(t), t) in Lδ[t0, T ] can be chosen as indicators of the overall performance
of an adaptive system:

Jx[t0, T ] = ‖u∗(ep, xp(t), t)− uo(ep, yo(t), t)‖Lδ ,[t0,T ], (4.60)

Je[t0, T ] = ‖uo(ep, yo(t), t)− ua(ya(t), yo(t), t)‖Lδ ,[t0,T ]. (4.61)

Taking these notations into account, the problem of functional synthesis of an
adaptive system (or adaptive controller) can be stated as follows.

Problem 4.4 Functional synthesis of adaptive controllers. Let system Sp be real-
izable (complete) with input–output and input–state mappings defined as (4.54).
Determine the functions u∗(ep, xp(t), t) and systems So and Sa in (4.58) and (4.59)
such that for all ep ∈ Ep

(1) the feedback interconnection of system S∗p (4.56) and So and Sa is realizable
(complete);

(2) the states and outputs of Sp and the controller are bounded.
In addition, determine conditions when

(3) Jx and Je, (4.60) and (4.61), and ‖xp(t)‖Lxp ,[t0,T ] and ‖yp(t)‖Lyp ,[t0,T ] can be

estimated from the above as functions of ep, eo, and ea.6

Sufficient conditions specifying classes of systems So and Sa for which this
problem is solvable follow from the next theorem.

Theorem 4.6 Consider system (4.54), of which the input–output and input–state
properties are defined by mappings Sp,T , Hp,T , and Pp,T . Suppose that

(1) there is an input (4.55) such that the system (4.56) satisfies Assumption 4.1;
(2) there are realizable (complete) systems So (4.58) and Sa (4.59) with input–state

and input–output mappings So,T , Ho,T and Sa,T , Ha,T , respectively;
(3) the values of Jx[t0, T ] and Je[t0, T ] defined by (4.60) and (4.61) are bounded,

Jx ≤ �Jx , Je ≤ �Je . (4.62)

6 This requirement will be needed for comparing behaviors of the system in various environments.
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Then the feedback interconnection of system Sp with Sc,

Sc,T (yp, eo ⊕ ea) = Sa,T (yp, Ho,T (yp, eo), ea)⊕ So(yp, eo),

Hc,T (yp, eo0⊕ ea) = ua(Ha(yp, Ho(yp, eo), ea), Ho(yp, eo), t),
(4.63)

is realizable (complete) for all δ(t) ∈ Lδ[t0, T ]. In addition, if the function
γP ,Lψ (·) is bounded w.r.t. T ,

sup
T≥t0

γP ,Lψ (ep, eψ , d, T ) = �P (ep, eψ , d), (4.64)

then xp(t) is bounded:

‖xp(t)‖∞,[t0,T ] ≤ µSp,∞(ep,�P (ep, eψ ,�Jx +�Je + ‖δ(t)‖Lδ ,[t0,T ])).
(4.65)

Theorem 4.6 specifies conditions ensuring the solvability of task (1) of Problem
4.4. The solution to task (2) follows automatically if systems Sa and So share
the bounded-input–bounded-output property. Indeed, according to Theorem 4.6,
condition (4.64) implies that xp(t) is bounded. Obtaining solutions to task (3) clearly
requires the availability of estimates of the input–output mappings of So and Sa;
this information, however, is often available for specific systems.

According to Theorem 4.6, the synthesis problem can be split into the following
sequence of elementary tasks:

(1) determine the class of functions u∗(ep, xp(t), t) (for xp and ep known)
transforming Sp into system (4.56) satisfying Assumption 4.1;

(2) derive system So (observer) ensuring that Jx[t0, T ] is bounded for all u∗ ∈ U∗
(the values of ep are assumed to be known);

(3) derive system Sa (adaptation to ep) ensuring that Je[t0, T ] is bounded for all
yo ∈ Lyo .

Notice that the conditions of realizability and completeness of the overall system
are not required to depend on any knowledge of how solutions to the particular
problems (1)–(3) above are obtained. For example, solution of (1) does not depend
on the outcomes of tasks (2) and (3). One needs just to find u∗ ∈ U satisfying
Assumption 4.1. On the other hand, solving tasks (2) and (3) is equivalent to ensuring
that (4.62) holds. If these tasks are solved for classes of u∗ ∈ U and yo ∈ Lyo then
the overall solution does not depend on the particular choice of functions u∗ and
yo. Thus the theorem can be viewed as a separation principle too.
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4.4 Asymptotic properties of systems with
locally bounded input–output and input–state mappings

In the previous sections of this chapter we considered analysis and, partially,
synthesis problems of systems and their interconnections. Input–state and input–
output mappings of these systems were assumed to be locally bounded. Theorems
4.4, 4.5, and 4.6 establish conditions ensuring that serial, parallel, and feedback
interconnections of systems with locally bounded mappings are also systems of
which the input–state and input–output mappings are defined; these mappings
are also locally bounded. These results provide us with solutions to Problems 4.1
and 4.2.

Finding a solution to Problem 4.3 not only involves showing that the system’s
state is bounded but also requires specification of domains to which the state belongs
(e.g. (4.36)). Rough estimates of these domains can be derived immediately from
(4.65) or (4.50), provided that the upper bounds for ‖δ(t)‖Lδ ,[t0,∞] are known and
that the functions µS,∞(·), µH ,∞(·), and µSp,∞(·) are available together with the
bounds for ep and Jx[t0,∞] and Je[t0,∞]. More accurate estimates can be obtained
by using the notions of invariant (see Definition 2.1.1) and limit sets (Birkhoff 1927;
Guckenheimer and Holmes 2002).

Definition 4.4.1 Consider a flow x(t , x0, t0), x0 ∈ R
n, t ∈ R. A point p ∈ R

n is
called an ω-limit point of x0 w.r.t. the flow x(t , x0, t0), iff there exists an infinite
sequence of t1 < t2 < · · · < ti < . . . , limi→∞ ti = ∞ such that

lim
i→∞ x(ti , x0, t0) = p.

The set of all ω-limit points p of x0 is called the ω-limit set of x0.

The literature on the analysis of limit sets of (dynamical) systems is huge. We
do not wish to provide a review of these results here, but rather concentrate on the
simple case of an autonomous system

ẋ = f(x), (4.66)

in which the function f(·) is locally Lipschitz. Fundamental properties of limit sets
of these systems are formulated in the lemma below (see Birkhoff (1927), p. 198,
or Khalil (2002), p. 127, Lemma 4.1).

Lemma 4.1 Suppose that solutions of (4.66) are bounded for all x0 ∈ D in the
interval [0,∞). Then the set �(D) =⋃x0∈D ω(x0) is closed and invariant, and

lim
t→∞‖x(t , x0, t0)‖�(D) = 0.
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The following corollary follows immediately from Lemma 4.1 and Theorem 4.6.

Corollary 4.1 Let Sp and Sc be systems satisfying the conditions of Theorem 4.6.
In addition, suppose that the input–state and input–output mappings of systems
Sa and So are locally bounded and that δ(t) ≡ 0. Moreover, let the feedback
interconnection be described by (4.66) in the domain specified by (4.65).7 Then the
state of the interconnection converges asymptotically to the maximal invariant set
contained in

‖xp‖ ≤ max
ep∈Ep,d≤M µSp,∞(ep, d),

M = max
ep∈Ep,eψ∈Eψ ,d≤�Jx+�Je

�P (ep, eψ , d). (4.67)

In order to apply the corollary, one needs to make sure that the description of the
overall system (including the process to be controlled or regulated, the controllers,
and the environment) as a system of ordinary differential equations is plausible. If
this is the case, then the next key assumption is knowledge of the system’s invariant
sets. In some cases the allocation and topology of these sets can be easily estimated
(e.g. equilibria and periodic orbits of systems in the plane). In general, however,
finding the invariant sets of a dynamical system is a rather difficult and technically
involved task. In addition to the genuine theoretical difficulty of this task, in the
context of adaptive control and regulation it gains additional complications. The
first is the presence of uncertainties in any system in which adaptation is needed.
The second complication is that the dimension of the overall system (and hence the
difficulty of finding all of the invariant sets) increases substantially due to the need
to incorporate the state vectors of the controllers into the extended state space of
the system.

A possible remedy that would facilitate the finding of a solution to this prob-
lem is to derive mechanisms and schemes of adaptation that do not induce new
undesired invariant sets in the extended state space. The ultimate goal, of course,
is that the invariant sets of the extended system correspond to the system’s target
motions.

In conclusion, we would like to emphasize the differences between the estimates
(4.67) which follow from the input–state and input–output analysis of systems
and the standard estimates of asymptotic behavior adopted in the theory of adap-
tive control. These differences are illustrated with Figure 4.4. Our conditions for
realizability, completeness, and state boundedness involved majorizing mappings
ψ(x, eψ). For simplicity, consider the case in which ψ : R

n → R is a scalar and

7 In this case x is the generalized state vector combining the states of the controlled process, controller, and
variables of the environment.
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(a) (b)

ψ(x) = M

ψ(x) = –M

x(t)

ψ(x) = 0

V(x) ≤ ∆ ||x(t)|| ≤ ∆

Figure 4.4 (a) Conventional Lyapunov-function-based estimates. (b) Estimates
following from (4.67).

differentiable function that does not depend on eψ . The set �ψ = {x ∈ R
n|ψ(x) =

0} defines a target set in R
n. In standard formulations of adaptive regulation and

control problems the target sets are defined as sets on which a known positive
definite and radially unbounded function V : R

n → R≥0 is zero (Figure 4.4(a)).
This condition implies that these target sets need to be known a priori. If these
sets are to be modified then the function V may need to be altered too, and like-
wise the adaptation mechanisms. In the case of target-set assignment based on the
input–state and input–output analysis these restrictions may be relaxed. Indeed,
the boundedness of the system’s state follows from Theorems 4.5 and 4.6 (the
sphere �x = {x ∈ R

n|x : ‖x(t)‖ ≤ �} in Figure 4.4(b)). On the other hand,
x(t) ∈ �M

ψ = {x ∈ R
n|x : |ψ(x)| ≤ M}. Thus, the trajectory x(t , x0, t0, θ , u(t))

will necessarily be in �x ∩�M
ψ for all t ≥ t0 (the shaded domain in Figure 4.4(b)).

If, in addition, the extended system can be described by (4.66), then its solutions
will have to converge to the maximal invariant set in �x ∩�M

ψ . Knowledge of this

set is not required a priori. If, however, ψ(x) ∈ C1 and it is known that ψ → 0 as
t → ∞, then one can easily see that the solutions will converge to the maximal
invariant set in �ψ .

Figure 4.4 also illustrates the differences between the possible target-set assign-
ments in the realm of input–state and input–output approaches and those for
approaches based on geometric representations (Astolfi and Ortega 2003). Results
based on coordinate transformation around the target manifold (5.4) are applica-
ble only in a subset of R

n where ψ(x, t) does not depend explicitly on t and the
rank of ψ(x, t) is constant. In this respect these results are local. Theorems 4.5 and
4.6 do not require constant-rank conditions and allow time-varying ψ(x, t). They
may therefore replace the conventional ones for systems with non-stationary target
dynamics or ones that are far away from the target manifolds.
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4.5 Asymptotic properties of a class of unstable systems

Analysis of asymptotic properties of dynamical systems is often based on the
notions of Lyapunov stability and attracting sets (see Definition 2.1.3). Although
the conventional concepts of attracting sets and Lyapunov stability are a power-
ful tandem in various applications, some problems cannot be solved within this
framework. Condition (2.1), for example, could be violated in systems with inter-
mittent, itinerant, or meta-stable dynamics. In general the condition does not hold
when the system’s dynamics, loosely speaking, is exploring rather than contracting.
Such systems appear naturally in the context of global optimization. For instance,
in Shang and Wah (1996) finding the global minimum of a differentiable cost
function Q : R

n → R≥0 in a bounded subset �x ⊂ R
n is achieved by split-

ting the search procedure into a locally attracting gradient Sa, and a wandering
part Sw:

Sa : ẋ = −µx

∂Q(x)
∂x

+ µtT (t), µx ,µt ∈ R≥0,

Sw : T (t) = h{t , x(t)}, h : R≥0 × Ln∞[t0, t] → Ln∞[t0, t].
(4.68)

The trace function, T (t), in (4.68) is supposed to cover (i.e. be dense in) the whole
searching domain �x . Even though the results in Shang and Wah (1996) are purely
simulation studies, they illustrate the superior performance of algorithms (4.68)
compared with standard local minimizers and classical methods of global optimiza-
tion in a variety of benchmark problems.Abandoning Lyapunov stability is likewise
advantageous in problems of identification and adaptation in the presence of gen-
eral nonlinear parametrization (Tyukin and van Leeuwen 2005), in maneuvering
and path searching (Suemitsu and Nara 2004), and in decision making in intelligent
systems (van Leeuwen and Raffone 2001; van Leeuwen et al. 2000). Systems with
attracting, yet unstable, invariant sets are relevant for modeling complex behav-
ior in biological and physical systems (Ashwin and Timme 2005). Last but not
least, Lyapunov-unstable attracting sets are relevant in problems of synchronization
(Bischi et al. 1998; Ott and Sommerer 1994; Timme et al. 2002).8

Even when it is appropriate to consider a system to be stable, we may be limited
in our success in meeting the requirement to identify a proper Lyapunov function.
This is the case, for instance, when the system’s dynamics is only partially known.
Trading stability requirements for the sake of convergence might be a possible

8 See also Pogromsky et al. (2003), where the striking difference between stable and “almost stable” synchro-
nization in terms of the coupling strengths for a pair of Lorentz oscillators is demonstrated analytically.
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remedy. Known results in this direction can be found in Ilchman (1997) and Pomet
(1992).9

In all the cases which are problematic under condition (2.1) of Definition 2.1.3,
condition (2.2), namely the convergence of x(t , x0) to an invariant set A, is still a
requirement that has to be met. In order to treat these cases analytically we shall, first
of all, move from the standard concept of attracting sets in Definition 2.1.3 to one
that does not assume that the basin of attraction is necessarily a neighborhood of the
invariant set A. In other words, we shall allow convergence that is not uniform in
initial conditions. This requirement is captured by the concept of weak, or Milnor,
attraction (Milnor 1985) (Definition 2.1.4).

Conventional methods such as La Salle’s invariance principle (La Salle 1976) or
center-manifold theory (Carr 1981) can, in principle, address the issue of conver-
gence to weak equilibria. They do so, however, at the expense of requiring detailed
knowledge of the vector fields of the ordinary differential equations of the model.
When such information is not available, the system can be thought of as a mere inter-
connection of input–output maps. Small-gain theorems (Zames 1966; Jiang et al.
1994) are usually efficient in this case. These results, however, apply only under
the assumption of stability of each component in the interconnection. If stability
is not explicitly required, as is the case for Theorem 4.5, global boundedness of
input–output mappings is needed.

In this section we will provide a result that would allow us to analyze intercon-
nections of systems that are neither necessarily stable nor required to have globally
bounded input–output mappings. The systems we consider here, however, are of a
rather special class. The object of our study is a class of systems that can be decom-
posed into an attracting, or stable, component Sa and an exploratory, generally
unstable, part Sw. Typical systems of this class are nonlinear systems in cascaded
form,

Sa : ẋ = f(x, z),

Sw : ż = q(z, x), (4.69)

where the zero solution of the x-subsystem is asymptotically stable in the absence of
input z, and the state of the z-subsystem is a function of the integral

∫ t

t0
‖x(τ )‖dτ .

Even when both subsystems in (4.69) are stable and the x-subsystem does not
depend on state z, the cascade can still be unstable (Arcak et al. 2002). We show,
however, that for unstable interconnections (4.69), under certain conditions that
involve only input-to-state properties of Sa and Sw, there is a set V in the system’s

9 In Chapter 8 we demonstrate how explorative dynamics can solve the problem of simultaneous state and
parameter observation for a system that cannot be transformed into a canonical adaptive-observer form
(Bastin and Gevers 1988).
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state space such that trajectories starting in V remain bounded. The result is formally
stated in Theorem 4.7. When an additional measure of invariance is defined for Sa

(in our case a steady-state characteristic), a weak, Milnor attracting set emerges.
Its location is completely determined by the zeros of the steady-state response of
system Sa.

Consider a system that can be decomposed into two interconnected subsystems,
Sa and Sw:

Sa : (ua, x0) %→ x(t),

Sw : (uw, z0) %→ z(t),
(4.70)

where ua ∈ Ua ⊆ L∞[t0,∞] and uw ∈ Uw ⊆ L∞[t0,∞] are the spaces of inputs
to Sa and Sw, respectively, x0 ∈ R

n and z0 ∈ R
m represent the initial conditions,

and x(t) ∈ X ⊆ Ln∞[t0,∞] and z(t) ∈ Z ⊆ Lm∞[t0,∞] are the system states.
System Sa represents the contracting dynamics. More precisely, we require that

Sa is input-to-state stable10 (Sontag 1990) with respect to a compact set A.

Assumption 4.2

Sa : ‖x(t)‖A ≤ β(‖x(t0)‖A , t − t0)+ c‖ua(t)‖∞,[t0,t],
∀ t0 ∈ R≥0, t ≥ t0, (4.71)

where the function β(·, ·) ∈ KL and c > 0 is some positive constant.

The function β(·, ·) in (4.71) specifies the contraction property of the unperturbed
dynamics of Sa. In other words, it models the rate at which the system forgets
its initial conditions x0, if left unperturbed. Propagation of the input to output is
estimated in terms of a continuous mapping, c‖ua(t)‖∞,[t0,t], which, in our case, is
chosen for simplicity to be linear. Notice that this mapping should not necessarily
be contracting. In what follows we will assume that the function β(·, ·) and constant
c are known or can be estimated a priori.

For systems Sa of which a model is given by a system of ordinary differential
equations

ẋ = fx(x, ua), fx(·, ·) ∈ C1, (4.72)

Assumption 4.2 is equivalent, for instance, to the combination of the following
properties:11

10 In general, as will be demonstrated with examples, our analysis can be carried out for (integral) input-to-
output/state stable systems as well.

11 For a comprehensive characterization of the input-to-state stability and detailed mathematical arguments we
refer the reader to the paper by E. D. Sontag and Y. Wang (Sontag and Wang 1996).
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(1) let ua(t) ≡ 0 for all t , then set A is Lyapunov stable and globally attracting for
(4.72);

(2) for all ua ∈ Ua and x0 ∈ R
n there exists a non-decreasing function κ : R≥0 →

R≥0 : κ(0) = 0 such that

inf
t∈[0,∞)

‖x(t)‖A ≤ κ
(‖ua(t)‖∞,[t0,∞]

)
.

The system Sw stands for the searching or wandering dynamics. We will consider
Sw subject to the following conditions.

Assumption 4.3 The system Sw is forward-complete:

uw(t) ∈ Uw ⇒ z(t) ∈ Z , ∀ t ≥ t0, t0 ∈ R≥0,

and there exists an “output” function h : R
m → R and two “bounding” functions,

γ0 ∈ K∞,e and γ1 ∈ K∞,e, such that the following integral inequality holds:

Sw :
∫ t

t0

γ1(uw(τ ))dτ ≤ h(z(t0))− h(z(t)) ≤
∫ t

t0

γ0(uw(τ ))dτ ,

∀ t ≥ t0, t0 ∈ R≥0. (4.73)

When system Sw is specified in terms of vector fields

ż = fz(z, uw), fz(·, ·) ∈ C1. (4.74)

Assumption 4.3 can be viewed, for example, as postulating the existence of a
function h : R

m → R≥0 of which the evolution in time is a mere integration
of the input uw(t). In general, for uw : uw(t) ≥ 0 ∀ t ∈ R≥0, inequality (4.73)
implies monotonicity of functionh(z(t)) in t . Regarding the function γ0(·) in (4.73),
we assume that for any M ∈ R≥0 there exists a function γ0,1 : R≥0 → R≥0 and a
non-decreasing function γ0,2 : R≥0 → R≥0 such that

γ0(a · b) ≤ γ0,1(a) · γ0,2(b), ∀ a, b ∈ [0,M]. (4.75)

Requirement (4.75) is a technical assumption that will be used in the formulation
and proof of the main results which follow. Yet, it is not too restrictive; it holds,
for instance, for a wide class of locally Lipschitz functions γ0(·) : γ0(a · b) ≤
L0(M) · (a · b), L0(M) ∈ R≥0. Another example for which the assumption holds
is the class of polynomial functions γ0(·) : γ0(a · b) = (a · b)p = ap · bp, p > 0.
No further restrictions will be imposed a priori on Sa, Sw.

Now consider the interconnection of (4.71) and (4.73) with coupling ua(t) =
h(z(t)), and us(t) = ‖x(t)‖A. The equations for the combined system can be



116 Input–output analysis of uncertain dynamical systems

ua(t) x (t)

x (t)h(z(t))

Sa

Sw

(a) (b)

h( )z

x

x

t1 t2

x

h(z)

Figure 4.5 (a) The class of interconnected systems Sa and Sw. System Sa, the
“contracting system,” has an attracting invariant set A in its state space, whereas
system Sw does not necessarily have an attracting set. It represents the “wandering"
dynamics. A typical example of such behavior is the dynamics of the flow in a
neighborhood of a saddle point in three-dimensional space (b).

written as:

‖x(t)‖A ≤ β(‖x(t0)‖A , t − t0)+ c‖h(z(t))‖∞,[t0,t],∫ t

t0

γ1(‖x(τ )‖A)dτ ≤ h(z(t0))− h(z(t)) ≤
∫ t

t0

γ0(‖x(τ )‖A)dτ .
(4.76)

A diagram illustrating the general structure of the entire system (4.76) is given in
Figure 4.5.

Equations (4.76) capture the relevant interplay between contracting, Sa, and
wandering, Sw, dynamics inherent to a variety of searching strategies in the realm
of optimization, (4.68), and interconnections (4.69) in general systems theory. In
addition, this kind of interconnection describes the behavior of systems that undergo
transcritical or saddle-node bifurcations.

Example 4.5.1 Consider for instance the following system:

ẋ1 = −x1 + x2,

ẋ2 = ε + γ x2
1 , γ > 0,

(4.77)

where the parameter ε varies from negative to positive values. At ε = 0 stable and
unstable equilibria collide, leading to the cascade satisfying equations (4.76). An
alternative bifurcation scenario could be represented by the system

ẋ1 = −x1 + x2,

ẋ2 = ε + γ x2
2 , γ > 0.

(4.78)
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In this case, however, the dynamics of the variable x2 is independent of x1, and
the analysis of the asymptotic behavior of (4.78) reduces to the analysis of each
equation separately. Thus systems like (4.78) are easier to deal with than (4.77).
This constitutes an additional motivation for the present approach.

When analyzing the asymptotic behavior of interconnection (4.76) we will
address the following set of questions. Is there a set (a weak trapping set in the
system’s state space) such that the trajectories which start in this set are bounded?
It is natural to expect that the existence of such a set depends on the specific func-
tions γ0(·) and γ1(·) in (4.76), on the properties of β(·, ·), and on the values of c. If
such a set exists and could be defined, the next questions are, therefore, where will
the trajectories converge and how can these domains be characterized?

We formulate conditions ensuring that there exists a point x0 ⊕ z0 such that the
ω-limit set of x0 ⊕ z0

12 is bounded in the following sense:

‖ωx(x0 ⊕ z0)‖A <∞, |h(ωz(x0 ⊕ z0))| <∞. (4.79)

These conditions and also a specification of the set �γ of points x′ ⊕ z′ for which
the ω-limit set satisfies property (4.79) are provided in Theorem 4.7.

In order to verify whether an attracting set exists in ω(�γ ) that is a subset of �γ ,
we use an additional characterization of the contracting system Sa. In particular, we
introduce the intuitively clear notion of the input-to-state steady-state character-
istics13 of a system. It is possible to show that, when system Sa has a steady-state
characteristic, there exists an attracting set in ω(�γ ) and this set is uniquely defined
by the zeros of the steady-state characteristics of Sa. A diagram illustrating the steps
of our analysis is provided in Figure 4.6, together with the sequence of conditions
leading to the emergence of the attracting set in (4.76).

4.5.1 Small-gain theorems for the analysis
of non-uniform convergence

Before we formulate the main results of this subsection, let us first comment briefly
on the machinery of our analysis. First of all, we introduce three sequences

S = {σi}∞i=0, σi ∈ R≥0,

N = {ξi}∞i=0, ξi ∈ R≥0,

T = {τi}∞i=0, τi ∈ R≥0.

12 Recall that in our current notation a point p ∈ R
m+n is an ω-limit point of x′ ⊕ z′ if there exists a sequence

{ti }, i = 1, 2, . . . such that limi→∞ ti = ∞ and limti→∞ x(ti , x′ ⊕ z′)⊕ z(ti , x′ ⊕ z′) = p, where x(t , x′ ⊕
z′)⊕ z(t , x′ ⊕ z′) denotes the flow of interconnection (4.76). A set of all ω-limit points of x′ ⊕ z′ is an ω-limit
set of x′ ⊕ z′.

13 A more precise definition of the steady-state characteristics is given in Section 4.5.2.
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Ω

(a) (b) (c)

Ω ΩΩγ Ωγ

Figure 4.6 The emergence of a weak (Milnor) attracting set �∞. In (a) the target
invariant set �∞ is depicted as a filled circle. First (Theorem 4.7), we investigate
whether a domain�γ ⊂ R

n×R
m exists such that ‖x(t)‖A andh(z(t)) are bounded

for all x0 ⊕ z0 ∈ �γ . In the text we refer to this set as a weak trapping region or
simply a trapping region. The trapping region is shown as a gray domain in (b)
In principle, the system’s states can eventually leave the domain �γ . They must,
however, satisfy (4.79), ensuring boundedness of ‖x(t)‖A and h(z(t)). As a result
they will dwell within the region shown as a circle in (b). Notice that neither this
domain nor the previous one need necessarily be neighborhoods of �∞. Second
(Lemmas 4.2 and 4.3, Corollary 4.2), we show in (c) the conditions which lead to
the emergence of a weak attracting set in the trapping region �γ .

The first sequence, S, partitions the interval [0,h(z0)], h(z0) > 0 into the union of
shrinking subintervals Hi :

[0,h(z0)] = ∪∞i=0 Hi , Hi = [σi+1h(z0), σih(z0)]. (4.80)

For the sake of transparency, let us define this property formally in the form of
Property 4.1.

Property 4.1 The sequence S is strictly monotone and converging,

{σn}∞n=0 : lim
n→∞ σn = 0, σ0 = 1. (4.81)

Sequences N and T will specify the desired rates ξi ∈ N of the contracting
dynamics (4.71) in terms of the function β(·, ·) and τi ∈ T . Let us, therefore,
impose the following constraint on the choice of N and T .

Property 4.2 SequencesN and T are such that for the given functionβ(·, ·) ∈ KL
in (4.71) the following inequality holds:

β(·, T ) ≤ ξiβ(·, 0), ∀ T ≥ τi . (4.82)

Property 4.2 states that, for the given, yet arbitrary, factor ξi and time instant t0,
the amount of time τi is sufficient for the state x to reach the domain:

‖x‖A ≤ ξiβ(‖x(t0)‖A , 0).

in the absence of ua.
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In order to specify the desired convergence rates ξi , it will be necessary to define
another measure in addition to (4.82). This is a measure of the propagation of initial
conditions x0 and input h(z0) to the state x(t) of the contracting dynamics (4.71)
when the system travels in h(z(t)) ∈ [0,h(z0)]. For this reason we introduce two
systems of functions, ? and ϒ :

? :
φj (s) = φj−1 ◦ ρφ,j (ξi−j · β(s, 0)), j = 1, . . . , i,
φ0(s) = β(s, 0),

(4.83)

ϒ :
υj (s) = φj−1 ◦ ρυ,j (s), j = 1, . . . , i,
υ0(s) = β(s, 0),

(4.84)

where the functions ρφ,j , ρυ,j ∈ K satisfy the following inequality:

φj−1(a + b) ≤ φj−1 ◦ ρφ,j (a)+ φj−1 ◦ ρυ,j (b). (4.85)

Notice that in the case β(·, 0) ∈ K∞ the functions ρφ,j (·) and ρυ,j (·) will always
exist (Jiang et al. 1994). The properties of the sequence N which ensure the desired
propagation rate of the influence of the initial condition x0 and input h(z0) to the
state x(t) are specified in Property 4.3.

Property 4.3 The sequences

σ−1
n · φn(‖x0‖A), σ−1

n ·
(

n∑
i=0

υi(c|h(z0)|σn−i)

)
, n = 0, . . . ,∞

are bounded from above, i.e. there exist functions B1(‖x0‖) and B2(|h(z0)|, c) such
that

σ−1
n · φn(‖x0‖A) ≤ B1(‖x0‖A), (4.86)

σ−1
n ·

(
n∑

i=0

υi(c|h(z0)|σn−i)

)
≤ B2(|h(z0)|, c) (4.87)

for all n = 0, 1, . . . ,∞.

For a large class of functions β(s, 0), for instance those that are Lipschitz in s,
these conditions are reduced to more transparent ones that can always be satisfied
by an appropriate choice of sequences N and S. This case is considered in detail as
a corollary of Theorem 4.7 in Section 4.5.3.

In order to prove the emergence of the trapping region, we consider the following
collection of volumes induced by the sequence Si and the corresponding partition
(4.80) of the interval [0,h(z0)]:

�i = {x ∈ X , z ∈ Z|h(z(t)) ∈ Hi}. (4.88)
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For the given initial conditions x0 ∈ X and z0 ∈ Z two alternative possibilities
exist. First, there exists an i such that the trajectory x(t , x0)⊕ z(t , z0) enters �i and
stays there forever. Hence, for t →∞ the state will converge into

�a = {x ∈ X , z ∈ Z| ‖x‖A ≤ c · h(z0), z : h(z) ∈ [0,h(z0)]}. (4.89)

The second alternative is that for each i = 0, 1, . . . the trajectory x(t , x0)⊕ z(t , z0)

enters �i and leaves some time later. Let ti be the time instants when it hits the
hypersurfaces h(z(t)) = h(z0)σi . Then the state of the coupled system stays in
∪∞i=0 �i only if the sequence {ti}∞i=0 diverges. Theorem 4.7 provides sufficient
conditions specifying the latter case in terms of the properties of sequences S, N,
and T and the function γ0(·) in (4.76). For a large class of interconnections (4.76)
it is possible to formulate these conditions in terms of the input–output properties
of systems Sa and Sw explicitly, i.e. in terms of functions β(·, ·) and γ0(·) and the
values of c. The results are presented as immediate corollaries of Theorem 4.7.

A diagram illustrating the main ideas of the proof is provided in Figure 4.7.

Theorem4.7 Let systems Sa and Sw be given and let them satisfy Assumptions 4.2
and 4.3. Consider interconnection (4.76) and suppose that there exist sequences
S, N, and T satisfying Properties 4.1–4.3. In addition, suppose that the following
conditions hold:

(1) There exists a positive number �0 > 0 such that

1

τi

σi − σi+1

γ0,1(σi)
≥ �0 ∀ i = 0, 1, . . . ,∞. (4.90)

(2) The set �γ of all points x0 and z0 satisfying the inequality

γ0,2(B1(‖x0‖A)+ B2(|h(z0)|, c)+ c|h(z0)|) ≤ h(z0)�0 (4.91)

is not empty.
(3) Partial sums of elements from T diverge:

∞∑
i=0

τi = ∞. (4.92)

Then for all x0, z0 ∈ �γ the state x(t , z0)⊕ z(t , z0) of system (4.76) converges into
the set specified by (4.89),

�a = {x ∈ X , z ∈ Z| ‖x‖A ≤ c · h(z0), z : h(z) ∈ [0,h(z0)]}.

The major difference between the conditions of Theorem 4.7 and those of conven-
tional small-gain theorems (Zames 1966; Jiang et al. 1994) is that the latter involve



4.5 Asymptotic properties of a class of unstable systems 121

Standard Proposed

1) Domain of attraction is a neighborhood 1) Domain of attraction is a set of posi-
tive measure (not necessarily a neighbor-
hood)

2) Implies Lyapunov stability 2) Allows one to analyze convergence in
Lyapunov-unstable systems

Given: a sequence of diverging time
instants ti

Given: a sequence of sets �i whose
distance �i to A is converging to zero

Prove: convergence of norms ‖x(ti) ⊕
z(ti)‖ = �i to zero

Prove: divergence of {ti}, where ti :
x(ti)⊕ z(ti) ∈ �i

Figure 4.7 Key differences between the conventional concept of convergence
(left panel) and the concept of weak, non-uniform, convergence (right panel).
In the uniform case, trajectories that start in a neighborhood of A remain in a
neighborhood ofA (solid and dashed lines). In the non-uniform case, only a fraction
of the initial conditions in a neighborhood of A will produce trajectories that remain
in a neighborhood of A (solid bold line). In the most general case a necessary
condition for this to happen is that the sequence {ti} diverges. In our current
problem statement divergence of {ti} implies boundedness of ‖x(t)‖A. To show
state boundedness and convergence of x(t) to A, additional information on the
system dynamics will be required.

only input–output or input–state mappings. Formulating conditions for state bound-
edness of the interconnection in terms of input–output or input–state mappings is
possible in the traditional case because the interconnected systems are assumed to
be input-to-state stable. Hence their internal dynamics can be neglected. In our case,
however, the dynamics of Sw is generally unstable in the Lyapunov sense. Hence, in
order to ensure boundedness of x(t , x0) and h(z(t , z0)), the rate/degree of stability
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of Sa should be taken into account. Roughly speaking, system Sa should ensure
a sufficiently high degree of contraction in x0 while the input–output response of
Sw should be sufficiently small. The rate of contraction in x0 of Sa, according
to (4.71), is specified in terms of the function β(·, ·). Properties of this function
that are relevant for convergence are explicitly accounted for in Property 4.3 and
(4.92). The domain of admissible initial conditions and actually the small-gain con-
dition (input–state–output properties of Sw and Sa) are defined by (4.90) and (4.91),
respectively. Notice also that �γ is not necessarily a neighborhood of �a, thus the
convergence ensured by Theorem 4.7 is allowed to be non-uniform in x0 and z0.

In addition, notice that the theorem remains valid if instead of interconnection
(4.76) the following is considered:

‖x(t)‖A ≤ β(‖x(t0)‖A , t − t0)+ c‖h(z(t))‖∞,[t0,t] + ‖ε(t)‖∞,[t0,t],∫ t

t0

γ1(‖x(τ )‖A)dτ ≤ h(z(t0))− h(z(t)) ≤
∫ t

t0

γ0(‖x(τ )‖A)dτ ,
(4.93)

where ε(t) is an asymptotically decaying perturbation that satisfies

|ε(t)| ≤ M · h(z0) · σi , t ≥
i∑

j=0

τi − τ0.

In this case condition (4.91) transforms into

γ0,2(B1(‖x0‖A)+ B2(|h(z0)|, c +M)+ (c +M)|h(z0)|) ≤ h(z0)�0. (4.94)

This enables one to apply Theorem 4.7 for systems of which the state is known up
to an asymptotically decaying error.

4.5.2 Estimates of Milnor attracting sets in the system’s state space

Even for interconnections of Lyapunov-stable systems, small-gain conditions usu-
ally are effective merely for establishing boundedness of states or outputs. Yet, even
in the setting of Theorem 4.7, it is still possible to derive estimates (such as, for
instance, (4.89)) of the domains to which the state will converge. These estimates,
however, are often too conservative. If a more precise characterization of these
domains is required, additional information on the dynamics of systems Sa and Sw

will be needed. The question, therefore, is how detailed should this information
be? It appears that some additional knowledge of the steady-state characteristics of
system Sa is sufficient to improve the estimates (4.89) substantially.

Let us formally introduce the notion of a steady-state characteristic as follows.
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Definition 4.5.1 We say that system (4.71) has steady-state characteristic χ :
R → S{R≥0} with respect to the norm ‖x‖A if and only if for each constant ūa the
following holds:

∀ ua(t) ∈ Ua : lim
t→∞ ua(t) = ūa ⇒ lim

t→∞‖x(t)‖A ∈ χ(ūa). (4.95)

The key property captured by Definition 4.5.1, is that there exists a limit of
‖x(t)‖A as t → ∞, provided that the limit for ua(t), t → ∞ is defined and
constant. Notice that the mapping χ is set-valued. This means that for each ūa

there is a set χ(ūa) ⊂ R≥0 such that ‖x(t)‖A converges to an element of χ(ūa) as
t → ∞. Therefore, our definition allows a fairly large amount of uncertainty for
Sa. It will be of essential importance, however, that such a characterization exists
for the system Sa.

Clearly, not every system obeys a steady-state characteristic χ(·) of Definition
4.5.1. There are relatively simple systems for which the state does not converge even
in the “norm” sense for constant converging inputs (condition (4.95)). In mechanics,
physics, and biology such systems encompass the large class of nonlinear oscil-
lators that can be excited by constant inputs. In order to take such systems into
consideration, we introduce a weaker notion, that of a steady-state characteristic
on average.

Definition 4.5.2 We say that system (4.71) has a steady-state characteristic on
average χT : R → S{R≥0} with respect to the norm ‖x‖A if and only if for each
constant ūa and some T > 0 the following holds:

∀ ua(t) ∈ Ua : lim
t→∞ ua(t) = ūa ⇒ lim

t→∞

∫ t+T

t

‖x(τ )‖A dτ ∈ χT (ūa). (4.96)

Steady-state characterization of system Sa allows further specification of the
asymptotic behavior of interconnection (4.76). These results are summarized in
Lemmas 4.2 and 4.3 below.

Lemma 4.2 Let system (4.76) be given and let h(z(t , z0)) be bounded for some
x0 and z0. Let, furthermore, system (4.71) have steady-state characteristic χ(·) :
R → S{R≥0}. Then the following limiting relations hold:14

lim
t→∞‖x(t , x0)‖A = 0, lim

t→∞h(z(t , z0)) ∈ χ−1(0). (4.97)

As follows from Lemma 4.2, in a case in which the steady-state characteristic of
Sa is defined, the asymptotic behavior of interconnection (4.76) is characterized by

14 The symbol χ−1(0) in (4.97) denotes the set χ−1(0) =⋃ūa∈R≥0
ūa : χ(ūa) ) 0.
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the zeros of the steady-state mapping χ(·). For the steady-state characteristics on
average a slightly modified conclusion can be derived.

Lemma 4.3 Let system (4.76) be given, let h(z(t , z0)) be bounded for some
x0, z0, h(z(t , z0)) ∈ [0,h(z0)], and let system (4.71) have steady-state charac-
teristic χT (·) : R → S{R≥0} on average. Furthermore, let there exist a positive
constant γ̄ such that the function γ1(·) in (4.73) satisfies the following constraint:

γ1(s) ≥ γ̄ · s, ∀s ∈ [0, s̄], s̄ ∈ R≥0 : s̄ > c · h(z0). (4.98)

In addition, suppose that χT (·) has no zeros in the positive domain, i.e. 0 /∈ χT (ūa)

for all ūa > 0. Then

lim
t→∞‖x(t , x0)‖A = 0, lim

t→∞h(z(t , z0)) = 0. (4.99)

An immediate outcome of Lemmas 4.2 and 4.3 is that when the conditions of
Theorem 4.7 are satisfied and system (4.71) has steady-state characteristic χ(·) or
χT (·) the domain of convergence �a becomes

�a = {x ∈ X , z ∈ Z| ‖x‖A = 0, z : h(z) ∈ [0,h(z0)]}. (4.100)

It is possible, however, to improve estimate (4.100) further under additional
hypotheses on the dynamics of systems Sa and Sw. This result is formulated in
the corollary below.

Corollary 4.2 Let system (4.76) be given and let it satisfy the assumptions of
Theorem 4.7. In addition,

(C1) let the flow x(t , x0) ⊕ z(t , z0) be generated by a system of autonomous
differential equations with locally Lipschitz right-hand side;

(C2) let subsystem Sw be practically integral-input-to-state stable:

‖z(τ )‖∞,[t0,t] ≤ Cz +
∫ t

0
γ1(uw(τ ))dτ , (4.101)

and let the function h(·) ∈ C0 in (4.73);
(C3) let system Sa have steady-state characteristic χ(·).
Then for all x0, z0 ∈ �γ the state of the interconnection converges to the set

�a = {x ∈ X , z ∈ Z| ‖x‖A = 0, h(z) ∈ χ−1(0)}. (4.102)

As follows from Corollary 4.2, the zeros of the steady-state characteristic of
system Sa actually “control” the domains to which the state of interconnection
(4.76) might potentially converge. This is illustrated in Figure 4.8. Notice also that
in this case condition (C3) in Corollary 4.2 is replaced with the following alternative:
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a a a

Figure 4.8 Control of the attracting set by means of the system’s steady-state
characteristics

(C3′) if system Sa has a steady-state characteristic on average χT (·), condition
(4.98) holds, and χT (·) has no zeros in the positive domain, then it is possible
to show that the state converges to

�a = {x ∈ X , z ∈ Z| ‖x‖A = 0, h(z) = 0}. (4.103)

The proof follows straightforwardly from the proof of Corollary 4.2 and is
therefore omitted.

4.5.3 Systems with separable dynamics in space-time

So far we have presented convergence tests and estimates of the trapping region, and
also characterized the attracting sets of interconnection (4.76) under the assump-
tions of uniform asymptotic stability of Sa and input–output properties (4.73)
and (4.101) of system Sw. The conditions are given for rather general functions
β(·, ·) ∈ KL in (4.71) and γ0(·) and γ1(·) in (4.73). It appears, however, that
these conditions can be substantially simplified if additional properties of β(·, ·)
and γ0(·) are available. This information is, in particular, the separability of the
function β(·, ·) or, equivalently, the possibility of factorization:

β(‖x‖A , t) ≤ βx(‖x‖A) · βt(t), (4.104)

where βx(·) ∈ K and βt(·) ∈ C0 is strictly decreasing15 with

lim
t→∞βt(t) = 0. (4.105)

In principle, as shown in Grune et al. (1999), the factorization (4.104) is achievable
for a large class of uniformly asymptotically stable systems under an appropriate

15 If βt (·) is not strictly monotone, it can always be majorized by a strictly decreasing function.
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coordinate transformation. An immediate consequence of the factorization (4.104)
is that the elements of sequence N in Property 4.2 are independent of ‖x(ti)‖A. As
a result, verification of Properties 4.2 and 4.3 becomes easier. The most interesting
case, however, occurs when the function βx(·) in the factorization (4.104) is Lips-
chitz. For this class of functions the conditions of Theorem 4.7 reduce to a single
and easily verifiable inequality. Let us consider this case in detail.

Without loss of generality, we assume that the state x(t) of system Sa satisfies
the following equation:

‖x(t)‖A ≤ ‖x(t0)‖A · βt(t − t0)+ c · ‖h(z(τ , z0))‖∞,[t0,t], (4.106)

where βt(0) is greater than or equal to unity. Given that βt(t) is strictly decreasing,
the mapping βt : [0,∞] %→ [0,βt(0)] is injective. Moreover, since βt(t) is contin-
uous, it is surjective and, therefore, bijective. In other words, there is a (continuous)
mapping β−1

t : [0,βt(0)] %→ R≥0:

β−1
t ◦ βt(t) = t , ∀ t > 0. (4.107)

Conditions for the emergence of the trapping region for interconnection (4.76) with
the dynamics of system Sa governed by (4.106) are summarized below.

Corollary 4.3 Let the interconnection (4.76) be given, let system Sa satisfy
(4.106), and let the function γ0(·) in (4.73) be Lipschitz:

|γ0(s)| ≤ Dγ ,0 · |s|. (4.108)

Furthermore, the domain

�γ : Dγ ,0 ≤
(
β−1
t

(
d

κ

))−1
κ − 1

κ

× h(z0)

βt (0)‖x0‖A + βt(0) · c · |h(z0)|(1+ κ/(1− d))+ c|h(z0)|
(4.109)

is not empty for some d < 1, κ > 1. Then for all initial conditions x0, z0 ∈ �γ

the state x(t , x0) ⊕ z(t , z0) of interconnection (4.76) converges into the set �a

specified by (4.89). If, in addition, conditions (C1)–(C3) of Corollary 4.2 hold, then
the domain of convergence is given by (4.100).

A practically important consequence of this corollary concerns systems Sa that
are exponentially stable:

‖x(t)‖A ≤ ‖x(t0)‖ADβ exp(−λ(t − t0))+ c · ‖h(z(t , z0))‖∞,[t0,t],
λ > 0, Dβ ≥ 1. (4.110)
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In this case the domain (4.109) of initial conditions ensuring convergence into �a

is defined as

Dγ ,0 ≤ max
κ>1, d∈(0,1)

−λ

(
ln

(
d

κ

))−1
κ − 1

κ

× h(z0)

Dβ‖x0‖A +Dβ · c · |h(z0)|(1+ κ/(1− d))+ c|h(z0)| .

We would also like to mention that statements of Theorem 4.7 and Corollaries
4.2–4.3 constitute additional theoretical tools for the analysis of the asymptotic
behavior of systems in cascaded form. In particular, they are complementary to the
results of Arcak et al. (2002), where asymptotic stability of systems of the type

ẋ = f(x),
ż = q(x, z), f : R

n → R
n, q : R

n × R
m → R

m

was considered under the assumption that the x-subsystem is globally asymptot-
ically stable and the z-subsystem is integral-input-to-state stable. In contrast to
this, our results apply to establishing asymptotic convergence for systems with the
structure

ẋ = f(x, z),

ż = q(x, z), f : R
n × R

m → R
n, q : R

n × R
m → R

m,

where the x-subsystem is input-to-state stable, and the z-subsystem could be prac-
tically integral-input-to-state stable (see Corollary 4.2), although in general no
stability assumptions are imposed on it.

Corollary 4.3 can be easily modified to tackle interconnections in which a stable
subsystem, Sa, is perturbed by a bounded additive disturbance. In particular, the
following result holds.

Corollary 4.4 Consider an interconnection of systems that is governed by the
following set of equations:

‖x(t)‖ ≤ βt(t − t0)(‖x(t0)‖ + ‖y(t0)‖)+ c‖h(z(t))‖∞,[t0,t] +�, � ∈ R≥0,

−
∫ t

t0

γ0(‖x(τ )‖ε)dτ ≤ h(z(t))− h(z(t0)) ≤ h(z(t0)), γ0 ∈ K, (4.111)

where βt : R → R is a strictly monotone function asymptotically decreasing to
zero, and γ0 satisfies (4.108). Then trajectories x(t) and h(z(t)) passing through
x(t0) = x0 and h(z(t0)) = h0 at t = t0 are bounded in forward time, provided that

Dγ ,0 ≤ κ − 1

κ

[
β−1
t

(
d

κ

)]−1
h0

βt(0)‖x(t0)‖ + ch0(1+ κβt (0)/(1− d))
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and

ε ≥
(
βt(0)

(
1− d

κ

)−1

+ 1

)
� (4.112)

for some of d ∈ (0, 1), κ ∈ (1,∞).

The conditions specifying state boundedness formulated in Theorem 4.7 and
Corollaries 4.2 and 4.3 depend explicitly on the initial conditions x(t0) and z(t0).
Such a dependence is inevitable when the convergence is allowed to be non-
uniform. But if the mere existence of a trapping region is asked for, the dependence
on initial conditions may be removed from the statements of the results. The next
corollary presents such modified conditions.

Corollary 4.5 Consider interconnection (4.76) where the system Sa satisfies
inequality (4.106) and the function γ0(·) obeys (4.108). Then there exists a set
�γ of initial conditions corresponding to the trajectories converging to �a if the
following condition is satisfied:

Dγ ,0 · c · G < 1, (4.113)

where

G = β−1
t

(
d

κ

)
k

k − 1

(
βt(0)

(
1+ κ

1− d

)
+ 1

)
for some d ∈ (0, 1), κ ∈ (1,∞). In particular, �γ contains the following domain:

‖x(t0)‖A ≤ h(z(t0))
βt (0)

[
1

Dγ ,0

(
β−1
t

(
d

κ

))−1
k − 1

k

− c

(
βt(0)

(
1+ κ

1− d

)
+ 1

)]
.

If the function h(z) in (4.76) is continuous, the volume of the set �γ is non-zero in
R

n ⊕ R
m.

Notice that when the dynamics of the contracting subsystem Sa is exponentially
stable, i.e. it satisfies inequality (4.110), the term G in condition (4.113) reduces to

G = 1

λ
· ln

(
κ

d

)
k

k − 1

(
Dβ

(
1+ κ

1− d

)
+ 1

)
. (4.114)

For Dβ = 1 the minimal value of G in (4.114) can be estimated as

G∗ = 1

λ
min

d∈(0,1), κ∈(1,∞)
ln

(
κ

d

)
k

k − 1

(
2+ κ

1− d

)
≈ 15.6886

λ
<

16

λ
, (4.115)
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which leads to an even simpler formulation of (4.114):

Dγ ,0 · c
λ
≤ 1

16
.

Corollary 4.5 provides an explicit and easy-to-check condition for the existence
of a trapping region in the state space of a class of Lyapunov-unstable systems. In
addition, it allows one to specify explicitly the points x(t0) and z(t0) which belong
to the emergent trapping region. Notice also that the existence condition, inequality
(4.113), has the flavor of conventional small-gain constraints. Yet, it is substantially
different from these classical results. This is because the input–output gain for the
wandering subsystem, Sw, need not be finite or need not even be defined.

To elucidate these differences as well as the similarities between conditions of
conventional small-gain theorems and those formulated in Corollary 4.5 we provide
an example.

Example 4.5.2 Consider the following systems:{
ẋ1 = −λ1x1 + c1x2,

ẋ2 = −λ2x2 − c2|x1|,
(4.116)

{
ẋ1 = −λ1x1 + c1x2,

ẋ2 = −c2|x1|.
(4.117)

System (4.116) can be viewed as an interconnection of two input-to-state stable
systems, x1 and x2, with input–output L∞-gains c1/λ1 and c2/λ2, respectively.
Therefore, in order to prove state boundedness of (4.116) we can, in principle,
invoke the conventional small-gain theorem. The small-gain condition in this case
is as follows:

c1

λ1
· c2

λ2
< 1.

The theorem, however, does not apply to system (4.117) because the input–output
gain of its second subsystem, x2, is infinite. Yet, by invoking Corollary 4.5, it is
still possible to show the existence of a weak attracting set in the state space of
system (4.117) and specify its basin of attraction. As follows from Corollary 4.5,
the condition

c1

λ1
· c2

λ1
<

1

16

ensures the existence of the trapping region, and the trapping region itself is given
by

|x1(t0)| ≤
[

1

c2
λ1

(
ln

(
κ

d

))−1
k − 1

k
− c1

λ1

(
2+ κ

1− d

)]
x2(t0).
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Results provided in this section play an important role in the development of
various adaptation laws and procedures which we present in the next chapters.
These include adaptive observers and identification algorithms for systems with
nonlinear parametrization and models of which the equations are not in adaptive-
observer canonical forms (Bastin and Gevers 1988). The latter algorithms and
procedures will form a basis for explaining adaptation mechanisms in fixed-
weight recurrent neural networks and adaptation algorithms for solving an invariant
template-matching problem.

Appendix to Chapter 4

A4.1 Proof of Theorem 4.1

Let us first prove statement (3) of the theorem. Consider S∗T (x0, t0) : R
n×R %→ Lx ,

where Lx is a linear normed space with a norm ‖ · ‖Lx , and let ‖ · ‖Rn stand for
the Euclidean norm. According to the standard ε − δ definition of continuity of
functions in metric spaces, continuity of S∗T (x0, t0) with respect to x0 is equivalent
to the following:

∀ ε > 0 ∃ δ(ε, t0) > 0 : ‖x′0 − x′′0‖Rn < δ(ε, t0)⇒
‖S∗T (x′0, t0)− S∗T (x′′0, t0)‖Lx < ε. (A4.1)

Taking into account that S∗T (x0, t0) = ST (x0 ⊕ t0) we can conclude that (A4.1) is
equivalent to

∀ ε > 0 ∃ δ(ε, t0) > 0 : ‖x′0 − x′′0‖Rn < δ(ε, t0)⇒
‖ST (x′0 ⊕ t0)− ST (x′′0 ⊕ t0)‖Lx < ε.

(A4.2)

On replacing ST (x′0⊕ t0) and ST (x′′0⊕ t0) in (A4.2) with x(t , x′0, t0) and x(t , x′′0, t0)
we obtain that

∀ ε > 0 ∃ δ(ε, t0) > 0 : ‖x′0 − x′′0‖Rn < δ(ε, t0)⇒
‖x(t , x′0, t0)− x(t , x′′0, t0)‖Lx < ε.

(A4.3)

Clearly (A4.3) is equivalent to the definition of stability of a solution x(t , x′0, t0) in
the sense of Lyapunov. Thus statement (3) is obvious.

Let us now prove statement (1). The set �∗ is forward-invariant, and hence one
can easily see that �s ⊆ �∗ (�s is defined in (4.15)). On the other hand, since
x0(t0, x0, t0) = x0, �∗ ⊆ �s , and hence �∗ = �s . Thus, according to (4.16),
continuity of S∗T (x0, t0) implies that

∀ ε > 0 ∃ δ(ε, t0) > 0 : ‖x0‖�∗ < δ(ε, t0)⇒
‖S∗T (x0, t0)‖�∗,[t0,∞] < ε.

(A4.4)
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Given that x(t , x0, t0) = S∗T (x0, t0) = ST (x0⊕ t0), we can conclude that inequality
(A4.4) is identical to that used in the definition of stability of a set in the sense of
Lyapunov.

Let us prove property (1.2). We start by showing sufficiency of existence of a
function γS,L∞(·) defined as in (4.14). According to (4.10) and (4.14) the following
holds:

‖x(t)‖∞,[t0,∞] ≤ γS,Lx (e, T )

= γS,Lx (x0 ⊕ t0, T ) = γS,L∞(‖x0‖�∗ , t0),
(A4.5)

where γS,L∞(‖x0‖�∗ , t0) is non-decreasing w.r.t. ‖x0‖�∗ , and γS,L∞(0, t0) = 0.
It is clear that for every t0 the function γS,L∞(‖x0‖�∗ , t0) can be majorized by a
continuous and strictly monotone function γs : R≥0 × R → R≥0 such that

lim
r→∞ γs(r , t0) = ∞.

Taking (A4.5) into account, we can conclude that

‖x(t)‖∞,[t0,∞] ≤ γs(‖x0‖�∗ , t0). (A4.6)

The function γs(r , t0) has an inverse γ−1
s (r , t0):

γs(γ
−1
s (r , t0), t0) = r ,

and the function γ−1
s (r , t0) is a strictly monotone and non-decreasing function w.r.t.

r . Thus the following inequalities hold:

γs(a, t0) ≤ γs(b, t0) ∀ a ≤ b, a, b ∈ R≥0;

γ−1
s (a, t0) ≤ γ−1

s (b, t0) ∀ a ≤ b, a, b ∈ R≥0.

Hence for all x0 ∈ V(�∗, δ), V(�∗, δ) = {x ∈ R
n| ‖x‖�∗ ≤ δ}, where δ =

γ−1
s (ε, t0), ε ∈ R≥0 the following holds:

‖x(t)‖∞,[t0,∞] ≤ γs(‖x0‖�∗ , t0) ≤ γs(γ
−1
s (ε, t0), t0) = ε. (A4.7)

Notice that, since the value of ε was arbitrary, inequality (A4.7) is true for all ε > 0,
provided that x0 is in a δ-neighborhood of �∗, δ = γ−1

s (ε, t0). Thus

∀ ε > 0 ∃ δ(ε, t0) = γ−1
s (ε, t0) : ‖x0‖�∗ < δ(ε, t0)⇒ ‖x(t)‖�∗ < ε,

which proves sufficiency.
Let’s prove the necessity part of property (1.2). Consider ε1 as a function of δ

and t0:
ε1(δ, t0) = sup

x0∈V(�∗,δ)
‖x(t , x0, t0)‖�∗,[t0,∞].
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It is clear that ε1(δ, t0) ≥ δ. Moreover, ε1(0, t0) = 0 because the set �∗ is invariant.
In addition

ε1(δ1, t0) ≥ ε1(δ2, t0), ∀ δ1, δ2 ∈ R≥0, δ1 ≥ δ2,

because V(�∗, δ1) ⊇ V(�∗, δ2). Thus the function ε1(δ, t0) is non-decreasing w.r.t.
δ. Finally, observe that the function ε1(δ, t0) is continuous w.r.t. δ at δ = 0. Setting

γS,L∞(‖x0‖�∗ , t0) = ε1(‖x0‖�∗ , t0)
completes the proof of necessity.

Statement (2.1) of the theorem can be proven along the same lines as in the proof
of (1.1) and (3). According to the definition (of local boundedness, (4.17)) we have
that

∀ ε > 0 ∃ δ(ε, x0, t0) : ‖x0‖�∗ < ε⇒
‖S∗T (x0, t0)‖�∗,[t0,∞] = ‖x(t , x0, t0)‖�∗,[t0,∞] < δ(ε, x0, t0).

Let us prove (2.2). Sufficiency follows immediately from the definition of the
input–state margin,

‖x(t)‖�∗,[t0,∞] ≤ γS,Lx (e,∞) = γS,L∞(‖x0‖�∗ , t0),
and the local boundedness of γS,L∞(‖x0‖�∗ , t0) w.r.t. ‖x0‖�∗ :

∀ ε > 0 ∃ δ(ε, t0) : ‖x0‖�∗ < ε⇒
‖x(t)‖�∗,[t0,∞] ≤ γS,L∞(‖x0‖�∗ , t0) < δ(ε, t0).

Let us show the necessity part. Stability in the sense of Lagrange implies that
‖x(t)‖�∗,[t0,∞] is defined. Consider

δ1(ε, t0) = sup
x0∈V(�∗,ε)

‖x(t , x0, t0)‖�∗,[t0,∞].

The function δ1(ε, t0) is non-negative and locally bounded w.r.t. t0 and ε. Moreover,
δ1(0, t0) = 0 because the set �∗ is invariant. Hence choosing

γS,L∞(‖x0‖�∗ , t0) = δ1(‖x0‖�∗ , t0)
completes the proof of (2.2) and the theorem. �

A4.2 Proof of Theorem 4.4

Consider parallel interconnection of S1 and S2 specified by (4.31) and (4.32).
Systems S1 and S2 are realizable. Thus for every pair (u, e1) ∈ Lu × E1 and
(u, e2) ∈ Lu × E2 there exist positive numbers T1(u, e1) and T2(u, e2) such that

‖S1(u, e1)‖∞,[t0,T1] <∞, ‖H1(u, e1)‖∞,[t0,T1] <∞;
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‖S2(u, e2)‖∞,[t0,T2] <∞, ‖H2(u, e2)‖∞,[t0,T2] <∞.

Let

T = min{T1, T2}. (A4.8)

Then, taking (4.32) into account we can produce the following estimate:

‖S(u, e1 ⊕ e2)‖∞,[t0,T ] = ‖S1(u, e1)‖∞,[t0,T ] + ‖S2(u, e2)‖∞,[t0,T ] <∞,

‖H(u, e1 ⊕ e2)‖∞,[t0,T ] = ‖H1(u, e1)‖∞,[t0,T ] + ‖H2(u, e2)‖∞,[t0,T ] <∞.
(A4.9)

This shows the realizability of the parallel interconnection. Given that the values of
T1 and T2 can be chosen arbitrarily large for complete systems S1 and S2, complete-
ness of parallel interconnections of complete systems now follows immediately
from (A4.9) and (A4.8).

Let us consider serial interconnection, (4.29) and (4.30), of S1 and S2. Systems
S1 and S2 are realizable. Thus for every e1 ∈ E1 and e2 ∈ E2 there exist positive
numbers T1(e1) > t0 and T2(e2) > t0 such that

‖S1(u1, e1)‖∞,[t0,T1] ≤ γS1,∞(e1, ‖u1(t)‖Lu1 ,[t0,T1], T1),

‖H1(u1, e1)‖∞,[t0,T1] ≤ γH1,∞(e1, ‖u1(t)‖Lu1 ,[t0,T1], T1),

‖S2(u2, e2)‖∞,[t0,T2] ≤ γS2,∞(e2, ‖u2(t)‖Lu2 ,[t0,T2], T2),

‖H2(u2, e2)‖∞,[t0,T2] ≤ γH2,∞(e2, ‖u2(t)‖Lu2 ,[t0,T2], T2).

(A4.10)

According to the assumptions of the theorem the following inequality holds:

‖H1(u1, e1)‖Lu2
≤ γH ,Ly1

(e1, ‖u1(t)‖Lu1
, T1).

Thus, on choosing the value of T according to (A4.8) and taking into account that
the functions γS2,∞ and γH2,∞ are monotone w.r.t. ‖u2(t)‖Lu2

, we can derive that

‖S2(H1(u1, e1),e2)‖∞,[t0,T ] ≤ γS2,∞(e2, γH ,Ly1
(e1, ‖u1(t)‖Lu1

, T ), T ),

‖H2(H1(u1, e1),e2)‖∞,[t0,T ] ≤ γH2,∞(e2, γH ,Ly1
(e1, ‖u1(t)‖Lu1

, T ), T ). (A4.11)

Finally, we notice that (4.29), (4.30), and (A4.10) imply

‖x(t)‖∞,[t0,T ] = ‖x1(t)⊕ x2(t)‖∞,[t0,T ]
= ‖S1(u1, e1)⊕ S2(H1(u1, e1), e2)‖∞,[t0,T ]
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≤ ‖S1(u1, e1)‖∞,[t0,T ] + ‖S2(H1(u1, e1), e2)‖∞,[t0,T ]
≤ γS1,∞(e1, ‖u1(t)‖Lu1 ,[t0,T ], T )

+ γS2,∞(e2, γH ,Ly1
(e1, ‖u1(t)‖Lu1

, T ), T ),

‖y(t)‖∞,[t0,T ] = ‖y2(t)‖∞,[t0,T ] = ‖H2(H1(u1, e1), e2)‖∞,[t0,T ]
≤ γH2,∞(e2, γH ,Ly1

(e1, ‖u1(t)‖Lu1
, T ), T ). (A4.12)

Inequality (A4.12), in turn, assures that serial interconnection (4.29) and (4.30) is
realizable (complete). Moreover, (A4.8) guarantees that (4.38) holds. �

A4.3 Proof of Theorem 4.5

Consider serial interconnection, (4.30), of systems S1 and S2, provided that the
class of inputs U1 for system S1 is restricted to (4.49). System S1 in this case
can be redefined as a system S̃1 mapping signals from Lδ[t0, T1] × E1 (where
Lδ[t0, T1] ⊆ Lu[t0, T ]) into Lx1[t0, T1] and Ly1[t0, T1]:

S̃1,T = S1,T (u∗(e1, t)+ δ(t), e1),

H̃1,T = H1,T (u∗(e1, t)+ δ(t), e1).
(A4.13)

According to Theorem 4.4, serial interconnection of two systems S̃1 and S2 is
realizable (complete) if (1) they are realizable (complete) and admit input–state and
input–output mappings w.r.t. the norms ‖·‖Lδ ,[t0,T1] and ‖·(t)‖Ly1 ,[t0,T2] respectively,

and (2) system S̃1 admits the following input–output margin:

‖y1(t)‖Ly1 ,[t0,T1] ≤ γ
H̃1,Lδ

(e1, ‖δ(t)‖Lδ ,[t0,T1], T1). (A4.14)

According to assumption (2) of Theorem 4.5, system S2 is realizable (complete)
and admits input–state and input–output mappings w.r.t. ‖ · ‖Ly1 ,[t0,T2]. Let us show

that S̃1 is realizable (complete) too. Condition (1) of the theorem implies the exis-
tence of a majorizing mapping ψ(x(t), eψ) for S1. In addition, the following holds
for all u(t) in (4.49) (see (4.46), Assumption 4.1):

‖ψ(t)‖Lψ ,[t0,T1] ≤ γP ,Lψ (e, eψ , ‖δ(t)‖Lδ ,[t0,T1], T1).

In accordance with (4.40), (4.41) (Definition 4.3.4), and (4.46), we obtain that

‖x1(t)‖∞,[t0,T1] ≤ µS1,∞(e1, γP ,Lψ (e1, eψ , ‖δ(t)‖Lδ ,[t0,T1], T1)), (A4.15)

‖y1(t)‖∞,[t0,T1] ≤ µH1,∞(e1, γP ,Lψ (e1, eψ , ‖δ(t)‖Lδ ,[t0,T1], T1)). (A4.16)
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Inequalities (A4.15) and (A4.16) imply that system S̃1, defined by (A4.13), is com-
plete. Notice that (4.47) in Assumption 4.1 implies that (A4.14) holds. Hence serial
interconnection of S̃1 and S2 is realizable (complete).

Let us show that feedback interconnection of these systems is also realizable
(complete). In order to do so, pick T = min{T1, T2}.16 Notice that the conditions
of the theorem (inequality (4.48)) ensure that the following estimate holds:

‖y2(t)‖Lδ ,[t0,T ] ≤ γ ∗H2,Lδ
(e2, T ).

Hence, on taking (A4.15) and (A4.16) into account and denotingυ(t) = y2(t)+δ(t),
we obtain

‖x1(t)‖∞,[t0,T ] ≤ µS1,∞(e1, γP ,Lψ (e1, eψ , ‖υ(t)‖Lδ ,[t0,T ], T ))

≤ µS1,∞(e1, γP ,Lψ (e1, eψ , ‖δ(t)‖Lδ ,[t0,T ] + γ ∗H2,Lδ
(e2, T ), T )),

(A4.17)

‖y1(t)‖∞,[t0,T ] ≤ µH1,∞(e1, γP ,Lψ (e1, eψ , ‖υ(t)‖Lδ ,[t0,T ], T ))

≤ µH1,∞(e1, γP ,Lψ (e1, eψ , ‖δ(t)‖Lδ ,[t0,T ] + γ ∗H2,Lδ
(e2, T ), T )).

(A4.18)

Using (A4.14) and invoking similar arguments, the norm ‖y1(t)‖Ly1 ,[t0,T ] can be
estimated as follows:

‖y1(t)‖Ly1 ,[t0,T ] ≤ γ
H̃1,∞(e1, ‖υ(t)‖Lδ ,[t0,T ], T )

≤ γ
H̃1,∞(e1, ‖δ(t)‖Lδ ,[t0,T ] + γ ∗H2,Lδ

(e2, T ), T ).

Therefore, realizability (completeness) of S2 implies that

‖x2(t)‖∞,[t0,T ] ≤ γS2,∞(e2, ‖y1(t)‖Ly1 ,[t0,T ], T )

≤ γS2,∞(e2, γ
H̃1,∞(e1, ‖δ(t)‖Lδ ,[t0,T ] + γ ∗H2,Lδ

(e2, T ), T ), T ),

(A4.19)

‖y2(t)‖∞,[t0,T ] ≤ γH2,∞(e2, ‖y1(t)‖Ly1 ,[t0,T ], T )

≤ γH2,∞(e2, γ
H̃1,∞(e1, ‖δ(t)‖Lδ ,[t0,T ] + γ ∗H2,Lδ

(e2, T ), T ), T ).

(A4.20)

16 T = T2 since system S̃1 is complete.
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Inequalities (A4.17)–(A4.20), in turn, guarantee that

‖x(t)‖∞,[t0,T ] ≤ µS1,∞(e1, γP ,Lψ (e1, eψ , ‖δ(t)‖Lδ ,[t0,T ] + γ ∗H2,Lδ
(e2, T ), T ))

+ γS2,∞(e2, γ
H̃1,∞(e1, ‖δ(t)‖Lδ ,[t0,T ] + γ ∗H2,Lδ

(e2, T ), T ), T ),

(A4.21)

‖y(t)‖∞,[t0,T ] ≤ µH1,∞(e1, γP ,Lψ (e1, eψ , ‖δ(t)‖Lδ ,[t0,T ] + γ ∗H2,Lδ
(e2, T ), T ))

+ γH2,∞(e2, γ
H̃1,∞(e1, ‖δ(t)‖Lδ ,[t0,T ] + γ ∗H2,Lδ

(e2, T ), T ), T ).

(A4.22)

Equations (A4.21) and (A4.22), clearly, assure the realizability of the interconnec-
tion. Furthermore, if system S2 is complete then the interconnection S is complete
as well. Inequalities (A4.17) and (A4.18) automatically imply that (4.50) holds. �

A4.4 Proof of Theorem 4.6

Notice that system Sc is serial interconnection of So and Sa (Definition 4.3.1).
According to Theorem 4.4, realizability (completeness) of Sa and So (condition
(2)) automatically implies that Sc is realizable (complete). Thus realizability (com-
pleteness) of the overall system is guaranteed if feedback interconnection of Sc and
Sp is realizable (complete).

According to (4.63) and condition (1) of the theorem, feedback interconnection
of Sp and Sc can be represented as feedback interconnection of systems S∗p and S̃c,
where

S̃c,T (yp ⊕ u∗, eo ⊕ ea) = Sa,T (yp, Ho,T (yp, eo), ea)⊕ So(yp, eo),

H̃c,T (yp ⊕ u∗, eo ⊕ ea) = ua(Ha(yp, Ho(yp, eo), ea), Ho(yp, eo), t)

− u∗(t).
(A4.23)

Condition (3) of the theorem implies that the mapping H̃c,T in (A4.23) is bounded:

‖H̃c,T (yp ⊕ u∗, eo ⊕ ea)‖Lδ ,[t0,T ] ≤ �Jx +�Je .

Therefore in accordance with Theorem 4.5 feedback interconnection of systems
S∗p and S̃c is realizable (complete). Hence interconnection of Sp and Sc is also
realizable (complete). Estimates (4.65) now follow from (4.50). �

A4.5 Proof of Theorem 4.7

Let the conditions of the theorem be satisfied for given t0 ∈ R≥0 : x(t0) = x0,
z(t0) = z0. Notice that in this case h(z0) ≥ 0, otherwise requirement (4.91) will be
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violated. Consider the sequence (4.88) of volumes �i induced by S:

�i = {x ∈ X , z ∈ Z|h(z(t)) ∈ Hi}.
To prove the theorem we show that 0 ≤ h(z(t)) ≤ h(z0) for all t ≥ t0. For the
given partition (4.88) we consider two alternatives.

First, in the degenerative case, the state x(t)⊕ z(t) enters some �j , j ≥ 0 and
stays there afterward, which automatically guarantees that 0 ≤ |h(z)| ≤ h(z0).
Then, according to (4.71), the trajectory x(t) satisfies the following inequality:

‖x(t)‖A ≤ β(‖x0‖A , t − t0)+ c‖h(z(t))‖∞,[t0,t]
≤ β(‖x0‖A , t − t0)+ c|h(z0)|.

(A4.24)

Taking into account that β(·, ·) ∈ KL we can conclude that (A4.24) implies that

lim sup
t→∞

‖x(t)‖A ≤ c|h(z0)|. (A4.25)

Therefore the statements of the theorem hold.
Let us consider the second alternative, where the state x(t) ⊕ z(t) enters each

�j and leaves later. Given that h(z(t)) is monotone and non-increasing in t , this
implies that there exists an ordered sequence of time instants tj :

t0 < t1 < t2 · · · tj < tj+1 · · · (A4.26)

such that
h(z(ti)) = σih(z0). (A4.27)

Hence, in order to prove the theorem we must show that the sequence {ti}∞i=0 does
not converge. In other words, the boundary σ∞h(z0) = 0 will not be reached in
finite time.

In order to do this, let us estimate the upper bounds for the following differences:

Ti = ti+1 − ti .

Taking into account inequality (4.73) and the fact that γ0(·) ∈ Ke, we can derive
that

h(z(ti))− h(z(ti+1)) ≤ Ti max
τ∈[ti ,ti+1]

γ0(‖x(τ )‖A)

≤ Tiγ0(‖x(τ )‖A∞,[ti ,ti+1]). (A4.28)

According to the definition of ti in (A4.27) and noticing that the sequence S is
strictly decreasing, we have

h(z(ti))− h(z(ti+1)) = (σi − σi+1)h(z0) > 0.
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Hence h(z0) > 0 implies that γ0(‖x(τ )‖A∞,[ti ,ti+1]) > 0 and, therefore, (A4.28)
results in the following estimate of Ti :

Ti ≥ h(z(ti))− h(z(ti+1))

γ0(‖x(τ )‖A∞,[ti ,ti+1])
= h(z0)(σi − σi+1)

γ0(‖x(τ )‖A∞,[ti ,ti+1])
. (A4.29)

Taking into account that h(z(t)) is non-increasing over [ti , ti+1] and using (4.71),
we can bound the norm ‖x(τ )‖A∞,[ti ,ti+1] as follows:

‖x(τ )‖A∞,[ti ,ti+1] ≤ β(‖x(ti)‖A , 0)+ c‖h(z(τ ))‖∞,[ti ,ti+1]
≤ β(‖x(ti)‖A , 0)+ c · σih(z0). (A4.30)

Hence, on combining (A4.29) and (A4.30) we obtain that

Ti ≥ h(z0)(σi − σi+1)

γ0(σi(σ
−1
i β(‖x(ti)‖A , 0)+ c · h(z0)))

.

Then, using property (4.75) of function γ0, we can derive that

Ti ≥ h(z0)(σi − σi+1)

γ0,1(σi)

1

γ0,2(σ
−1
i β(‖x(ti)‖A , 0)+ c · h(z0))

. (A4.31)

Taking into account condition (4.92) of the theorem, the theorem will be proven if
we assure that

Ti ≥ τi (A4.32)

for all i = 0, 1, 2, . . . ,∞. We prove this claim by induction with respect to the
index i = 0, 1, . . . ,∞. We start with i = 0, and then show that for all i > 0 the
implication

Ti ≥ τi ⇒ Ti+1 ≥ τi+1 (A4.33)

holds. Let us prove that (A4.32) holds for i = 0. To this end, consider the term

(σi − σi+1)/γ0,1(σi).

As follows immediately from the conditions of the theorem, (4.90), we have that

σi − σi+1

γ0,1(σi)
≥ τi�0 ∀ i ≥ 0. (A4.34)

In particular
σ0 − σ1

γ0,1(σ0)
≥ τ0�0.

Therefore, inequality (A4.31) reduces to

T0 ≥ τ0�0
h(z0)

γ0,2(σ
−1
0 β(‖x(t0)‖A , 0)+ c · h(z0))

. (A4.35)
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Moreover, taking into account Property 4.3 and (4.83) and (4.84), we can derive
the following estimate:

σ−1
0 β(‖x(t0)‖A , 0) ≤ σ−1

0 φ0(‖x(t0)‖A)+ σ−1
0 υ0(c · |h(z0)|σ0)

≤ B1(‖x0‖A)+ B2(|h(z0)|, c).

According to the theorem conditions x0 and z0 satisfy inequality (4.91). This in turn
implies that

γ0,2(σ
−1
0 β(‖x(t0)‖A , 0)+ c · h(z0))

≤ γ0,2(B1(‖x0‖A)+ B2(|h(z0)|, c)+ c · h(z0)) ≤ �0 · h(z0). (A4.36)

On combining (A4.35) and (A4.36) we obtain the desired inequality

T0 ≥ τ0�0
h(z0)

γ0,2(σ
−1
0 β(‖x(t0)‖A , 0)+ c · h(z0))

≥ τ0
�0h(z0)

�0h(z0)
= τ0.

Thus the basis of induction is proven.
Let us assume that (A4.32) holds for all i = 0, . . . , n, n ≥ 0. We shall prove now

that implication (A4.33) holds for i = n+ 1. Consider the term β(‖x(tn+1)‖A , 0):

β(‖x(tn+1)‖A , 0) ≤ β(β(‖x(tn)‖A , Tn)+ c‖h(z(τ ))‖∞,[tn,tn+1], 0)

≤ β(β(‖x(tn)‖A , Tn)+ c · σn · h(z0), 0).

Taking into account Property 4.2 (specifically, inequality (4.82)) and (4.83)–(4.85),
we can derive that

β(‖x(tn+1)‖A , 0) ≤ β(ξn · β(‖x(tn)‖A , 0)+ c · σn · h(z0), 0)

≤ φ1(‖x(tn)‖A)+ υ1(c · |h(z0)| · σn). (A4.37)

Notice that, according to the inductive hypothesis (Ti ≥ τi), the following holds:

‖x(ti+1)‖A ≤ β(‖x(ti)‖A , Ti)+ c · σi · h(z0)

≤ ξiβ(‖x(ti)‖A , 0)+ c · σi · h(z0)
(A4.38)
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for all i = 0, . . . , n. Then (A4.37), (A4.38), and (4.83)–(4.85) imply that

β(‖x(tn+1)‖A , 0) ≤ φ1(ξiβ(‖x(tn−1)‖A , 0)+ c · σn−1 · h(z0))

+ υ1(c · |h(z)0| · σn)
≤ φ2(‖x(tn−1)‖A)+ υ2(c · |h(z0)| · σn−1)

+ υ1(c · |h(z0)| · σn)

≤ φn+1(‖x0‖A)+
n+1∑
i=1

υi(c · |h(z0)|σn+1−i)

≤ φn+1(‖x0‖A)+
n+1∑
i=0

υi(c · |h(z0)|σn+1−i). (A4.39)

According to Property 4.3, the term

σ−1
n+1

(
φn+1(‖x0‖A)+

n+1∑
i=0

υi(c · |h(z0)|σn+1−i)

)

is bounded from above by the sum

B1(‖x0‖A)+ B2(|h(z0)|, c).

Therefore, the monotonicity of γ0,2, estimate (A4.39), and inequality (4.91) lead to
the following inequality:

γ0,2(σ
−1
n+1β(‖x(tn+1)‖A , 0)+ c · h(z0)) ≤ γ0,2(B1(‖x0‖A)+ B2(|h(z0)|, c)

+ c · h(z0))

≤ h(z0)�0.

Hence, according to (A4.31) and (A4.34) we have

Tn+1 ≥ σn+1 − σn+2

γ0,1(σn+1)

h(z0)

γ0,2(σ
−1
n+1β(‖x(tn+1)‖A , 0)+ c · h(z0))

≥ τn+1
�0h(z0)

�0h(z0)
= τn+1.

Thus implication (A4.33) is proven. This implies that h(z(t)) ∈ [0,h(z0)] for all
t ≥ t0 and, consequently, that (A4.25) holds. �
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A4.6 Proof of Lemma 4.2

As follows from the assumptions, h(z(t , z0)) is bounded. Assume it belongs to the
interval [a,h(z0)], a ≤ h(z0). Taking into account that h(z(t , z0)) is bounded
and monotone in t (every subsequence of it is again monotone) and applying
the Bolzano–Weierstrass theorem, we can conclude that h(z(t , z0)) converges in
[a,h(z0)]. In particular, there exists h̄ ∈ [a,h(z0)] such that

lim
t→∞h(z(t , z0)) = h̄. (A4.40)

Therefore, as follows from (4.73), we can conclude that

0 ≤ lim
t→∞

∫ t

t0

γ1(‖x(τ , x0)‖A)dτ ≤ lim
t→∞(h(z0)− h(z(t , z0)))

= h(z0)− h̄ ≤ h(z0)− a <∞.

(A4.41)

According to the lemma assumptions, system Sa has steady-state characteristics.
This means that there exists a constant x̄ ∈ R≥0 such that

lim
t→∞‖x(t , x0)‖A = x̄. (A4.42)

Suppose that x̄ > 0. Then it follows from (A4.42) that there exists a time instant
t1, t0 ≤ t1 <∞, and some constant 0 < δ < x̄ such that

‖x(t)‖A ≥ δ ∀ t ≥ t1.

Hence, using (A4.41) and noticing that γ1 ∈ Ke, we obtain

∞ > h(z0)− h̄ ≥ lim
t→∞

∫ t

t0

γ1(‖x(τ , x0)‖A)dτ ≥ lim
t→∞

∫ t

t1

γ1(δ)dτ = ∞.

Thus we have obtained a contradiction. Hence, x̄ = 0 and, consequently,

lim
t→∞‖x(t)‖A = 0.

Then, according to the notion of a steady-state characteristic in Definition 4.5.1,
this is possible only if h̄ ∈ χ−1(0). �

A4.7 Proof of Lemma 4.3

Analogously to the proof of Lemma 4.2, we notice that (A4.41) holds.This, however,
implies that for any constant and positive T the limit

lim
t→∞

∫ t+T

t

γ1(‖x(τ )‖A)dτ
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exists and equals zero. Furthermore, h(z(t , z0)) ∈ [0,h(z0)] for all t ≥ t0. Hence,
there exists a time instant t ′ such that

‖x(t)‖A ≤ c · h(z0)+ ε, ∀ t ≥ t ′,

where ε > 0 is arbitrarily small. Then, taking into account (4.98) we can conclude
that

lim
t→∞

∫ t+T

t

γ1(‖x(τ )‖A)dτ ≥ γ̄

∫ t+T

t

‖x(τ )‖A dτ = 0. (A4.43)

Given that (A4.40) holds, that system (4.71) has the steady-state characteris-
tic on average and that χT (·) has no zeros in the positive domain, the limiting
relation (A4.43) is possible only if h̄ = 0. Then, according to (4.71), limt→∞
‖x(t)‖A = 0. �

A4.8 Proof of Corollary 4.2

As follows from Theorem 4.7, the state x(t , x0) ⊕ z(t , z0) converges to the set
�a specified by (4.89). Hence h(z(t , z0)) is bounded. Then, according to (4.73),
estimate (A4.41) holds. This, in combination with condition (4.101), implies that
z(t , z0) is bounded. In other words

x(t , x0)⊕ z(t , z0) ∈ �′ ∀ t ≥ t0,

where �′ is a bounded subset in R
n × R

m. By applying the Bolzano–Weierstrass
theorem we can conclude that for every point x0 ⊕ z0 ∈ �γ there is an ω-limit set
ω(x0 ⊕ z0) ⊆ �′ (non-empty).

As follows from (C3) and Lemma 4.2, the following holds:

lim
t→∞h(z(t , z0)) ∈ χ−1(0).

Therefore, given that h(·) ∈ C0, we can obtain that

lim
ti→∞

h(z(ti , z0)) = h

(
lim

ti→∞
z(ti , z0)

)
= h(ωz(x0 ⊕ z0)) ∈ χ−1(0).

In other words,

ωz(x0 ⊕ z0) ⊆ �h = {x ∈ R
n, z ∈ R

m|h(z) ∈ χ−1(0)}.
Moreover,

ωx(x0 ⊕ z0) ⊆ �a = {x ∈ R
n, z ∈ R

m| ‖x‖A = 0}.
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According to assumption (C1), the flow x(t , x0)⊕ z(t , z0) is generated by a system
of autonomous differential equations with locally Lipschitz right-hand sides. Then,
as follows from Khalil (2002) (Lemma 4.1, page 127),

lim
t→∞ dist(x(t , x0)⊕ z(t , z0),ω(x0 ⊕ z0)) = 0.

Noticing that

dist(x(t , x0)⊕ z(t , z0),ω(x0 ⊕ z0)) ≥ dist(x(t , x0),�a)+ dist(z(t , z0),�h)

we can finally obtain that

lim
t→∞ dist(x(t , x0),�a) = 0, lim

t→∞ dist(z(t , z0),�h) = 0.

�

A4.9 Proof of Corollary 4.3

As follows from Theorem 4.7, the corollary will be proven if Properties 4.1–4.3 are
satisfied and also (4.90)–(4.92) hold. In order to satisfy Property 4.1, we select the
following sequence S:

S = {σi}∞i=0, σi = 1

κi
, κ ∈ R≥0, κ > 1. (A4.44)

Let us choose sequences T and N as follows:

T = {τi}∞i=0, τi = τ ∗, (A4.45)

N = {ξi}∞i=0, ξi = ξ∗, (A4.46)

where τ ∗ and ξ∗ are positive constants that have yet to be defined. Notice that
choosing T as in (A4.45) automatically fulfills condition (4.92) of Theorem 4.7. On
the other hand, taking into account (4.82) and (4.106) and thatβt(t) is monotonically
decreasing in t , this choice defines a constant ξ∗ as follows:

βt(τ
∗) ≤ ξ∗βt(0) < βt(0), 0 ≤ ξ∗ < 1. (A4.47)

Given that the inverse β−1
t exists, (4.107), this choice is always possible. In

particular, (A4.47) will be satisfied for the following values of τ ∗:

τ ∗ ≥ β−1
t

(
ξ∗βt(0)

)
. (A4.48)

Let us now find the values for τ ∗ and ξ∗ such that Property 4.3 is also satisfied.
To this end, consider systems of functions ? and ϒ specified by (4.83) and (4.84).
Notice that the function β(s, 0) in (4.83) and (4.84) is linear for system (4.106),

β(s, 0) = s · βt(0),
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and therefore the functions ρφ,j (·) and ρυ,j (·) are identity maps. Hence, ? and ϒ

reduce to the following:

? :
φj (s) = φj−1 · ξ∗ · β(s, 0) = ξ∗ · βt(0) · φj−1(s),
φ0(s) = βt(0) · s, j = 1, . . . , i

(A4.49)

ϒ :
υj (s) = φj−1(s),
υ0(s) = βt(0) · s, j = 1, . . . , i.

(A4.50)

Taking into account (A4.44), (A4.49), and (A4.50), let us explicitly formulate
requirements (4.86) and (4.87) in Property 4.3. These conditions are equivalent
to the boundedness of the following functions:

‖x(t0)‖A · βt(0) · κn(ξ∗ · βt(0))
n, (A4.51)

κn

(
βt(0)

c|h(z0)|
κn

+ βt(0)c|h(z0)|
κn−1

+ βt(0)
n∑

i=2

c|h(z0)| 1

kn−i
(ξ∗ · βt(0))

i−1

)

= βt(0)c|h(z0)| + βt(0)c|h(z0)|κ
(

1+
n∑

i=2

κi−1(ξ∗ · βt(0))
i−1

)
. (A4.52)

Boundedness of the functionsB1(‖x0‖A) andB2(|h(z0)|, c) is ensured if ξ∗ satisfies
the inequality

ξ∗ ≤ d

κ · βt(0)
(A4.53)

for some 0 ≤ d < 1. Notice that κ > 1 and βt(0) ≥ 1 imply that ξ∗ ≤ 1 and
therefore constant τ ∗ satisfying (A4.48) will always be defined. Hence, accord-
ing to (A4.51) and (A4.52), the functions B1(‖x0‖A) and B2(|h(z0)|, c) satisfying
Property 4.3 can be chosen as

B1(‖x0‖A) = βt(0) ‖x0‖A ,

B2(|h(z0)|, c) = βt(0) · c · |h(z0)|
(

1+ κ

1− d

)
.

(A4.54)

In order to apply Theorem 4.7 we have to check the remaining conditions (4.90)
and (4.91). This requires the possibility of factorization (4.75) for the function γ0(·).
According to assumption (4.108) of the corollary the function γ0(·) is Lipschitz:

|γ0(s)| ≤ Dγ ,0 · |s|.
This allows us to choose the functions γ0,1(·) and γ0,2(·) as follows:

γ0,1(s) = s, γ0,2(s) = Dγ ,0 · s. (A4.55)
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Condition (4.90), therefore, is equivalent to solvability of the following inequality:

(
1

κi
− 1

κi+1

)
κi

τ ∗
≥ �0. (A4.56)

Taking into account inequalities (A4.48) and (A4.53), we can derive that solvability
of

�0 =
(
β−1
t

(
d

κ

))−1
κ − 1

κ
(A4.57)

implies the existence of �0 > 0 satisfying (A4.56) and, consequently, condition
(4.90) of Theorem 4.7. Given that d < 1, κ > 1, and βt(0) ≥ 1, a positive solution
to (A4.57) is always defined. Hence, the proof will be complete and the claim is
non-vacuous if the domain

Dγ ,0 ≤
(
β−1
t

(
d

κ

))−1
κ − 1

κ

× h(z0)

βt (0)‖x0‖A + βt(0) · c · |h(z0)|(1+ κ/(1− d))+ c|h(z0)| (A4.58)

is not empty. �

A4.10 Proof of Corollary 4.4

Similarly to the proof of Theorem 4.7, we introduce a strictly decreasing sequence

{σi}, i = 0, 1, . . . ,

such that σ0 = 1, and σi asymptotically converge to zero. Let

{ti}, i = 1, . . .

be an ordered sequence of time instants such that17

h(ti) = σih(t0).

We wish to show that the amount of time needed to reach the set specified by
‖x(t)‖ = 0 from the given initial condition is infinite.

17 When this equality does not hold, nothing remains to be proven; for ‖h(t)‖will always be separated away from
zero for all t ≥ t0.
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Consider time differences Ti = ti − ti−1. It is clear that

Ti‖x(τ )‖ε∞,[ti−1,ti ] ≥
h0(σi−1 − σi)

Dγ ,0
,

Ti ≥




h0(σi−1 − σi)

Dγ ,0

1

‖x(τ )‖∞,[ti−1,ti ] − ε
,

‖x(τ )‖∞,[ti−1,ti ] − ε > 0,
∞, ‖x(τ )‖∞,[ti−1,ti ] − ε ≤ 0.

(A4.59)

Consider the case when ‖x(τ )‖∞,[ti−1,ti ]−ε > 0 for all i, and introduce the sequence
{τi}, τi = τ ∗, τ ∗ ∈ R>0, i = 1, . . . The sequence {τi = τ ∗} gives rise to the series
with divergent partial sums

∑
i τi =

∑
i τ
∗. Hence proving that

Ti ≥ τ ∗ ⇒ Ti+1 ≥ τ ∗ ∀ i

will constitute the proof that x(t) and h(t) are bounded for all t ≥ t0. Let Tj ≥ τ ∗
for all 1 ≤ j ≤ i − 1 and consider

‖x(τ )‖∞,[ti−1,ti ] ≤ βt(0) ‖x(ti−1)‖ + ch0σi−1 +�

≤ βt(0)[βt(Ti−1) ‖x(ti−2)‖ + ch0σi−2] + ch0σi−1 + βt(0)�+�

≤ βt(0)β
2
t (τ

∗) ‖x(ti−3)‖ + P2,

where

P2 = βt(0)
[
βt(τ

∗)cσi−3 + cσi−2
]
h0 + cσi−1h0

+ βt(0)
[
βt(τ

∗)�+�
]+�.

Repeating this iteration with respect to i leads to

‖x(τ )‖∞,[ti−1,ti ] ≤ βt(0)β
3
t (τ

∗)‖x(ti−4)‖ + P3,

P3 = ch0βt(0)
[
β2
t (τ

∗)σi−4 + βt(τ
∗)σi−3 + σi−2

]
+ σi−1ch0

+�βt(0)
[
β2
t (τ

∗)+ βt(τ
∗)+ 1

]
+�

= ch0βt(0)


 2∑

j=0

β
j
t (τ

∗)σi−j−2


+ ch0σi−1 +�βt(0)


 2∑

j=0

β
j
t (τ

∗)


+�,
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and after i − 1 steps we obtain

‖x(τ )‖∞,[ti−1,ti ] ≤ βt(0)βt (τ
∗)i−1‖x(t0)‖ + Pi−1,

Pi−1 = ch0βt(0)


 i−2∑

j=0

β
j
t (τ

∗)σi−j−2


+ ch0σi−1 +�βt(0)


 i−2∑

j=0

β
j
t (τ

∗)


+�.

(A4.60)

From (A4.59) it follows that

Ti ≥ σi−1 − σi

σi−1

h0

Dγ ,0

1

σ−1
i−1

(‖x(τ )‖∞,[ti−1,ti ] − ε
) .

Hence, if we can show that there exist x0 such that for some �0 ∈ R≥0 and ε,

σi−1 − σi

σi−1

h0

τ ∗
≥ �0, (A4.61)

we have

Dγ ,0σ
−1
i−1

(‖x(τ )‖∞,[ti−1,ti ] − ε
) ≤ Dγ ,0B(x0) ≤ �0 ∀ i, (A4.62)

whereB(·) is a function of x0, then boundedness of trajectories will follow. Consider
the term σ−1

i−1‖x(τ )‖∞,[ti−1,ti ], and let

σi = 1

κi
, κ > 1.

According to (A4.60) we have

σ−1
i−1

(‖x(τ )‖∞,[ti−1,ti ] − ε
) ≤ βt(0)

[
σ−1
i−1βt(τ

∗)i−1
]
‖x(t0)‖

+ σ−1
i−1Pi−1 − σ−1

i−1ε

= βt(0)(κβt (τ
∗))i−1‖x(t0)‖ + κi−1Pi−1 − κi−1ε

= βt(0)(κβt (τ
∗))i−1‖x(t0)‖

+ ch0βt(0)κ


 i−2∑

j=0

β
j
t (τ

∗)κj




+ ch0 + κi−1


βt(0)�

i−2∑
j=0

β
j
t (τ

∗)+�− ε


 .

Hence choosing the value of τ ∗ as

κβt (τ
∗) ≤ d, d ∈ (0, 1) (A4.63)
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results in the following estimate:

σ−1
i−1

(‖x(τ )‖∞,[ti−1,ti ] − ε
) ≤ B(x0)

= βt(0)‖x(t0)‖ + ch0

(
1+ βt(0)κ

1− d

)
+ κi−1

(
�

[
βt(0)

1− d/k
+ 1

]
− ε

)
.

Condition (4.112) implies that

κi−1
(
�

[
βt(0)

1− d/k
+ 1

]
− ε

)
≤ 0.

Hence

σ−1
i−1

(‖x(τ )‖∞,[ti−1,ti ] − ε
) ≤ B(x0)

= βt(0)‖x(t0)‖ + ch0

(
1+ βt(0)κ

1− d

)
.

Solving (A4.63) and (A4.61) with respect to �0 results in

�0 = κ − 1

κ

[
β−1
t

(
d

κ

)]−1

h0.

This in turn implies that for all x0 and h0 such that

Dγ ,0 ≤ κ − 1

κ

[
β−1
t

(
d

κ

)]−1
h0

βt(0)‖x(t0)‖ + ch0(1+ κβt (0)/(1− d))

the following implication must hold: Ti ≥ τ ∗ ⇒ Ti+1 ≥ τ ∗. Therefore, trajectories
x(t) and h(t) passing through x(t0) = x0 and h(t0) = h0 at t = t0 are bounded in
forward time. �

A4.11 Proof of Corollary 4.5

It follows from Corollary 4.3 that the state of the interconnection converges into �a

for all initial conditions x0 and z0 satisfying (A4.58). In other words the following
inequality should hold:

Dγ ,0

(
βt(0)‖x0‖A + βt(0) · c · |h(z0)|

(
1+ κ

1− d

)
+ c|h(z0)|

)

≤
(
β−1
t

(
d

κ

))−1
κ − 1

κ
· h(z0).

(A4.64)
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Hence, assuming that h(z0) > 0, we can rewrite (A4.64) in the following way:

Dγ ,0 · βt(0)‖x0‖A ≤
((

β−1
t

(
d

κ

))−1
κ − 1

κ

−Dγ ,0 · c
(
βt(0) ·

(
1+ κ

1− d

)
+ 1

))
h(z0).

(A4.65)

Solutions to (A4.65) exist, however, if the inequality(
β−1
t

(
d

κ

))−1
κ − 1

κ
≥ Dγ ,0 · c

(
βt(0) ·

(
1+ κ

1− d

)
+ 1

)
or, equivalently,

Dγ ,0 · c ·
(
βt(0) ·

(
1+ κ

1− d

)
+ 1

)
· β−1

t

(
d

κ

)
κ

κ − 1
< 1 (A4.66)

is satisfied. The estimate of the trapping region follows from (A4.65).
Let us finally show that continuity of h(z) implies that the volume of �γ is non-

zero in R
n⊕R

m. For the sake of compactness we rewrite inequality (A4.65) in the
following form:

‖x0‖A ≤ Cγ h(z0), (A4.67)

whereCγ is a constant depending on d, κ ,βt(0), andDγ ,0. Given that (A4.66) holds,
we can conclude that Cγ > 0. According to (A4.67), the domain �γ contains the
following set:

{x0 ∈ R
n, z0 ∈ R

m|h(z0) > Dz ∈ R≥0, ‖x0‖A ≤ CγDz}.
Consider the following domain: �x,γ = {x0 ∈ R

n| ‖x0‖A ≤ CγDz}. Clearly,
it contains a point x0,1 ∈ R

n :
∥∥x0,1

∥∥
A = CγDz/2. For the point x0,1 and for all

ε1 ∈ R
n : ‖ε1‖ ≤ CγDz/4 we have that

∥∥x0,1 + ε1
∥∥

A = inf q∈A ‖x0,1+ε1−q‖ ≤
inf q∈A{‖x0,1 − q‖ + ‖ε1‖} ≤ 3CγDz/4. On the other hand,

∥∥x0,1 + ε1
∥∥

A =
inf q∈A ‖x0,1 + ε1 − q‖ ≥ inf q∈A{‖x0,1 − q‖ − ‖ε1‖} ≥ CγDz/4. This implies
that there exists a set of points x0,2 = x0,1 + ε1 ∈ R

n: ‖x0,1 − x0,2‖ ≤ CγDz/4,
x0,2 /∈ A,

∥∥x0,2
∥∥

A ≤ CγDz.
Consider now the following domain: �z,γ = {z0 ∈ R

m|h(z0) > Dz}. Let us
pick z0,1 ∈ �z,γ : h(z0,1) = 2Dz. Because h(·) is continuous we have that

∀ ε > 0, ∃ δ > 0 : ‖z0,1 − z0,2‖ < δ ⇒ |h(z0,1)− h(z0,2)| < ε.

Let ε = Dz, then −Dz < h(z0,1) − h(z0,2) < Dz and therefore h(z0,2) > Dz.
Hence there exists a set of points z0,2 ∈ R

m: ‖z0,1 − z0,2‖ < δ, z0,2 ∈ �z,γ .



150 Input–output analysis of uncertain dynamical systems

Consider the following set:

�xz,γ =
{
x′ ∈ R

n, z′ ∈ R
m| ‖x0,1 − x′‖2 + ‖z0,1 − z′‖2 ≤ r2,

r = min
{
δ,

CγDz

4

}}
.

For all x0, z0 ∈ �xz,γ we have that x0 ∈ �x,γ and z0 ∈ �z,γ . Hence, inequality
(A4.67) holds, and x0 ⊕ z0 ∈ �γ . The volume of the set �xz,γ is defined by the
volume of the interior of a sphere in R

n+m with non-zero radius. Thus the volume
of �γ ⊃ �xz,γ is also non-zero. �
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Algorithms of adaptive regulation
and adaptation in dynamical systems

in the presence of nonlinear parametrization
and/or possibly unstable target dynamics

In this chapter we discuss a range of synthesis problems in the domain of adap-
tive control and regulation for dynamical systems with nonlinear parametrization
and, possibly, unstable target dynamics. Results presented in the previous chapters,
such as e.g. the bottle-neck principle and (non-uniform) small-gain theorems from
Chapter 4, will play important roles in the development of suitable formal state-
ments of these problems. In particular, when specifying the target dynamics of an
adapting system, we will exploit input–output characterizations such as input–state
and input–output margins, and majorizing of mappings and functions. No stability
requirements will be imposed on the target motions in the adapting system a priori.
This will offer us greater flexibility and thus will create opportunities to overcome
certain limitations of standard approaches (see Chapter 3) with regard to the target
dynamics and nonlinear parametrization.

We begin by stating the general problem of adaptation and adaptive regulation
and providing a set of solutions to this problem. Having developed these solutions,
we will proceed by considering several specific problems of adaptation. These
problems are

(1) adaptive regulation to invariant sets;
(2) adaptive control of interconnected nonlinear systems;
(3) parametric identification of systems of ordinary differential equations with

monotone nonlinear parametrization;
(4) non-dominating adaptive control and identification for systems with general

nonlinear parametrization of uncertainties.

In order to provide particular solutions to the general problem of adaptation and
also to the specific problems (1)–(4) we introduce a synthesis method – the method
of the virtual adaptation algorithm. The method is explained in detail in Section
5.2.1. The non-uniform small-gain theorem will be applied in problem (4), and the
bottle-neck principle will be used in finding solutions to problems (1)–(3).
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5.1 Problems of adaptive control of nonlinear systems in the presence of
nonlinear parametrization

Consider models the dynamics of which are governed by the following system of
ordinary differential equations:

ẋ1 = f1(x, t)+ g1(x, t)u,

ẋ2 = f2(x, θ , t)+ g2(x, t)u,
(5.1)

where

x1 = (x11, . . . , x1q)
T ∈ R

q ,

x2 = (x21, . . . , x2p)
T ∈ R

p,

x = (x11, . . . , x1q , x21, . . . , x2p)
T ∈ R

n.

The symbol θ ∈ �θ ⊂ R
d in (5.1) stands for a vector of unknown parameters; for

simplicity we will suppose that �θ is a closed bounded subset of R
d ; u ∈ R is the

control input; knowledge of the boundaries of �θ is not required, unless specified
otherwise or they are clear from the context. The vectors x1,0 and x2,0 are the initial
conditions. The functions

f1 : R
n × R → R

q , f2 : R
n × R

d × R → R
p,

g1 : R
n × R → R

q , g2 : R
n × R → R

p

are locally bounded and continuous in x (if not stated otherwise) and globally
bounded and continuous in t .1 The vector x ∈ R

n is a state vector.
Unless stated otherwise, we will suppose that the values of functions f1(x, t) and

g1(x, t) are known for every x and t , whereas the values of function f2(x, θ , t) may
be unknown because e.g. of the dependence of f2 on the unknown θ . Thus, vectors
x1 and x2 are referred to as uncertainty-independent and uncertainty-dependent
partitions of x, respectively. For the sake of compactness we will also use the
following description of (5.1):

ẋ = f(x, θ , t)+ g(x, t)u, (5.2)

where

g(x, t) = (g11(x, t), . . . , g1q(x, t), g21(x, t), . . . , g2p(x, t))T,

f(x, θ , t) = (f11(x, t), . . . , f1q(x, t), f21(x, θ , t), . . . , f2p(x, θ , t))T,

1 In principle the continuity requirement can be lifted, provided that solutions of the system remain defined, at
least locally in t .
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so all of the assumptions and constraints we imposed on the right-hand side of (5.1)
apply automatically to the functions f(x, θ , t) as well.

Our general objective here is to derive the control input as a function of the
state variable x(t), controller parameters θ̂(t) : R≥0 → R

d , and time t , e.g. u =
u(x(t), θ̂(t), t) such that, for a class of nonlinearly parametrized f(x, θ , t), all θ ∈ �θ

and x1,0 ⊕ x2,0 ∈ R
n, (1) all trajectories of the system with u = u(x(t), θ̂(t), t) are

bounded and (2) state x(t) converges to a given bounded target set, (3) ensuring, if
possible, that the estimate θ̂(t) converges to unknown θ ∈ �θ asymptotically.

Let us now proceed by providing a formal statement of the general synthesis
problem of adaptive regulation. In the previous chapters we have seen the benefits of
describing the behavior of complex and uncertain dynamical systems in terms of the
majorizing mappings and corresponding input–output margins (Definition 4.3.4).2

In particular, this description allows us to reduce the amount of prior knowledge
about the system, which is especially useful when mathematical models of the
system are uncertain. Therefore, bringing in elements of such description into the
statement of the synthesis problem of adaptive regulation and control is a desirable
option.

To this end, we introduce and consider the function ψ : R
n×R≥0 → R, ψ ∈ C1

satisfying the following assumption.

Assumption 5.1 For a given function ψ(x, t) ∈ C1 and all T ≥ t0 the following
property holds:3

‖x(t)‖∞,[t0,T ] ≤ γ̃
(
x0, θ , ‖ψ(x(t), t)‖∞,[t0,T ]

)
, (5.3)

where γ̃
(
x0, θ , ‖ψ(x(t), t)‖∞,[t0,T ]

)
is a non-negative, locally bounded function

that is non-decreasing in ‖ψ(x(t), t)‖∞,[t0,T ].

According to Definition 4.3.4, the function ψ(x, t) majorizes state x(t) of system
(5.1), hence the distance from x(t) to

�0 = {x(t) ∈ R
n|ψ(x(t), t) = 0} (5.4)

is one of the natural performance criteria in this case. The fact that x(t) stays within
an ε-neighborhood of �0 implies that x(t) is bounded, and that the upper bound
for ‖x(t)‖ is a function of the initial conditions x0, the unknown parameter vector
θ , and ε. In what follows the set �0 will be termed the target set.

In a number of standard statements of the problem of adaptive regulation and
control the function ψ(x, t) should additionally satisfy some (algebraic) metric

2 These are also known as macro-variables in the terminology of Kolesnikov (1994).
3 Without substantial loss of generality we will suppose that t0 ≥ 0.
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restrictions. In particular, it is required thatψ(x, t) be (positive) definite with respect
to the target set �0. For example, in problems involving regulating the state x(t)
to ξ ∈ R

n, these restrictions lead to the following constraints:

ν1(‖x − ξ‖) ≤ ψ(x, t) ≤ ν2(‖x − ξ‖), ν1, ν2 ∈ K∞. (5.5)

In addition, the function ψ(x, t) is required to be a Lyapunov candidate for the
closed-loop system at θ̂ = θ . Knowledge of ψ(x, t) is explicitly used in standard
certainty-equivalence approaches (Fomin et al. 1981; Fradkov 1990; Fradkov et al.
1999). Finding such a Lyapunov candidate is not a trivial task. For systems with
globally Lyapunov-unstable target dynamics no appropriate goal function ψ(x, t)
could be given. That is why, instead of confining ourselves to the realm of stable
systems and motions in the sense of Lyapunov, we opted to specify conservative
target sets as in Assumption 5.1.

Specification of target sets as in Assumption 5.1 applies to a wider class of sys-
tems. Indeed, no stability constraints are imposed a priori, and there is no need to
demand that the function ψ(x, t) in the definition of the target set (5.4) should addi-
tionally satisfy condition (5.5). The standard algebraic restriction (5.5) is replaced
in Assumption 5.1 with operator relations. Standard norms ‖ · ‖ in R

n in (5.5)
are replaced with functional norms ‖x(t)‖p,[t0,T ], T ≥ t0 in the functional spaces
Lp[t0, T ], T ≥ t0, p ∈ R≥1 ∪ ∞. This allows us to keep the function ψ(x, t)
as a measure of the closeness of trajectories x(t) to the desired set �0,t without
imposing state-metric or definiteness restrictions (5.5) on ψ(x, t).

Assumption 5.1 can be interpreted as the unbounded observability (Jiang et al.
1994) of system (5.1) with respect to the “output" ψ(x, t). Clearly, it includes
conventional definiteness requirements on ψ(x, t) as a special case. A large class
of systems obeys Assumption 5.1 without requiring the function ψ(x, t) to be
definite (see e.g. Example 4.3.1 in Chapter 4.). For a more general class of
systems

ẋi = fi(x1, . . . , xi)+ xi+1, i = {1, . . . , n− 1},
ẋn = fn(x1, . . . , xn)+ ν(x, θ)+ u (5.6)

and a class of non-definite functions ψ(x, t) = xn − p(x1, . . . , xn−1), p(·) ∈ C1,
checking Assumption 5.1 amounts to establishing a bounded-input–bounded-state
property for the following cascade:

ẋi = fi(x1, . . . , xi)+ xi+1, i = {1, . . . , n− 2},
ẋn−1 = p(x1, . . . , xn−1)+ fn−1(x1, . . . , xn−1)+ υ.
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In some systems the state x(t) may be bounded for all θ . Clearly, in these cases
the choice of the function ψ(x, t) for determining the conservative target set (5.4)
should not be restricted by the need to satisfy Assumption 5.1. These, however, are
rather exceptional situations, and in what follows we will presume that there exists
a set of initial conditions and values of θ such that the corresponding solutions of
the original system grow unboundedly with t . Thus, it is necessary to find a proper
control input u.

Let us specify a class of control inputs u that can ensure boundedness of solutions
x(t , x0, t0, θ , u) for every θ ∈ �θ and x0 ∈ R

n. According to (5.3), boundedness
of x(t , x0, t0, θ , u) is ensured if we find a control input u such that ψ(x(t), t) ∈
L1∞[t0,∞]. To this end, consider the dynamics of system (5.2) with respect to
ψ(x, t):

ψ̇ = Lf(x,θ ,t)ψ(x, t)+ Lg(x,t)ψ(x, t)u+ ∂ψ(x, t)

∂t
. (5.7)

In what follows we will consider control inputs u from the class of functions U∗
such that

u ∈ U∗ ⇒ Lf(x,θ ,t)ψ(x, t)+ Lg(x,t)ψ(x, t)u+ ∂ψ(x, t)

∂t

= f (x, θ , t)− f (x, θ̂ , t)− ϕ(ψ , ω, t)+ ε(t), (5.8)

provided that solutions of the closed-loop system are defined locally. According to
(5.7) the dynamics of ψ(x, t) is affected by unknown θ through the following term:

Lf(x,θ ,t)ψ(x, t) = f (x, θ , t). (5.9)

We require a feedback u(x, θ̂ , t) that is capable of annihilating the influence of
uncertainty f (x, θ , t) on the dynamics of ψ(x, t) and, in addition, ensures bound-
edness of ψ(x, t). Assuming, for example, that the inverse

(
Lg(x,t)ψ(x, t)

)−1 exists
everywhere4 and using the notation (5.9), we define the control input u as follows:

u(x, θ̂ , ω, t) = (Lg(x, t)ψ(x, t))−1
[
− f (x, θ̂ , t)− ϕ(ψ , ω, t)− ∂ψ(x, t)

∂t
+ ε(t)

]
,

ϕ : R× R
w × R≥0 → R, (5.10)

where ω ∈ �ω ⊂ R
w is a vector of known parameters of the function ϕ(ψ , ω, t),

and the function ε : R≥0 → R stands for disturbances due to measurement

4 This assumption limits our choice of functions ψ(x, t) to ones that satisfy the following constraint:
sign(

∑n
i=1 gi(x, t)∂ψ(x, t)/∂xi ) = constant. Even though invertibility of Lg(x,t)ψ(x, t) is not at all neces-

sary for our approach and the specific choice of feedback u(x, θ , t) is not the central topic of our present
contribution, we sacrifice generality for the sake of constructive design.
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noise, unmodeled dynamics etc. Unless stated otherwise, we assume that ε ∈
L1

2[t0,∞] ∩ C0.
Feedback (5.10) renders (5.7) into the error-model form5 (Narendra and Annaswamy

1989):

ψ̇ = f (x, θ , t)− f (x, θ̂ , t)− ϕ(ψ , ω, t)+ ε(t), (5.11)

or, when ε(t) ≡ 0,

ψ̇ = f (x, θ , t)− f (x, θ̂ , t)− ϕ(ψ , ω, t). (5.12)

The vector θ̂ in (5.10) and (5.12) can be interpreted as an estimate of the unknown
parameter vector θ .

Let us now specify the desired properties of the function ϕ(ψ , ω, t) in (5.10)–
(5.12). Often (see e.g. (Sastry and Bodson 1989; Narendra and Annaswamy 1989;
Krstić et al. 1995; Fradkov 1990), and Fomin et al. (1981)) the desired, or target,
dynamics of the controlled system at θ̂ = θ is expected to be stable in the sense
of Lyapunov. An example of such a standard requirement in our setting is that
ψ(x, t) = 0 is a globally asymptotically stable equilibrium of (5.12) at θ ≡ θ̂ . This
requirement, however, might not always be natural. On the other hand, a wide class
of processes satisfies a passivity property: an input signal of which the energy is
finite produces finite (bounded) state deviations. Thus, instead of global Lyapunov
stability of system (5.11) for θ ≡ θ̂ , we propose that finite energy of the signal
f (x(t), θ , t) − f (x(t), θ̂(t), t), defined for example by its L1

2[t0,∞]-norm with
respect to the variable t , results in boundedness of ψ(x(t), t) and hence, by virtue
of Assumption 5.1, of the state x(t). Formally this requirement is introduced in
Assumption 5.2.

Assumption 5.2 Consider the following system:

ψ̇ = −ϕ(ψ , ω, t)+ ζ(t), ψ0 ∈ R, (5.13)

where ζ : R≥0 → R and ϕ(ψ , ω, t) is from (5.11). For every ω ∈ �ω system (5.13)
has L1

2[t0,∞] %→ L1∞[t0,∞] margin with respect to input ζ(t). In other words,
there exists a locally bounded function γ∞,2 : R× R

ω × R≥0 → R≥0 such that

‖ψ(t)‖∞,[t0,T ] ≤ γ∞,2(ψ0, ω, ‖ζ(t)‖2,[t0,T ]), ∀ ζ(t) ∈ L1
2[t0, T ] (5.14)

and the function γ∞,2(ψ0, ω, ‖ζ(t)‖2,[t0,T ]) is non-decreasing in ‖ζ(t)‖2,[t0,T ].

5 Error models (5.12) have been shown to be convenient when solving adaptive control, regulation, and identi-
fication problems for systems with nonlinear parametrization (Loh et al. 1999; Tyukin et al. 2003a; Cao et al.
2003).
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Assumption 5.2 does not require global asymptotic stability of the origin of the
unperturbed system (5.13), i.e. for ζ(t) = 0. System (5.13) is allowed to have
Lyapunov-unstable equilibria, multiple attractors, or no equilibria at all. When the
target dynamics is stable, a benefit of Assumption 5.2 is that there is no need to
know the particular Lyapunov function of the unperturbed system.

In addition to the problem of proper selection of target sets and target dynam-
ics there is another important issue we wish to mention here. This issue is the
possibility of achieving control objectives by using control signals that are small
in some meaningful sense. In the framework of adaptive control it is not very
clear how to characterize the smallness of control signals in the most natural
fashion. This is because classes of admissible feedbacks are often presumed to
be given, and the problem is restricted to finding a suitable adaptation algorithm
for tuning the parameters of these feedbacks (Fomin et al. 1981; Fradkov 1990;
Narendra and Annaswamy 1989; Krstić et al. 1995). Here we do not wish to dis-
pute this strategy. Yet, we would still like to introduce a reasonable characterization
of control smallness in the context of adaption. This characterization is the property
of non-domination, of which the formal definition is provided below.

Definition 5.1.1 The adaptation law θ̂(x, t) : R
n × R≥0 → R

d is called non-
dominating of class Cϕ , iff the control objective is reached for all x0 ∈ R

n, θ ∈ �θ

and ϕ ∈ Cϕ .

Let an adaptation law be non-dominating, for example, in the class of functions
Cϕ = {ϕ : R → R||ϕ(·)| ∈ K, ϕ(σ)σ ≤ 0, σ ∈ R}. Then, according to Definition
5.1.1, the goal of the regulation should be achievable in this system for all ϕ(ψ) =
kψ , k ∈ R>0, irrespective of how small the value of k is.

So far we have discussed the main constraints on the classes of target sets, target
dynamics, and control functions. Let us now shift our attention to describing the
class of functions f (x, θ , t) in (5.11). It is obvious that the larger the class of
admissible functions f (x, θ , t), the wider the spectrum of potential applications.
We will allow two classes of nonlinearities f (x, θ , t): one is the class of locally
Lipschitz functions with respect to θ (which is termed here general), and the other
is somewhat more restricted (termed here monotone).

With regard to the second class of functions, instead of considering general
nonlinear parametrization of f (x, θ , t) we find that a broad range of physical,
mechanical, and biological phenomena can be described by a specific class of
nonlinear functions, in particular

f (x, θ , t) = λ(x, t)fm(x, φ(x, t)Tθ , t), (5.15)

where λ : R
n×R≥0 → R, φ : R

n×R≥0 → R
d , and fm : R

n×R×R≥0 → R are
continuous functions and fm(x, φ(x, t)Tθ , t) is monotone in φ(x, t)Tθ . Functions
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Table 5.1. Examples of nonlinearities satisfying Assumption 5.3. The parameter
�θ is a positive constant

Domain
Mathematical model of physical

Physical meaning of uncertainty f (x, θ , t) relevance α(x, t)T

Stiction forces f : θ0e
−x2

2θ1

= e−x2
2θ1+ln(θ0)

x = (x1, x2)

�θ > θ0, θ1 > 0 (−x2
2 , 1)

Tyre–road
friction

f : Fnsign(x1 − rx2)
θGσ0

L
x3

1−x3

θG+ σ0
L

x3
1−x3

G = (µC + (µS − µC)

×e
− |rx2x3||1−x3|vs )

x = (x1, x2, x3), µS > µC

Fn,L, r , σ0,µS ,µC > 0 –
parameters

�θ > θ > 0,

x1, x2 ≥ 0,

x3 ∈ (0, 1)

x3/(1− x3)

Force supported
by hydraulic
emulsion in
suspension
dampers

f :
Ko(θ + 1)Ap(x1 − x2)

L(θ +KoP0/x
2
3)

x = (x1, x2, x3)

Ko,Ap,Po,L > 0 –
parameters

�θ > θ > 0

x3 > 0
Ap(x1 − x2)

Nonlinearities in
Monod’s
growth model
of microorgan-
isms

f :
x1x2

θ0 + θ1x1
,

x1x2

θ0 + θ1x2
x = (x1, x2)

�θ > θ0, θ1 > 0

x1, x2 > 0
x1x2(1, x1)

x1x2(1, x2)

Blur distortion
model in
problems of
processing
visual
information

f :∫
�x

e−‖x−ξ‖2/θ s(ξ)dξ ,

�x ⊂ R
2

x = (x1, x2),
s : �x → R≥0 – image

�θ > θ > 0,
s(x) is bounded

and non-
negative for all

x ∈ �x

1

(5.15) naturally extend from linear to nonlinear parametrizations, covering
a wide range of practically relevant models (Armstrong-Helouvry 1993;
Canudas de Wit and Tsiotras 1999; Kitching et al. 2000; Boskovic 1995), as illus-
trated in Table 5.1.

These observations motivated us to consider functions f (x, θ , t) satisfying the
following assumption.
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Assumption 5.3 For the given function f (x, θ , t) in (5.11) there exists a function
α(x, t) : R

n × R≥0 → R
d , α(x, t) ∈ C1 and positive constant D > 0 such that

(f (x, θ̂ , t)− f (x, θ , t))(α(x, t)T(θ̂ − θ)) ≥ 0, (5.16)

|f (x, θ̂ , t)− f (x, θ , t)| ≤ D|α(x, t)T(θ̂ − θ)|. (5.17)

Inequality (5.16) inAssumption 5.3 holds, for instance, for all functions (5.15). In
this case the function α(x, t) can be given as follows: α(x, t) = (−1)pλ(x, t)φ(x, t),
where p = 0 if fm(x, φ(x, t)Tθ , t) is non-decreasing in φ(x, t)Tθ and p = 1 if
fm(x, φ(x, t)Tθ , t) is non-increasing in φ(x, t)Tθ .

Inequality (5.17) is satisfied if fm(x, φ(x, t)Tθ , t) does not grow faster than a lin-
ear function in the variable φ(x, t)Tθ for every x ∈ R

n. This requirement holds, for
example, for functions fm(x, φ(x, t)Tθ , t) that are globally Lipschitz in φ(x, t)Tθ :

|fm(x, φ(x, t)Tθ , t)− fm(x, φ(x, t)Tθ ′, t)| ≤ Dθ(x, t)|φ(x, t)T(θ − θ ′)|.
In this case, inequalities (5.16) and (5.17) hold for the functions f (x, θ , t) defined
by (5.15) with α(x, t) = (−1)pDθ(x, t)λ(x, t)φ(x, t).

Figure 5.1 illustrates possible choices of the function α(x, t). Examples of
the relevant parametrizations in Table 5.1 also satisfy Assumption 5.3. Their
corresponding functions α(x, t) are listed in the right-hand column.

In general, when f (x, θ , t) ∈ C1, validation of Assumption 5.3 amounts, accord-
ing to Hadamard’s lemma, to finding α(x, t) and D such that the following holds
for all x, θ , and θ̂ :

0 ≤ α(x, t)
∫ 1

0

∂f (x, s(θ , θ̂ , σ), t)

∂s(θ , θ̂ , σ)
dσ ≤ Dα(x, t)α(x, t)T,

s(θ , θ̂ , σ) = σθ + (1− σ)θ̂ . (5.18)

fm (φ(x)Tθ, t) fm (φ(x)Tθ, t)

φ(x)Tθ

φ(x)Tθ

Figure 5.1 An illustration of the conditions of Assumption 5.3 for functions
f (x, θ , t) that belong to the class (5.15). Thick lines represent the function
Dφ(x, t)Tθ , D = maxx,t |Dθ(x, t)λ(x, t)| in each block, respectively.
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Assumption 5.3 bounds the growth rate of the difference |f (x, θ , t)− f (x, θ̂ , t)|
by the functionalD|α(x, t)T(θ̂−θ)|. This will help us to find a parameter-estimation
algorithm such that the estimates converge to θ sufficiently fast for the solutions
of (5.1) and (5.11) to remain bounded with non-dominating feedback (5.10). On
the other hand, parametric error θ̂ − θ can be inferred from the changes in the
variable ψ(x, t), according to (5.11), only by means of the difference f (x, θ , t)−
f (x, θ̂ , t). Therefore, as long as convergence of the estimates θ̂ to θ is expected, it
is useful to have the estimate of |f (x, θ , t)− f (x, θ̂ , t)| from below, as specified in
Assumption 5.4.

Assumption 5.4 For a given function f (x, θ , t) in (5.11) and a function α(x, t)
satisfying Assumption 5.3, there exists a positive constant D1 > 0 such that

|f (x, θ̂ , t)− f (x, θ , t)| ≥ D1|α(x, t)T(θ̂ − θ)|. (5.19)

In problems of parameter estimation, the effectiveness of the algorithms often
depends on how “good” the nonlinearity f (x, θ , t) is, and how predictable locally
the system’s behavior is. As measures of goodness and predictability, usually
smoothness and boundedness are considered. Likewise, in our study, we distinguish
several specific properties of the functions f (x, θ , t) and ϕ(ψ , ω, t):

H 1. The function f (x, θ , t) is locally bounded with respect to x and θ uniformly
in t .

H 2. The function f (x, θ , t) ∈ C1, and ∂f (x, θ , t)/∂t is locally bounded with
respect to x and θ uniformly in t .

H3. LetUx ⊂ R
n andUθ ⊂ R

d be bounded. There exists constantDUx ,Uθ > 0 such
that for every x ∈ Ux and θ , θ̂ ∈ Uθ Assumption 5.4 is satisfied with D1 = DUx ,Uθ .

H 4. The function ϕ(ψ , ω, t) is locally bounded in ψ and ω uniformly in t .

Assumptions 5.1–5.4 and hypotheses 1–4 allow us to state several specific
problems of adaptation, which we will study in the next paragraphs.

Problem 5.1 Consider the system (5.1) and (5.8), and suppose that it satisfies
Assumptions 5.1–5.3 and, possibly, Assumption 5.4. Find a class of adaptation
algorithms

θ̂ = θ̂(x, t) (5.20)

ensuring that

(1) the system is forward-complete;
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(2) the signal f (x(t), θ , t)− f (x(t), θ̂(t), t) has bounded L2[t0,∞]-norm,

f (x(t), θ , t)− f (x(t), θ̂(t), t) ∈ L1
2[t0,∞],

‖f (x(t), θ , t)− f (x(t), θ̂(t), t)‖2,[t0,∞] <∞,
(5.21)

for all x0 ∈ R
n and θ ∈ �θ ;

(3) the influence of uncertainty on the target dynamics vanishes asymptotically as
t →∞:

lim
t→∞ f (x(t), θ , t)− f (x(t), θ̂(t), t) = 0. (5.22)

Finding an adaptation algorithm that is a solution to Problem 5.1 allows one
to ensure that solutions of the combined system exist and are bounded on any
bounded interval (property (5.21) and see Assumptions 5.1 and 5.2). The limiting
relation (5.22) ensures that the influence of uncertainties on the target dynamics
is compensated for asymptotically; this is in full agreement with what is expected
from an adaptive system (Polderman and Pait 2003).

Developing adaptation laws with more delicate and “certain” asymptotic behav-
ior is a natural step forward after solutions to Problem 5.1 have been found. Suppose
that θ is a perturbation and the system has an invariant set at θ = 0. Then an inter-
esting question is that of whether we can steer the system’s state to this set when
the value of θ �= 0 and is uncertain. This constitutes Problem 5.2.

Problem 5.2 Consider system (5.1), and let�0 be its invariant set at θ = 0, u = 0.
Find the functions

u = u(x, θ̂ , t), θ̂ = θ̂(x, t), (5.23)

such that for all θ ∈ �θ trajectories x(t) of the combined system (5.1) and (5.23)
converge to �0 asymptotically.

Equations (5.1) in Problems 5.1 and 5.2 describe a single system with uncertain-
ties. Yet, in a range of situations it is worthwhile to decompose the system into an
interconnection of smaller ones. Each smaller subsystem will have its own inputs,
outputs, and states, and a state of one subsystem may not be generally accessi-
ble from another. The question is how can adaptation and adaptive regulation be
realized in this case? Thus we converge to Problem 5.3.

Problem 5.3 Consider an interconnection of (not necessarily identical) systems
S1 and S2. Suppose that the dynamics of each system is governed by (5.1), (5.8),
and (5.20), and that these control laws are solutions of Problem 5.1 for each of the
subsystems.

(1) Determine conditions ensuring that
(1.1) the interconnection is complete;
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(1.2) the state of the combined system is bounded for all θ1 ∈ �θ1 and
θ2 ∈ �θ2 ; θ1 and θ2 are unknown parameters of systems S1 and S2

respectively; θ = θ1 ⊕ θ2;
(1.3) the limiting relation (5.22) holds for each subsystem.

Consider interconnection of systems S1 and D2, where D2 is complete.

(2) Determine conditions ensuring that
(2.1) the interconnection is complete;
(2.2) the state of the interconnection is bounded for all θ ∈ �θ .

(3) Find solutions of (1) and (2) for interconnections of an arbitrary (finite) number
of systems.

Notice that the decentralized adaptive control problem is a special case of
Problem 5.3.

Problems 5.1–5.3 focused on the issues of control and regulation of uncertain
dynamical systems, albeit in the framework of adaptation. Let us now introduce two
more problems in which estimation of unknown parameters of dynamical systems
is necessary.

Problem 5.4 Consider (5.1) and (5.8), and suppose that Assumptions 5.1–5.4
hold. Find an adaptation algorithm (5.20) such that

(1) the combined system is complete;
(2) the property

lim
t→∞ θ̂(t) = θ (5.24)

holds for all x0 ∈ R
n and θ ∈ �θ , preferably providing the rates of convergence

of θ̂ to θ .

Unlike other problems considered so far in this chapter, Problem 5.4 does not
require that solutions of the combined system remain bounded or converge to
some specified set. Since the function u is fixed, we can interpret this problem
as a kind of adaptive bifurcation control should the dynamics of the combined
system change dramatically at θ = θ̂ . The fact that nonlinear parametrization is
allowed here makes this formulation different from other known statements (see
e.g. Moreau et al. (2003) and Moreau and Sontag (2003)).

Notice that, despite the fact that the models in Problem 5.4 are allowed to be
nonlinearly parametrized, they are restricted by the monotonicity constraints for-
mulated inAssumptions 5.3 and 5.4. The main reason for introducing this constraint
is that in Problem 5.4 we aim at finding algorithms by solving the estimation prob-
lem globally. That is, we require that (5.24) holds for all x0 ∈ R

n and θ ∈ �θ .
In the case of a more general class of parametrizations it may be impossible to
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establish global results. Yet, one can still pose a question about finding parameter-
estimation algorithms for systems in which the uncertainty models are not limited
to nonlinearities that are monotone in parameters. For this reason we introduce
Problem 5.5.

Problem 5.5 Consider system (5.1). Find a control input u, as a function of x and
t , adaptation algorithm (5.20), and domains �x , �′θ ⊂ �θ such that state x of (5.1)
is bounded and (5.24) holds for all x0 ∈ �x and θ ∈ �′θ .

Solutions of Problems 5.1–5.5 are provided in the following sections.

5.2 Direct adaptive control

In this section we will present constructive solutions to Problem 5.1. We start by
introducing a synthesis method, the method of the virtual adaptation algorithm. The
method is described in Section 5.2.1, and its applicability conditions for system (5.1)
are presented in Theorem 5.1. One of the most critical conditions is an integrability
constraint. This constraint allows us to specify a class of systems for which the
method can be applied directly. In Section 5.2.2 we present a technique enabling
us to expand the results to a wider class of systems, which do not satisfy the
conditions of Theorem 5.1 explicitly. The technique is based on reducing the number
of independent variables in the integrability constraint so that the integrability
condition will eventually be satisfied. This is achieved by a purposeful extension
of the state space of the original (5.1). In Section 5.2.3 we demonstrate how the
results of Sections 5.2.1 and 5.2.2 can be applied to deal with the cascades of (5.1).

5.2.1 Virtual adaptation algorithms. Sufficient conditions of realizability

Standard approaches in parameter-estimation and adaptation problems usually
assume feedback and a parameter-adjustment algorithm in the following form:

u = u(x, θ̂ , t), ˙̂θ = Alg(ψ , x, t), (5.25)

where Alg : R × R
n × R≥0 → R

d is a function of the error function
ψ(x, t), state x, and time t . The favorite strategy for finding these is a two-stage
design prescription, known as the certainty-equivalence principle. First, construct
uncertainty-dependent feedback u(x, θ , t), θ ∈ �θ which ensures boundedness of
the trajectories x(t). Second, replace θ with θ̂ in u(x, θ , t) and, given the con-
straints (e.g. θ and ẋ cannot be measured explicitly while state x is available),
design a function Alg(·) that guarantees (5.21)–(5.24), and/or ψ(x(t), t)→ 0.
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With this strategy, the design of the feedback u(x, θ , t) is generally indepen-
dent6 of the specific design of the parameter-estimation algorithm Alg(ψ , x, t).
This allows one to obtain the full benefit of nonlinear control theory in design-
ing the feedback u(x, θ , t). On the other hand, this strategy equally benefits from
conventional parameter-estimation and adaptation theories, which provide a list
of ready-to-be-implemented algorithms under the assumption that the feedback
u(x, θ , t) ensures stability of the system.

Ironically, the power of the certainty-equivalence principle – simplicity and inde-
pendence of the design stages – is also its Achilles’heel. It ignores the possibility of
advantageous interactions between control and parameter estimation procedures.
There are numerous reports (Stotsky 1993; Ortega et al. 2002; Astolfi and Ortega
2003; Tyukin et al. 2003a) that an additional interaction term

θ̂P (x, t) : R
n × R≥0 → R

d (5.26)

added to the parameters θ̂ in the function u(x, θ̂ , t),

u(x, θ̂ + θ̂P (x, t), t), (5.27)

introduces new properties to the system. Unfortunately, straightforward introduc-
tion of this term as a new variable of the design negatively affects its simplicity and
hence the so-much-favored independence of the design stages.

An alternative strategy is proposed in Tyukin (2003) and Tyukin et al. (2003b).
It introduces a simple design paradigm for choosing (5.26) and (5.27), in which
the adaptation algorithms in (5.25) are initially allowed to depend on unmeasurable
variables ψ̇ , ẋ, and θ :

˙̂
θ = A∗lg(ψ , ψ̇ , x, ẋ, θ , t). (5.28)

For this reason such algorithms are called virtual algorithms. If the desired prop-
erties (5.21)–(5.24) are ensured with (5.28) then the unrealizable algorithm (5.28)
is converted into integro-differential, or finite, form (Fradkov 1986):

θ̂ = �(θ̂P (x, t)+ θ̂ I (t)),

˙̂
θ I = Alg(ψ , x, t), � ∈ R

d×d , � > 0.
(5.29)

Under the following condition, the finite-form representation (5.29) is equivalent
to (5.28):

A∗lg(ψ , ψ̇ , x, ẋ, θ , t) = �

(
∂ θ̂P (x, t)

∂x
ẋ + ∂ θ̂P (x, t)

∂t
+Alg(ψ , x, t)

)
. (5.30)

6 In particular, it is a standard requirement that the function u(x, θ , t) should guarantee Lyapunov stability of the
system for θ̂ = θ , whereas parameter-adjustment algorithms use this property in order to ensure stability of the
whole system. No other properties are required from the function u(x, θ , t).
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Thus, instead of attempting to solve a synthesis problem subject to a given set of
constraints, we propose to start by finding solutions to an unconstrained problem.
At a later stage, the initial constraints will be taken into account, and we shall retain
only those solutions which satisfy these constraints.

According to this strategy, design of the adaptation algorithms requires, first,
finding appropriate virtual algorithms A∗lg(ψ , ψ̇ , x, ẋ, θ , t) and, second, solving

(5.30) for θ̂P (x, t) and Alg(ψ , x, t). This approach preserves the convenience of
the certainty-equivalence principle, since the feedback u(x, θ , t) could, in principle,
be built independently of the subsequent parameter adjustment procedure. At the
same time, it provides in a systematic way the necessary interaction term θ̂P (x, t),
ensuring the required properties (5.21)–(5.24) of the closed-loop system even if the
function f (x, θ , t) in (5.11) is nonlinear in θ .

Clearly, the choice of equations describing virtual adaptation algorithms (5.28)
mustbeadequatetotherequirementsofProblems5.1–5.5.Inparticular,thealgorithms
must be able to cope with nonlinear parametrization without invoking any unneces-
sary domination of the unknown nonlinearities (this contrasts sharply with a more
conservative design philosophy in Putov (1993), Loh et al. (1999), and Lin and Qian
(2002a,b)). Second, they have to guarantee that property (5.24) (Problems 5.4 and
5.5) holds. Finally, in order to be able to find a solution to Problem 5.2, it is natural
to require that no unwanted invariant sets emerge as a result of adaptation.

Taking these requirements into account, we consider the following class of virtual
adaptation algorithms:7

˙̂
θ = �(ψ̇ + ϕ(ψ , ω, t))α(x, t)+Q(x, θ̂ , t)(θ − θ̂), � ∈ R

d×d , � > 0, (5.31)

where Q(x, θ̂ , t) : R
n × R

d × R≥0 → R
d×d , Q(·) ∈ C0. Indeed, depending on

the choice of Q and α, adaptation can be switched off either along the trajectories
corresponding to the target dynamics ψ̇ = −ϕ(ψ , ω, t) or when θ̂ = θ . As a
candidate for the finite-form realization (5.29) of algorithms of type (5.31) we
select the following set of equations:

θ̂(x, t) = �(θ̂P (x, t)+ θ̂ I (t)), � ∈ R
d×d , � > 0,

θ̂P (x, t) = ψ(x, t)α(x, t)−U(x, t),

˙̂
θ I = ϕ(ψ(x, t), ω, t)α(x, t)+R(x, θ̂ , u(x, θ̂ , t), t), (5.32)

where the function U(x, t) : R
n×R≥0 → Rd , U(x, t) ∈ C1 satisfies the following

integrability assumption.

7 This choice is motivated by our previous study of derivative-dependent algorithms for systems with nonlinearly
parametrized uncertainties (Prokhorov et al. 2002b; Tyukin et al. 2003a).
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Assumption 5.5 There exists a function U(x, t) such that

∂U(x, t)

∂x2
− ψ(x, t)

∂α(x, t)

∂x2
= B(x, t), (5.33)

where B(x, t) : R
n × R≥0 → R

d×p is either zero or, if f2(x, θ , t) is differentiable
in θ , satisfies the condition

B(x, t)F(x, θ , θ ′, t) ≤ 0 ∀ θ , θ ′ ∈ �θ , x ∈ R
n,

F(x, θ , θ ′, t) =
∫ 1

0

∂f2(x, s(λ), t)
∂s

dλ, s(λ) = θ ′λ+ θ(1− λ).

The function R(x, θ̂ , u(x, θ̂ , t), t) : R
n×R

d ×R×R≥0 → R
d in (5.32) is given

as follows:

R(x, θ̂ , u(x, θ̂ , t), t) = ∂U(x, t)

∂t
− ψ(x, t)

∂α(x, t)

∂t

− (ψ(x, t)Lf1α(x, t)− Lf1U(x, t))

− (ψ(x, t)Lg1α(x, t)− Lg1U(x, t))u(x, θ̂ , t)

+ B(x, t)(f2(x, θ̂ , t)+ g2(x, t)u(x, θ̂ , t)). (5.34)

The functions U(x, t) and R(x, θ̂ , u(x, θ̂ , t), t) are introduced into (5.32) in order

to shape the derivative ˙̂θ(x, t) to fit (5.31). The role of the function U(x, t) in (5.32)
is to compensate for the uncertainty-dependent term ψ(x, t)Lf2(x,θ ,t)α(x, t), and
(5.33) is the condition for such a compensation to be possible.8 With the function
R(x, θ̂ , u(x, θ̂ , t), t) we eliminate the influence of the uncertainty-independent vec-
tor fields f1(x, t), g1(x, t), and g2(x, t) on the desired form of the time-derivative
˙̂
θ(x, t). In this sense Assumption 5.5 specifies the condition for solvability of (5.30)
for the class of virtual algorithms (5.31).

The properties of the system (5.1) and (5.11) with adaptation algorithm (5.32)
and (5.34) are summarized in Theorem 5.1.

Theorem 5.1 Let the system (5.1), (5.11), (5.32), and (5.34) be given and let
Assumptions 5.3–5.5 be satisfied. Then the following properties hold.

(1) Let, for the given initial conditions x(t0), θ̂ I (t0), and parameter vector θ , the
the interval [t0, T ∗], T ∗ ≥ t0 be the (maximal) time-interval of existence of

8 Its technical relevance and issues related to validation of Assumption 5.5 are discussed after the formulation of
Theorem 5.1.
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solutions in the closed-loop system (5.1), (5.11), (5.32), and (5.34). Then

f (x(t), θ , t)− f (x(t), θ̂(t), t)) ∈ L1
2[t0, T ∗], (5.35)

‖θ − θ̂(t)‖2
�−1 ≤ ‖θ̂(t0)− θ‖2

�−1 + D

2D2
1

‖ε(t)‖2
2,[t0,T ∗]. (5.36)

In particular,

‖f (x(t), θ , t)− f (x(t), θ̂(t), t))‖2,[t0,T ∗] ≤ Df (θ , t0,�, ‖ε(t)‖2,[t0,T ∗]),
(5.37)

where

Df (θ , t0,�, ‖ε(t)‖2,[t0,T ∗]) =
(
D

2
‖θ − θ̂(t0)‖2

�−1

)0.5

+ D

D1
‖ε(t)‖2,[t0,T ∗]. (5.38)

In addition, if Assumptions 5.1 and 5.2 are satisfied then
(2) ψ(x(t), t) ∈ L1∞[t0,∞], x(t) ∈ Ln∞[t0,∞], and

‖ψ(x(t), t)‖∞,[t0,∞] ≤ γ∞,2
(
ψ(x0, t0), ω,D∗

)
, (5.39)

where D∗ = Df (θ , t0,�, ‖ε(t)‖2,[t0,∞])+ ‖ε(t)‖2,[t0,∞].
(3) if properties H1 and H4 hold, and the system (5.13) admits an L1

2[t0,∞] %→
L1

p[t0,∞], p > 1 margin with respect to input ζ(t) and output ψ , then

ε(t) ∈ L1
2[t0,∞] ∩ L1∞[t0,∞] ⇒ lim

t→∞ψ(x(t), t) = 0. (5.40)

If, in addition, property H2 holds, and the functions α(x, t) and ∂ψ(x, t)/∂t
are locally bounded with respect to x uniformly in t , then

(4) the following limiting relation holds:

lim
t→∞(f (x(t), θ , t)− f (x(t), θ̂(t), t)) = 0. (5.41)

Theorem 5.1 provides a set of conditions ensuring that algorithms (5.32) are
solutions of Problem 5.1. In addition to assumptions introduced earlier, the theorem
requires that an extra assumption holds, namely Assumption 5.5. Therefore, prior
to discussing the results of Theorem 5.1, we wish to comment on Assumption 5.5.
Because the functionψ(x, t) specifies the desired target set and α(x, t) is determined
by f2(x, θ , t) in (5.1) and the function ψ(x, t), the uncertainty models f2(x, θ , t) and
the choice of the goal function ψ(x, t) are interrelated through the conditions for
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existence of a function U(x, t) satisfying (5.33). When B(x, t) ∈ C1, B(x, t) =
col(B1(x, t), . . . , Bd(x, t)), and α(x, t) ∈ C2, α(x, t) = col(α1(x, t), . . . ,αd(x, t)),
these conditions follow from

∂

∂x2

(
ψ(x, t)

∂αi(x, t)

∂x2
+ Bi(x, t)

)

=
(

∂

∂x2

(
ψ(x, t)

∂αi(x, t)

∂x2
+ Bi(x, t)

))T

.

(5.42)

As a condition for the existence of U(x, t), this relation takes into account the
structural properties of the system (5.1) and (5.11). Indeed, let B(x, t) = 0, and
consider partial derivatives ∂αi(x, t)/∂x2 and ∂ψ(x, t)/∂x2 with respect to the
vector x2 = (x21, . . . , x2p)

T. Let for some k ∈ {1, . . . ,p} the following hold:

∂ψ(x, t)

∂x2
=
(

0 0 · · · 0︸ ︷︷ ︸
k−1

∗ 0 · · · 0︸ ︷︷ ︸
p−k

)
,

∂αi(x, t)

∂x2
=
(

0 0 · · · 0︸ ︷︷ ︸
k−1

∗ 0 · · · 0︸ ︷︷ ︸
p−k

)
,

(5.43)

where the symbol ∗ denotes a scalar function of x and t . Then condition (5.43)
guarantees that the equality (5.42) and, consequently, Assumption 5.5, hold.
Hence, whether Assumption 5.5 holds depends, roughly speaking, on how the
partition x2 enters the arguments of the functions ψ(x, t) and α(x, t). When
∂α(x1 ⊕ x2, t)/∂x2 = 0, Assumption 5.5 holds for arbitrary ψ(x, t) ∈ C1. If
ψ(x, t) and α(x, t) depend on just a single component of x2, for instance x2k , con-
ditions (5.43) hold and the function U(x, t) can be derived explicitly by taking the
indefinite integral

U(x, t) =
∫

ψ(x, t)
α(x, t)

∂x2k
dx2k , (5.44)

or, numerically,

U(x, t) =
∫ x2k(t)

x2k(t0)

ψ(x, t)
α(x, t)

∂x2k
dx2k . (5.45)

In all other cases, the existence of the required functionU(x, t) follows from (5.42).
The necessity to satisfy Assumption 5.5 may, at first, look like a strong con-

straint. Yet, we notice that Assumption 5.5 holds in the relevant problem settings
for arbitrary α(x, t),ψ(x, t) ∈ C1. Consider for instance Cao et al. (2003), where
the class of systems is restricted to (5.46):

ẋ = −V(x, u)x + f (θ , u, x), x ∈ R, V(x, u) > Vmin > 0. (5.46)
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The system state in (5.46) has dimension dim{x} = dim{x2} = 1. Hence, according
to (5.44), and in the case of functions ψ(x, t), α(x, t) ∈ C1, there will always exist
a function U(x, t) satisfying equality (5.33) with B(x, t) = 0.

In a large variety of situations, when dim{x2} > 1, the problem of finding U(x, t)
satisfying condition (5.33) can be avoided (or converted into one with an already
known solution such as (5.42) or (5.44)) by the embedding technique proposed
in Tyukin et al. (2003b) and Tyukin and Prokhorov (2004). We will describe it in
detail in Section 5.2.2.

For the time being, however, let us proceed with a brief discussion of the results
stated in Theorem 5.1. The theorem ensures a set of relevant properties for both
control (properties 2 and 3) and parameter-estimation problems (properties 1 and 4).
These properties, as illustrated with (5.35)–(5.41), provide conditions for bound-
edness of the solutions x(t , x0, t0, θ , u(t)), zeroing of the goal function ψ(x, t),
and exact compensation of the uncertainty term f (x, θ , t) even in the presence of
unknown disturbances ε(t) ∈ L1

2[t0,∞]∩L1∞[t0,∞]. All this follows from the fact

that (f (x(t), θ , t)−f (x(t), θ̂(t), t))) ∈ L1
2[t0,∞] (see also (5.21) in Problem 5.1)),

which in turn is guaranteed by properties (5.16), (5.17), and (5.19) of the function
f (x, θ , t) in Assumptions 5.3 and 5.4. Estimate (5.19) in Assumption 5.4 is par-
ticularly important by virtue of allowing potentially unbounded disturbances from
L1

2[t0,∞]. When no disturbances are present, it is possible to show that properties
1–4 hold without involving Assumption 5.4.

Corollary 5.1 Let the system (5.1), (5.11), (5.32), and (5.34) be given, let ε(t) ≡
0, and let Assumptions 5.3 and 5.5 hold. Then

(5) the norm ‖θ − θ̂(t)‖2
�−1 is non-increasing and properties 1–49 of Theorem 5.1

hold with ε(t) ≡ 0.

In addition to the fact that |f (x, θ , t)− f (x, θ̂ , t)| is not required to be bounded
from below as in (5.19), Corollary 5.1 ensures that ‖θ − θ̂(t)‖2

�−1 is not growing
with time when ε(t) ≡ 0. Its practical relevance is that it guarantees the desired
convergence (5.24) with a much weaker, local, version of Assumption 5.4. It will
also help us to establish conditions for exponential stability in the unperturbed
system. However, before we start analyzing these new properties of algorithms
(5.32), let us first address the question of how to avoid complications arising due
to the integrability assumption, Assumption 5.5, for (5.1).

9 In this case the bound for ‖ψ(x(t), t)‖∞,[t0,∞] will be different from the one given by (5.39) in Theorem 5.1.
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5.2.2 Embedding problem

When dim{x2} > 1, the problem of finding U(x, t) satisfying condition (5.33) can
be avoided (or converted into one with an already known solution such as (5.42)
and (5.44)) by the embedding technique proposed in Tyukin et al. (2003b). The
main idea of this method is to introduce an auxiliary (forward-complete) system

ξ̇ = fξ (x, ξ , t), ξ ∈ R
z;

hξ = hξ (ξ , t) : R
z × R≥0 → R

h,
(5.47)

such that for all θ ∈ R
d

εθ (t) = f (x(t), θ , t)− f (x1(t)⊕ hξ (t)⊕ x′2(t), θ , t) ∈ L1
2[t0,∞] (5.48)

and dim{hξ } + dim {x′2} = p. Then (5.11) can be rewritten as10

ψ̇ = f (x1 ⊕ hξ ⊕ x′2, θ , t)− f (x1 ⊕ hξ ⊕ x′2, θ̂ , t)− ϕ(ψ , ω, t)+ εξ (t), (5.49)

where εξ (t) = εθ (t)+ε(t) ∈ L1
2[t0,∞], and dim{x′2} = p−h < p. In principle, the

dimension of x′2 could be reduced to 1 or 0. As soon as this is ensured, Assumption
5.5 will be satisfied, and the results of Theorem 5.1 follow.

The desired properties of system (5.47) are summarized in the following
assumption.

Assumption 5.6 System (5.47)

(1) is forward-complete,

x ∈ Ln∞[t0, T ] ⇒ ξ ∈ Lz∞[t0, T ]; (5.50)

(2) there exists a locally bounded function �ξ : R
d ×R

n → R≥0 such that for all
θ ∈ �θ and x(t0) the following holds along the solutions of (5.47):

‖f (x, θ , t)− f (x1 ⊕ x′2 ⊕ hξ , θ , t)‖2,[t0,T ∗] ≤ �ξ(θ , x0), (5.51)

where T ∗ is the maximal interval of existence of the solution x(t , x0).

Extending the state space of the original system (5.1) by including extra variables
of which the dynamics is governed by (5.47) transforms (5.11) into (5.49), where

‖εξ (t)‖2,[t0,T ] ≤ �ξ(θ , x0).

10 In general, the L1
2[t0,∞]-norm of εθ (t) depends on θ . Therefore, given that bounds of θ̂ might not be available

a priori, it is not always possible to prove that the L1
2[t0,∞]-norm of ε

θ̂
(t) is bounded. In this case a modified

control (5.10), where the term f (x, θ̂ , t) is replaced with f (x1(t)⊕hξ (t)⊕x′2(t), θ̂ , t), could be used to render

(5.11) into (5.49) with εξ (t) = εθ (t)+ ε(t) ∈ L1
2[t0,∞].
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Let us now introduce the following adaptation algorithm for the extended system
(5.1) and (5.47):

θ̂(x, t) = �(θ̂P (x, t)+ θ̂ I (t)), � ∈ R
d×d , � > 0,

θ̂P (x, t) = ψ(x, t)α(x1 ⊕ x′2 ⊕ hξ , t)−U(x1 ⊕ x′2 ⊕ hξ , t),

˙̂
θ I = ϕ(ψ(x, t), ω, t)α(x1 ⊕ x′2 ⊕ hξ , t)+R(x, θ̂ , u(x, θ̂ , t), t),

(5.52)

where the function U(x1 ⊕ x′2 ⊕ hξ , t) satisfies Assumption 5.7.

Assumption 5.7 There exists a function U(x1 ⊕ x′2 ⊕ hξ , t) ∈ C1, such that the
following holds:

∂U(x1 ⊕ x′2 ⊕ hξ , t)

∂x′2
= ψ(x, t)

∂α(x1 ⊕ x′2 ⊕ hξ , t)

∂x′2
. (5.53)

The function R(x, θ̂ , u(x, θ̂ , t), t) : R
n × R

d × R × R≥0 → R
d in (5.52) is

defined as

R(x, u(x, θ̂ , t), t) = ∂U(x1 ⊕ x′2 ⊕ hξ , t)

∂t
− ψ(x, t)

∂α(x1 ⊕ x′2 ⊕ hξ , t)

∂t

+
(
∂U(x1 ⊕ x′2 ⊕ hξ , t)

∂hξ
− ψ(x, t)

∂α(x1 ⊕ x′2 ⊕ hξ , t)

∂hξ

)

· ∂hξ (ξ , t)

∂ξ
fξ (x, ξ , t)− (ψ(x, t)Lf1α(x1 ⊕ x′2 ⊕ hξ , t)

− Lf1U(x1 ⊕ x′2 ⊕ hξ , t))

− (ψ(x, t)Lg1α(x1 ⊕ x′2 ⊕ hξ , t)

− Lg1U(x1 ⊕ x′2 ⊕ hξ , t))u(x, θ̂ , t). (5.54)

The properties of the extended system (5.1), (5.47), (5.52), and (5.54) are
formulated in Theorem 5.2.

Theorem 5.2 Consider the system (5.1), (5.47), (5.52), and (5.54), and suppose
that system (5.47) satisfies Assumption 5.6. Then the statements of Theorem 5.1
hold for trajectories x and θ̂ of the extended system, provided that Assumption 5.5
in the formulation of Theorem 5.1 is replaced with Assumption 5.7.

Moreover, if Assumption 5.2 holds for systems (5.1) and (5.13) then the extended
system is forward-complete and its solutions are bounded.

Theorem 5.2 enables us to replace the integrability constraint specified in
Assumption 5.5 with a much weaker requirement formulated in Assumption 5.7.
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Indeed, the existence of system (5.47) satisfyingAssumption 5.6 with dim{hξ } = p

implies that Assumption 5.7 holds. Hence we can conclude that Theorem 5.2
reduces Problem 5.1 to that of finding a suitable embedding of the original (5.1)
into a higher-dimensional system (5.1) and (5.47), with dim{hξ } = p satisfying
Assumption 5.6.

Let us now describe examples of dynamical systems for which it is possible to
find such an embedding. We start with (5.1) in which the functions f2(x, θ , t) satisfy
the following assumption.

Assumption 5.8 There is a function δf (x, t) : R
n × R≥0 → R

p, δf ,i(x, t) ≥ 0,
i = 1, . . . ,p, such that for every θ ∈ �θ and all x ∈ R

n, t ∈ R≥0 there exist
θf ∈ R

p and θb ∈ R
p ensuring that the following inequality holds:

|f2,i(x, θ , t)| ≤ θf ,i · δf ,i(x, t)+ θb,i , i = 1, . . . ,p. (5.55)

According to Assumption 5.8 for every θ ∈ �θ there are �f : R
p × R≥0 →

R
p+1, �f (x, t) = δf (x, t)⊕ 1, and η ∈ R

p+1 such that

‖f2(x, θ , t)‖ ≤ ηT�f (x, t). (5.56)

Systems satisfying conditions (5.55) and (5.56) include a broad class of equations
of which the right-hand side is locally bounded in θ . In this respect Assumption 5.8
is not at all restrictive. A somewhat restricting factor, however, is that the functions
δf (x, t) and �f (x, t) in (5.55) and (5.56) are supposed to be known. Let us now
impose one more technical condition on f (x, θ , t).

Assumption 5.9 There exist hε : R
p × R

n × R≥0 → R
p, hξ : R

p → R
p, and

hε , hξ ∈ C1 such that

‖hε(ξ , x, t)− hε(x2, x, t)‖ ≥ |f (x1 ⊕ hξ (ξ), θ , t)− f (x1 ⊕ x2, θ , t)|,
∀θ ∈ �θ . (5.57)

Assumption 5.9 holds, obviously, for the functions f (x, θ , t) which are Lipschitz
in x.

Consider

ξ̇ = (H(ξ , x, t)TH(ξ , x, t)+ β)(x2 − ξ)+ g2(x, t)u+ υ, β > 0, (5.58)

where

H(ξ , x, t) =
∫ 1

0

∂hε(s(λ, ξ , x), x, t)

∂s
dλ, s(λ, ξ , x) = λx2 + (1− λ)ξ ,
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and υ is defined as

υ = −η̂T
�f (x, t) · sign(ξ − x2),

˙̂η = �η�f (x, t) · sign(ξ − x2)
T(ξ − x2), �η > 0.

(5.59)

Some asymptotic properties of (5.58) and (5.59) are formulated below.

Theorem 5.3 Consider serial interconnection of (5.1) and (5.58) plus (5.59). Let
system (5.1) satisfy Assumption 5.8, and let hε(·) in (5.58) satisfy Assumption 5.9
with hξ = ξ . Then

(1) the system (5.58) and (5.59) is complete in the sense that x(t) ∈ Ln∞[t0, T ], x ∈
C0 ⇒ ξ(t) ∈ L

p∞[t0, T ];
(2) the following estimate holds for all x0 ∈ R

n and θ ∈ �θ :

‖f (x1 ⊕ hξ , θ , t)− f (x1 ⊕ x2, θ , t)‖2,[t0,T ∗]

≤ 1√
2

(
‖ξ(t0)− x2(t0)‖2 + ‖η̂(t0)− η‖2

�−1
η

) 1
2

, (5.60)

where T ∗ is the maximal time of existence of the solution x(t , x0).

The theorem allows one to replace the problem of finding functions U satisfying
Assumption 5.5 or Assumption 5.7 with that of checking Assumptions 5.8 and 5.9.
These assumptions are not linked with any integrability constraints. Indeed, if the
function f2(x, θ , t) is locally bounded in θ and f (x, θ , t) is Lipschitz in x2 then
an extension (5.47) satisfying these new assumptions will always exist. Moreover,
the theorem ensures that the system (5.58) and (5.59) can serve as an extension
satisfying Assumption 5.2. Thus according to Theorem 5.2, Problem 5.1 can be
solved for a broad range of systems with locally bounded right-hand side. Particular
algorithms of adaptation follow from (5.52), (5.54), (5.58), and (5.59).

Notice, however, that the right-hand side of (5.58) is not guaranteed to be contin-
uous. It could be made continuous for systems in which the vector fields governing
the dynamics of partition x′′2 of x2 are linearly parametrized (see Section 5.3). In
general, however, finding extensions (5.47) with continuous right-hand side and at
the same time satisfying Assumption 5.6 is a non-trivial task. Nonetheless, continu-
ity and even differentiability could be needed in a number of applications. Adaptive
regulation of cascaded systems is an example of such problems. Solving the prob-
lem of adaptive regulation for this class of systems usually involves calculation of
partial derivatives (up to the nth order) of the vector fields on the right-hand side of
the system (Krstić et al. 1992; Kolesnikov 1994). Thus an extension of the results
to cascaded systems is needed. This extension is provided in the next section.
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5.2.3 Direct adaptive control for systems with lower-triangular structure

Consider the following class of models:

ẋi = fi(x1, . . . , xi , θ i)+ xi+1,

ẋn = fn(x1, . . . , xn, θn)+ u+ ε(t),

ε(t) ∈ L2, θ i ∈ �θ , i = 1, . . . , n− 1, θn ∈ �θ ,

(5.61)

where the functionsfi(·), i = 1, . . . , n, satisfyAssumptions 5.3 and 5.4, and the cor-
responding functions αi(x) are smooth (i.e. the function is differentiable infinitely
many times). In addition, suppose that the following assumption holds.

Assumption 5.10 There exist smooth functions D̄i(·) : R
i × R

i → R such that

(fi(x1, . . . , xi , θ i)− fi(x
′
1, . . . , x′i , θ i))

2 ≤ D̄2
i (xi , x

′
i)‖xi − x′i‖2, ∀ θ i ∈ �θ ,

where xi = (x1, . . . , xi)T and x′i = (x′1, . . . , x′i )T.

Let the control goal be to reach asymptotically the following manifoldψ(x1) = 0
in the system’s state space:

lim
t→∞ψ(x1(t)) = 0. (5.62)

We start with the following lemma.

Lemma 5.1 Consider

ẋi = fi(x1, . . . , xi , θ i)+ βi(x, t), x0 = x(t0), (5.63)

i = 1, . . . , n and a smooth function u(x, z, θ0) : R
n × R

m × R
d → R. Let [t0, T ],

T > t0, be an interval of existence of solutions of (5.63).
Let us suppose that θ0 ∈ �0

θ , where �0
θ is bounded. In addition let there exist

functions F̄ (x, x′, z) and D̄i(x, x′), i = 1, . . . , n such that

(1) (u(x, z, θ0)−u(x′, z, θ0))
2≤‖x−x′‖2, F̄ 2(x, x′, z),∀ θ0 ∈ �0

θ , with x, x′ ∈ R
n,

(2) (fi(x1, . . . , xi , θ i)−fi(x
′
1, . . . , x′i , θ i))

2 ≤ ‖x̃i− x̃′i‖2D̄2
i (x, x′) ∀ θ i ∈ �θ , with

x̃i , x̃′i ∈ R
n,

x̃i = (x1, . . . , xi , 0, . . . , 0)T,

x̃′i = (x′1, . . . , x′i , 0, . . . , 0)T.

Finally, let there exist and be known functions αi(x) such that Assumptions 5.3 and
5.4 hold for the respective functions fi(x1, . . . , xi , θ i).
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Then there exist ξ(t) : R → R
n, ν(t) : R → R

m, smooth functions fξ (·) and
fν(·), and the corresponding system

ξ̇ = fξ (x, ξ , z, ν), ξ0 ∈ R
n,

ν̇ = fν(x, ξ , z, ν), ν0 ∈ R
m,

(5.64)

such that

(1) u(x, z, θ0)− u(qi , z, θ0) ∈ L2[t0, T ], i = 1, . . . , n,

qi = (ξ1, . . . , ξi , xi+1, . . . , xn)
T;

(2) fi(x1, . . . , xi , θ i)− fi(ξ1, . . . , ξi−1, xi , θ i) ∈ L2[t0, T ], i = 2, . . . , n;
(3) x ∈ L∞[t0, T ] ⇒ ξ , ν ∈ L∞[t0, T ].

Moreover, the corresponding L2- and L∞-norms can be bounded from above by
constants whose values do not depend on T .

Lemma 5.1 allows us to prove the following result.

Theorem 5.4 Let system (5.61) and the goal functional ψ(x1) = 0 be given.
Suppose that the function ψ is smooth, and ψ(x1) ∈ L∞[t0, T ] ⇒ x1 ∈ L∞[t0, T ].
Let fi(x1, . . . , xi , θ i) in (5.61) be smooth and satisfy Assumptions 5.3 and 5.4 with
smooth functions αi(x1, . . . , xi), respectively. In addition, suppose that Assumption
5.10 holds.

Then there exists an auxiliary system

ξ̇ = fξ (x, ξ , ν), ν̇ = fν(x, ξ , ν),

ξ0 ∈ R
n, ν0 ∈ R

m,
(5.65)

as well as smooth functions ψi(xi , t), i = 1, . . . , n, θ̂P (x, ξ), control input
u(x, θ̂ , ξ , ν), and an adaptation algorithm

θ̂(x, ξ , θ̂ I ) = γ (θ̂P (x, ξ)+ θ̂ I ), γ > 0,

˙̂
θ I = fθ̂ (x, θ̂ , ξ , ν),

(5.66)

such that

(1) ψi(xi , t),ψ ∈ L2[t0,∞] ∩ L∞[t0,∞], ψ̇ , ψ̇i ∈ L2[t0,∞], i = 1, . . . , n;
(2) θ̂ ∈ L∞[t0,∞] and u(x, θ̂ , ξ , ν)− u(x, θn, ξ , ν) ∈ L2[t0,∞];
(3) x, ξ , ν ∈ L∞[t0,∞];
(4) if ε(t) ∈ L∞[t0,∞], then ψ̇ , ψ̇i ∈ L∞[t0,∞], and the following holds:

lim
t→∞ψ(x1(t)) = 0, lim

t→∞ψi(xi(t), t) = 0, i = 1, . . . , n.
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Similarly to Theorems 5.2 and 5.3, Theorem 5.4 establishes conditions (Assump-
tion 5.10) allowing one to replace the integrability constraint (5.33) with the weaker
requirement of finding an auxiliary system (extension) (5.47), (5.58), (5.59) or
(5.65), satisfying Assumption 5.6. Such an auxiliary system, or extension, can be
viewed as a functional observer So (see Section 4.3.2) for x, ensuring the bound-
edness of the estimation error with respect to the norm (4.60). Thus, completeness
and the boundedness of the system’s state follow immediately from Theorem 4.6.

Our proof of the theorem is constructive (see the appendix to this chapter). This
implies that it not only establishes the existence of an adaptive control law for (5.61),
but also presents specific adaptation algorithms (e.g. (A5.44)). In order to illustrate
how these algorithms can be constructed, two examples are considered below. In the
first example we show how Theorems 5.2–5.4 can be used for designing adaptation
algorithms for cascaded systems with linear parametrization. In the second example
we demonstrate how the very same method can be applied to systems with nonlinear
parametrization.

Example 5.2.1 Let us consider the following system:

ẋ1 = x2
1θ0 + x2, ẋ2 = x1θ1 + x2θ2 + u, (5.67)

where the parameters θ0, θ1, and θ2 are assumed to be unknown. The control goal
is to steer the system towards the manifold x1 − 1 = 0 in R

2. To design adaptive
algorithms in finite form for system (5.67), we follow the steps in the proof of
Theorem 5.4.

(1) Intermediate control design. Derive the control function u1(x1, θ̂0), such that
for the reduced system

ẋ1 = x2
1θ0 + u1(x1, θ̂0)+ ε1(t), ε1(t) ∈ L2; θ̂0 = θ̂0,P (x1)+ θ̂0,I (t),

attainment of the control goal is guaranteed: ψ(x1(t)) = x1(t) − 1 → 0 as
t →∞. Moreover, the function u1(x1, θ̂0(x1, θ̂0,I )) should ensure that ψ , ψ̇ ∈
L2[t0,∞].

(2) Embedding. Extend the system dynamics with (or embed it into) the auxiliary
system

ξ̇ = fξ (x, ξ , ν), ν̇ = fν(x, ξ , ν) (5.68)

in order to guarantee that

u(x1, θ̂0(x1, θ̂0,I ))− u(ξ , θ̂0(ξ , θ̂0,I )) ∈ L2[t0, T ], x1 − ξ ∈ L2[t0, T ].
(5.69)
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These L2[t0, T ]-norms are to be bounded by continuous functions of the initial
conditions and, possible, parameters.

(3) Control-function design. Introduce a new goal function ψ2(x2, t) = x2 −
u1(ξ , θ̂0(ξ , θ̂0,I )) and derive a control function u(x1, x2, ξ , t) such that ψ̇2 ∈
L2[t0,∞], ψ2 ∈ L2∩L∞[t0,∞]. The last condition automatically implies that

ẋ1 = x2
1θ0 + x2 = x2

1θ0 + u1(x1, θ̂0(x1, θ̂0,I ))+ µ(t),

where

µ(t) = x2 − u1(x1, θ̂0(x1, θ̂0,I ))

= (x2 − u1(ξ , θ̂0(ξ , θ̂0,I )))+ (u1(ξ , θ̂0(ξ , θ̂0,I ))

− u1(x1, θ̂0(x1, θ̂0,I ))) ∈ L2[t0,∞].
Therefore, according to the choice of the function u1(x1, θ̂0(x1, θ̂0,I )), control
u(x1, x2, ξ , t) guarantees that ψ(x1(t))→ 0 as t →∞, with ψ , ψ̇ ∈ L2[t0,∞].

We begin by determining the function u(x1, θ̂0(x1, θ̂0,I )). Let u1(x1, θ̂0) =
−C1(x1 − 1) − θ̂0x

2
1 , where C1 > 0 is the design parameter and θ̂0 satisfies the

following differential equation (virtual adaptation algorithm):

˙̂
θ0 = γ0(C1(x1 − 1)+ ẋ1)x

2
1 , γ0 > 0. (5.70)

It follows from Lemma A5.2 (see the proof of Lemma 5.1 in the appendix to this
chapter) that the control function u1(x1, θ̂0) with algorithm (5.70) guarantees that
ψ , ψ̇ ∈ L2[t0,∞], ψ(x1(t))→ 0 as t →∞. According to Theorem 5.1, the finite-
form realization of (5.70) can be given as follows: θ̂0(x1, θ̂0,I (t)) = γ0(

1
3x

3
1 +

θ̂0,I (t)),
˙̂
θ0,I = C1(x1 − 1)x2

1 . On substituting these into u1(x1, θ̂0) we get the
following expression for u1(·):

u1(x1, θ̂0(x1, θ̂0,I )) = −C1(x1 − 1)− γ0

(
1

3
x5

1 + x2
1 θ̂0,I (t)

)
,

˙̂
θ0,I = ψ(x1)α1(x1) = C1(x1 − 1)x2

1 .

(5.71)

This completes step 1 of the synthesis procedure.
Let us design a system (5.68) that guarantees that (5.69) holds for the function

(5.71). First, consider the difference

u(x1, θ̂0(x1, θ̂0,I ))− u(ξ , θ̂0(ξ , θ̂0,I ))

= −(x1 − ξ)

(
C1 + γ0

(
(x1 + ξ)θ̂0,I + 1

3
(x4

1 + x3
1ξ + x2

1ξ
2 + x1ξ

3 + ξ4)

))
,

(5.72)
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and denoteF(x1, ξ , θ̂I ,0) = C1+γ0((x1+ξ)θ̂0,I+ 1
3(x

4
1+x3

1ξ+x2
1ξ

2+x1ξ
3+ξ4)). It

follows from Lemma 5.1 that there exists a system (5.68) such that condition (5.69)
holds. This system can be given by the equation

ξ̇ = (x1 − ξ)(F 2(x1, ξ , θ̂0,I )+ 1)+ x2
1 θ̂ξ + x2, (5.73)

where θ̂ξ satisfies the following differential equation: ˙̂θξ = (x1 − ξ + ẋ1 − ξ̇ )x2
1 .

The finite-form realization of this algorithm11 follows from Theorem 5.1, and it
can be written as

θ̂ξ = 1

3
x3

1 + θ̂ξ ,I ,

˙̂
θξ ,I = (x1 − ξ)x2

1 − x2
1((x1 − ξ)(F 2(x1, ξ , θ̂0,I )+ 1)+ x2

1 θ̂ξ + x2). (5.74)

Taking into account (5.74) and (5.73), the system (5.68) which ensures (5.69) can
be represented as follows:

ξ̇ = (x1 − ξ)(F 2(x1, ξ , θ̂0,I )+ 1)+ 1

3
x5

1 + θ̂ξ ,I (t)x
2
1 + x2,

˙̂
θξ ,I = (x1 − ξ)x2

1 − x2
1((x1 − ξ)(F 2(x1, ξ , θ̂0,I )+ 1)

+ 1

3
x5

1 + θ̂ξ ,I (t)x
2
1 + x2). (5.75)

This completes the second step of the iteration.
To conclude the procedure we consider the new target set

x2 − u1(ξ , θ̂0(ξ , θ̂0,I )) = 0

and goal function

ψ2(x2, t) = x2 − u1(ξ , θ̂0(ξ , θ̂0,I )) = x2 + C1(ξ − 1)+ γ0

(
1

3
ξ5 + θ̂0,I ξ

2
)

.

11 The introduction of algorithms (5.74) is not necessary because the original system is linearly parametrized and
condition (5.69) can be satisfied even with conventional adaptation schemes. Nevertheless, we would like to
keep the calculations consistent with the steps in the proof of Theorem 5.4 in order to show how the method
operates, in preparation for cases in which the right-hand sides are nonlinearly parametrized.
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Let us write the derivative with respect to time t of the function ψ2(·):

ψ̇2 = ẋ2 − ∂u1(ξ , θ̂0(ξ , θ̂0,I ))

∂ξ
ξ̇ − ∂u1(ξ , θ̂0(ξ , θ̂0,I ))

∂θ̂0,I

˙̂
θ0,I

= x1θ1 + x2θ2 + u+ γ0C1ξ
2(x1 − 1)x2

1 +
(
C1 + γ0

(
5

3
ξ4 + 2ξ θ̂0,I

))

×
(
(x1 − ξ)(F 2(x1, ξ , θ̂0,I )+ 1)+ γ0

(
1

3
x5

1 + θ̂ξ ,I (t)x
2
1

)
+ x2

)
.

Therefore, the control function

u = −ξ θ̂1 − x2θ̂2 − γ0C1ξ
2(x1 − 1)x2

1

− C2

(
x2 + C1(ξ − 1)+ γ0

(
1

3
ξ5 + θ̂0,I ξ

2
))

−
(
C1 + γ0

(
5

3
ξ4 + 2ξ θ̂0,I

))

×
(
(x1 − ξ)(F 2(x1, ξ , θ̂0,I )+ 1)+ γ0

(
1

3
x5

1 + θ̂ξ ,I (t)x
2
1

)
+ x2

)
, (5.76)

where C2 > 0 is a design parameter, ensures that ψ̇2 = −C2ψ2(x2, t) + x1θ1 +
x2θ2−ξ θ̂1−x2θ̂2. Taking condition (5.69) into account, we can rewrite the derivative
ψ̇2 as ψ̇2 = −C2ψ2(x2, t) + ξθ1 + x2θ2 − ξ θ̂1 − x2θ̂2 + ε(t), where ε(t) =
(x1−ξ)θ1 ∈ L2[t0, T ] (where T is the maximal interval of existence of the system’s
solution). It follows from Lemma A5.1 that the adaptation algorithm

˙̂
θ1 = γ0(C2ψ2(x2, t)+ ψ̇2)α1(ξ),
˙̂
θ2 = γ0(C2ψ2(x2, t)+ ψ̇2)α2(x2), α1(ξ) = ξ , α2(x2) = x2,

(5.77)

guarantees that ψ2 ∈ L2 ∩ L∞[t0, T ] and ψ̇2 ∈ L2[t0, T ]. The realization of
algorithms (5.77) can be obtained from Theorem 5.1:

θ̂1(x2, ξ , θ̂0,I , t) = γ0

((
x2 + C1(ξ − 1)+ γ0

(
1

3
ξ5 + θ̂0,I ξ

2
))

ξ + θ̂1,I (t)

)
,

˙̂
θ1,I = C2

(
x2 + C1(ξ − 1)+ γ0

(
1

3
ξ5 + θ̂0,I ξ

2
))(

ξ − ξ̇

C2

)
,

θ̂2(x2, ξ , θ̂0,I , t) = γ0

(
x2

2

2
+ θ̂2,I (t)

)
, (5.78)

˙̂
θ2,I = C2

(
x2 + C1(ξ − 1)+ γ0

(
1

3
ξ5 + θ̂0,I ξ

2
))

x2 + ∂U2

∂ξ
ξ̇ + ∂U2

∂θ̂0,I

˙̂
θ0,I ,
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where U2(x2, ξ , θ̂0,I ) =
∫
ψ2(x2, t)∂α2(x2)/∂x2 dx2= x2

2/2 + (C1(ξ − 1) +
γ0(

1
3ξ

5+ θ̂0,I ξ
2))x2. Given that the L2[t0, T ]-norms of ε, ψ2, and ψ̇2 are bounded

by continuous functions of the initial conditions and parameters, we can conclude
that x1(t) and x2(t) can be bounded by some continuous functions of the initial con-
ditions and parameters. This implies that solutions of the combined system exist
for all t ≥ t0 and are bounded, and that ψ(x1(t))→ 0 as t →∞.

We would also like to compare the performance of the proposed control
scheme with that of adaptive backstepping control algorithms (Krstić et al. 1992;
Kanellakopoulos et al. 1991). Adaptive backstepping design for system (5.67)
according to Kanellakopoulos et al. (1991) results in the following control algo-
rithm:

u1 = −C2(x2 + C1(x1 − 1)+ θ̂3x
2
1)− γ0x

4
1(x1 − 1)− x2(C1 + 2x1θ̂3)

− (C1x
2
1 + 2θ̂3x

3
1)θ̂ − x1θ̂1 − x2θ̂2,

˙̂
θ = γ0(x2 + C1(x1 − 1)+ θ̂3x

2
1)x

2
1(C1 + 2θ̂3x1),

˙̂
θ1 = γ0(x2 + C1(x1 − 1)+ θ̂3x

2
1)x1,

˙̂
θ2 = γ0(x2 + C1(x1 − 1)+ θ̂3x

2
1)x2,

˙̂
θ3 = γ0(x1 − 1)x2

1 , (5.79)

where C1 > 0, C2 > 0, and γ0 > 0 are parameters. As before, the parameters
C1 and C2 stand for the feedback gains, and γ0 is the adaptation gain. Adaptive
back-stepping with tuning functions (Krstić et al. 1992) results in

u1 = −C2(x2 + C1(x1 − 1)+ x2
1 θ̂ )− (x1 − 1)

− (C1 + 2x1θ̂ )(x2 + θ̂x2
1)− x2

1τ − x1θ̂1 − x2θ̂2,

˙̂
θ = τ ; τ = γ0((x1 − 1)x2

1 + (x2 + C1(x1 − 1)+ x2
1 θ̂ )x

2
1(C1 + 2x1θ̂ )),

˙̂
θ1 = γ0(x2 + C1(x1 − 1)+ x2

1 θ̂ )x1, (5.80)

˙̂
θ2 = γ0(x2 + C1(x1 − 1)+ x2

1 θ̂ )x2.

The meanings of the parameters C1, C2, and γ0 in (5.80) are analogous to those in
(5.79).

We simulated the adaptive system dynamics for the set of parameters θ0 = θ1 =
1, θ2 = 0.5, and C2 = C1 = γ = 1 and initial conditions x1(0) = 2, x2(0) = 0.2,
θ̂3(0) = θ̂0(0) = 3, θ̂1(0) = θ̂2(0) = −2, ξ2(0) = 0, and ξ1(0) = x1(0). The
initial conditions for θ̂1,I (0), θ̂2,I (0), and θ̂3,I (0) in (5.78) where chosen to satisfy
θ̂1(0) = θ̂2(0) = −2 and θ̂3(0) = 3. As an additional measure of performance,
we introduced the variable �θ(t) = ‖θ − θ̂(t)‖, which is the Euclidean distance
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Figure 5.2 Plots of system (5.67) trajectories with control functions (5.76) and
(5.78) (thick solid lines), (5.79) (dotted line), and (5.80) (dash–dotted line). In (a)
x1 is shown as a function of time, in (b) x2 is depicted as a function of time, in (c)
�θ is shown as a function of time, and in (d) u is shown as a function of time.

between estimates θ̂(t) and the real values of the parameters. Simulation results
are presented in Figure 5.2. For the given set of initial conditions and controller
parameters, the transient performance of the proposed adaptive algorithms is better
than that of conventional algorithms. In addition, we calculated the integral I =∫ T

0 u2
1(τ )dτ , T = 500, for every controller for the system solutions. The values of

the functional I indicate how much energy is spent to achieve the control goal. For
the control function (5.76) and (5.78) I = 627.10, for the adaptive backstepping
controller (5.79) I = 13 329.28, and for the controller (5.80) I = 263 872.58.

The picture remained the same when we varied the controller parameters C1, C2,
and γ0. In particular we let C1 = C2 = c and varied the parameter c in the interval
[1, 5]. The parameter γ0 was chosen randomly in the interval [0.1, 2].

For other values of the initial conditions x1(0) and x2(0) there was no definite
winner. Yet, on average, the performance of the proposed scheme in terms of the
L2-norms calculated for the error function x1(t)−1 and control u(t)was superior to
the best of (5.79) and (5.80). The results are shown in Figure 5.3. Simulations also
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Figure 5.3 Performance diagrams comparing backstepping algorithms (5.79) and
(5.80) with the currently proposed scheme (5.76) and (5.78) for the domain of initial
conditions x1(0) ∈ [−2, 2], x2(0) ∈ [−2, 2] and parameter values θ0 = 1, θ1 = 1,
and θ2 = 1. Each row contains the results for a single value of the controller
parameters C1, C2, and γ0. The left column contains the data on the L2-norm
of u(t), the middle column stands for the L2-norm of the signal x1(t) − 1, and
the right column represents the results for �θ = ‖θ − θ̂(T )‖. The simulation
time T was set to 30 s. White and shaded surfaces in the right column correspond
to backstepping algorithms (5.79) and (5.80) respectively; the black “gridded”
surface corresponds to adaptive feedback (5.76) and (5.78). White areas in the left
and middle columns represent domains of initial conditions where either of the
two backstepping algorithms (5.79) and (5.80) outperforms our proposed scheme
with regard to the values of L2-norms for signals u(t) and x1(t)− 1, respectively.
The filled areas mark those domains where our scheme works better than both
(5.79) and (5.80).
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Figure 5.4 A spring–mass system.

indicate that, for the proposed algorithm (5.76) and (5.78), the uncertainty measure
�θ(T ) did not increase compared with �θ(0) = 4.609. Standard backstepping
algorithms, however, often led to a substantial increase in �θ(T ).

The next example illustrates the application of the method to systems of which
the models contain nonlinearly parametrized uncertainties.

Example 5.2.2 Let us consider a mass–spring system with unknown stick/slip
friction (or, in general, nonlinear damping) and actuator dynamics. The system is
schematically depicted in Figure 5.4. The equations which govern the system’s
dynamics are derived explicitly from Newton’s laws:

ẋ1 = x2,

ẋ2 = −kx1 + k(x3 − x1)− tanh(Sfx2)(C1 + θ1,2e
−θ1,1x

2
2 ),

ẋ3 = θ2x3 + u. (5.81)

The coefficients k in (5.81) denote elastic stiffness, and the term tanh(Sfx2)(C1 +
θ1,2e

−θ1,1x
2
2 ), Sf = 50 models friction forces acting on the connected bodies.

The coefficient C1 stands for Coulomb friction, and the parameters θ1,1 and θ1,2

parametrize Stribeck friction forces. The parameter θ2 denotes the time constant of
the actuator. For simplicity we assume that k = C1 = 1. Equations (5.81) describe a
practically relevant process representing, among others, systems of electromechan-
ical valves, artificial/natural muscles (though with a different type of nonlinearly
parametrized damping), and various haptic interface systems (Lawrence et al.
1998).

The lumped Coulomb static friction and elastic stiffness are defined mostly by
the physical properties of the materials and can be estimated a priori. The Stribeck
force, however, is more sensitive to the changes in operating conditions of the
system (such as position) due to the principal spatial heterogeneity of the contact
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surfaces. Therefore, adaptation is needed. The adaptation should, however, be non-
dominating in order to avoid overshooting in control and thus provide good transient
behavior of the system.

Let the control goal be to steer the system to the manifold x1 = 1. System
(5.81) has lower-triangular structure and therefore the results of Theorem 5.4 are
applicable if Assumptions 5.3, 5.4, and 5.10 hold. Given that the velocity x2, is, in
principle, bounded and

θ1,2e
−θ1,1x

2
2 = e−θ1,1x

2
2+log θ1,2 ,

we can conclude that Assumptions 5.3 and 5.4 are satisfied, at least locally, with
α(x) = (x3

2 ,−x2)
T. Assumption 5.10 is also satisfied since the nonlinearities are

locally Lipschitz in x. Consider the first two equations, where x3 is replaced with
a virtual input u1:

ẋ1 = x2,

ẋ2 = −2x1 − tanh(Sfx2)(1+ θ1,2e
−θ1,1x

2
2 )+ u1. (5.82)

Let ψ(x1) = x1 − 1. There are no uncertainties in the first equation; we therefore
select ψ1(x1, x2) = x1 − 1+ x2 and

u1(x, θ̂1) = −ψ1(x1, x2)+ 2x1 − x2 + tanh(Sfx2)(1+ e−θ̂1,1x
2
2+log θ̂1,2), (5.83)

which ensures that the following holds:

ψ̇1 = −ψ1(x1, x2)+ tanh(Sfx2)(e
−θ̂1,1x

2
2+log θ̂1,2 − e−θ1,1x

2
2+log θ1,2). (5.84)

The adaptation algorithms for θ̂1,1 and θ̂1,2 are as follows:

θ̂1,1(x1, x2, t) = −γ (−ψ1(x1, x2)x
3
2 −U1,1(x1, x2)+ θ̂1,1,I )+ θ̂1,1(0), γ > 0,

˙̂
θ1,1,I = −ψ1(x1, x2)x

3
2 +

∂U1,1(x1, x2)

∂x1
x2, (5.85)

U1,1(x1, x2) = −(x1 − 1)x3
2 −

3

4
x4

2 ;

θ̂1,2(x1, x2, t) = −γ (ψ1(x1, x2)x2 −U1,2(x1, x2)+ θ̂1,2,I )+ θ̂1,2(0), γ > 0,

˙̂
θ1,2,I = ψ1(x1, x2)x2 + ∂U1,2(x1, x2)

∂x1
x2, (5.86)

U1,2(x1, x2) = (x1 − 1)x2 + x2
2

2
.
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The functions U1,1 =
∫
ψ1(x1, x2)3x2

2 dx2 and U1,2 =
∫
ψ1(x1, x2)dx2 are chosen

according to Assumption 5.5 of Theorem 5.1 to ensure that θ̂1,1 and θ̂1,2 satisfy the
following differential equations:

˙̂
θ1,1 = γ (ψ̇1 + ψ1(x1, x2))x

3
2 ,

˙̂
θ1,2 = −γ (ψ̇1 + ψ1(x1, x2))x2. (5.87)

According to Lemma A5.2 we can conclude that solutions of the system (5.82),
(5.83), and (5.87) satisfy limt→∞ ψ(x1(t), x2(t)) = 0. Notice that the finite-form
realizations (5.85) and (5.86) of algorithms (5.87) are derived without introducing
an auxiliary system (5.64). This is because the derivative ẋ1 does not depend on the
vector θ explicitly and hence we can compensate explicitly for ∂U1,1(x1, x2)/∂x1ẋ1

and ∂U1,2(x1, x2)/∂x1ẋ1 in ˙̂θ1,1,I and ˙̂θ1,2,I as well.
This completes the first step of our iterative synthesis procedure. Let us now con-

sider the original system (5.81) and select ψ2(x1, x2, x3, t) = u1(x1, x2, t)− x3.12

Unlike in the case considered previously, the derivative ψ̇2 depends not only
on f3(x, θ2) = x2θ2 + u but also on f2(x, θ1). The sum of two monotonic
functions, however, generally is known to be not a monotonic function with
respect to θ1 ⊕ θ2. Therefore, in order to satisfy Assumptions 5.3 and 5.4 in this
case we need to replace the variable x2 in ψ2 with a new variable, ξ . In other
words, we shall embed the original system into one of higher order, ensuring that
u1(x1, x2, t) − u1(x1, ξ , t) ∈ L2[t0, T ] (see Lemmas 5.1 and A5.1 for details).
Notice that according to the realizability requirements (the existence of finite-
form realizations) and the requirements of Lemma A5.2 this embedding should
also guarantee that f3(x, θ2) − f3(x1 ⊕ ξ ⊕ x3, θ2) ∈ L2[t0, T ]. In our example,
however, the function f3 does not depend on x2. Hence, it suffices to show that
u1(x1, x2, t) − u1(x1, ξ , t) ∈ L2[t0, T ], and that the norm is a continuous func-
tion merely of the initial conditions and parameters, in order to guarantee both
convergence of ψ to 0 and derivative-independent realization of the adaptation
algorithm.

Let us consider the difference u1(x1, x2, t)− u1(x1, ξ , t):

u1(x1, x2, t)− u1(x1, ξ , t) = −2(x2 − ξ)

+ tanh(Sfx2)e
− x6

2
4 +θ̂1,1,I (t)x

2
2−

x2
2
2 +θ̂1,2,I (t)

− tanh(Sf ξ)e
− ξ6

4 +θ̂1,1,I (t)ξ
2− ξ2

2 +θ̂1,2,I (t).

12 For compactness of notation we supposed here that the function u1 depends on t explicitly rather than implicitly
through θ̂1,1,I (t) and θ̂1,2,I (t).
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On applying the mean-value theorem we get that

|u1(x1, x2, t)− u1(x1, ξ , t)| ≤ |x2 − ξ |(2+ SfF(t)),

where

F(t) = max
0≤τ≤t F0(τ ); (5.88)

F0(t) = max
λ∈[0,1]

{∣∣∣∣ ∂∂s e− s6
4 +θ̂1,1,I (t)s

2− s2
2 +θ̂1,2,I (t)

∣∣∣∣
}

,

s = λx2(t)+ (1− λ)ξ(t). (5.89)

Let us introduce the variable ξ :

ξ̇ = (x2 − ξ)(1+ F 2(t))− 2x1 + x3 − tanh(Sfx2)(1+ e−θξ ,1x
2
2+θξ ,2) (5.90)

and consider ψ̇ξ (x2, ξ) = x2 − ξ :

ψ̇ξ = −ψξ(1+ F 2(t))+ tanh(Sfx2)(e
−θξ ,1x

2
2+θξ ,2 − e−θ1,1x

2
2+θ1,2).

According to Lemma A5.2, the function (x2 − ξ)F (t) ∈ L2[t0, T ] (and, conse-
quently, the difference u1(x1, x2, t)−u1(x1, ξ , t) ∈ L2[t0, T ]) if θξ ,1 and θξ ,2 satisfy
the following differential equations:

θ̇ξ ,1 = γ (ψ̇ξ + ψξ(1+ F 2(t)))x3
2 ,

θ̇ξ ,2 = −γ (ψ̇ξ + ψξ(1+ F 2(t)))x2. (5.91)

The integral-differential realization of (5.91) is

θξ ,1 = −γ (−(x2 − ξ)x3
2 −Uξ ,1(x2, ξ)+ θ̂ξ ,1,I ),

θ̇ξ ,1,I = −(x2 − ξ)x3
2 +

∂Uξ ,1(x2, ξ)

∂ξ
ξ̇ , (5.92)

Uξ ,1(x2, ξ) = −
∫

3(x2 − ξ)x2
2 dx2 = −3

4
x4

2 + ξx3
2 ;

θξ ,2 = −γ ((x2 − ξ)x2 −Uξ ,2(x2, ξ)+ θ̂ξ ,2,I ),

θ̇ξ ,2,I = (x2 − ξ)x2 + ∂Uξ ,2(x2, ξ)

∂ξ
ξ̇ , (5.93)

Uξ ,2(x2, ξ) =
∫

(x2 − ξ)dx2 = 1

2
x2

2 − ξx2.
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Equations (5.90), (5.92), and (5.93) form the desired extension of the original
system.

Let us finally introduce ψ2(x1, x3, ξ , t) = u1(x1, ξ , t) − x3 = 0. Ensuring that
ψ2 ∈ L2 ∩ L∞[t0, T ] and that the corresponding norm depends only on the initial
conditions and parameters will assure that the trajectories of (5.82), (5.85), and
(5.86) are bounded and ψ(x1) → 0 as t → ∞. Then boundedness of x3 will
follow from boundedness of x2 − ξ and smoothness of u1(x1, ξ , t). Consider ψ̇2:

ψ̇2 = ∂u1(x1, ξ , t)

∂x1
x2 + ∂u1(x1, ξ , t)

∂ξ
ξ̇ + ∂u1(x1, ξ , t)

∂t
− x3θ2 − u.

Letting

u = ∂u1(x1, ξ , t)

∂x1
x2 + ∂u1(x1, ξ , t)

∂ξ
ξ̇

+ ∂u1(x1, ξ , t)

∂t
− x3θ̂2 + ψ2(x1, ξ , x3, t), (5.94)

we obtain that

ψ̇2 = −ψ2(x1, ξ , x3, t)+ x3θ̂2 − x3θ2. (5.95)

Notice that because (5.95) is linearly parametrized we can now complete the design
by applying conventional approaches. For the sake of consistency, however, we
derive estimates θ̂2 according to the proof of Theorem 5.4. The resulting equations
for the estimates θ̂2 can be given as follows:

θ̂2(x1, ξ , x3, t) = −γ (ψ2(x1, ξ , x3)x3 −U2(x1, ξ , x3)+ θ̂2,I ),

˙̂
θ2,I = ψ2(x1, ξ , x3)x3 + ∂U2(x1, ξ , x3)

∂x1
x2 + ∂U2(x1, ξ , x3)

∂ξ
ξ̇ , (5.96)

U2(x1, ξ , x3) =
∫

(u1(x1, ξ)− x3)dx3 = u1(x1, ξ)x3 − 1

2
x2

3 .

According to Lemma A5.2 the algorithms (5.96) guarantee that ψ2 ∈ L2 ∩
L∞[t0, T ], and that the norm can be bounded by a continuous function of the
initial conditions and parameters. This in turn implies that x1, x2, x3 ∈ L∞[t0,∞].
Moreover, ψ1(x1(t), x2(t)) → 0 and ψ(x1(t)) → 0 as t → ∞. We simulated
system (5.81) with the control function (5.94) and (5.96) and the auxiliary system
(5.90), (5.92), and (5.93) for the following set of initial conditions and parameter
values: x1(0) = 2, x2(0) = 1, x3(0) = 1, θ1,1 = 2, θ1,2 = 3, θ2 = 2, ξ(0) = 2,
θ̂1,1,I (0) = 0, θ̂1,2,I (0) = −3, θξ ,1,I (0) = 0, and θξ ,1,I (0) = −3, θ̂2,I (0) = 0,
and γ = 1. Results of computer simulations (the trajectory x1(t)) of the system
with our adaptive control are shown in Figure 5.5. The system approaches the goal
manifold ψ(x1) = 0 asymptotically as required.
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Figure 5.5 The trajectory x1(t) as a function of time.

5.3 Adaptive regulation to invariant sets

In the previous sections of the chapter we focused on determining algorithms
of adaptation that could be viewed as solutions to Problem 5.1. Asymptotic
characterizations of the resulting systems have been limited so far to

lim
t→∞ψ(x, t) = 0

(see e.g. Theorems 5.1 and 5.4). The question, however, is whether we can state
anything stronger than the limiting relation above regarding the asymptotic proper-
ties of the system’s solutions. It turns out that for a class of systems this possibility
could exist. In particular, it is possible to show that the adaptation schemes devel-
oped here are capable of steering the system’s state to invariant sets of which the
location can be estimated a priori. One of the mechanisms enabling this possibility
is requirement (5.21) in Problem 5.1 (i.e. the condition demanding that the influ-
ence of uncertainty on the target dynamics is compensated for up to a perturbation
from L2[t0,∞]).

5.3.1 Systems with parametric uncertainties and nonlinear parametrization

Consider a subclass of (5.1):

ẋ1 = f1(x, ζ )+ g1(x, ζ )u,

ẋ2 = f2(x, θ , ζ )+ g2(x, ζ )u,

ζ̇ = S(ζ , x),

(5.97)
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where the system
ζ̇ = S(ζ , x), S : R

ζ × R
n → R

ζ (5.98)

is complete and admits an Ln∞[t0,∞] %→ L
ξ∞[t0,∞] margin (bounded-input–

bounded-state property). The following corollary from Theorem 5.1 holds for such
systems.

Corollary 5.2 Consider the system (5.11), (5.32), (5.34), and (5.97) with ε(t) =
0, and suppose that Assumptions 5.1, 5.2, 5.3, and 5.513 hold. In addition, let
us suppose that the right-hand side of the combined system is locally Lipschitz,
properties H1, H2, and H4 hold, the functions α(x, t) and ∂ψ(x, t)/∂t are locally
bounded in x, and system (5.13) admits an L1

2[t0,∞] %→ L1
p[t0,∞] margin.

Then solutions of the system are bounded for all x(t0) and ζ (t0), and converge
to the maximal invariant set in

{x ∈ R
n, ζ ∈ R

ζ , θ̂ ∈ R
d |f (x, θ , ζ )− f (x, θ̂ , ζ ) = 0}. (5.99)

Corollary 5.2 states that all limit motions in the controlled system will satisfy

ψ̇ = −ϕ(ψ , ω, ζ ),

ζ̇ = S(x, ζ ).
(5.100)

In other words, the intersection of the invariant sets of (5.100) and the set of
“compensated uncertainties” defined by (5.99) contains limit sets of the controlled
system. This gives us the possibility of establishing adaptation mechanisms for sys-
tems of which the target motions are not fully known a priori, as functions of state
or time, but can still be defined as a limit set of (5.100). An example illustrating
this idea is discussed in the next section.

5.3.2 Systems with signal uncertainties and linear parametrization

Let us consider the following class of systems:

ẋ = f(x)+Gu(φ(x)θ + u),
θ̇ = S(θ), θ(t0) ∈ �θ ⊂ R

d ,
(5.101)

where f : R
n → R

n, φ : R
n → R

m×d , are C1-smooth vector fields, Gu ∈ R
n×m, θ

is the vector of variables of which the exact values are unknown, and S : R
d → R

d ,
S ∈ C1 is a known function. The initial conditions θ(t0) = θ0 ∈ �θ are supposed

13 In the statement of the theorem the functionsψ(x, t), f(x, θ , t), and g(x, t) are allowed to depend on t explicitly.
Here we replace this dependence with the implicit one, through the variable ζ (t): ψ(x, ζ (t)), f(x, θ , ζ (t)),
g(x, ζ (t)).



190 Algorithms of adaptive regulation and adaptation in dynamical systems

to be unknown. Let �S(�θ) ⊆ �θ , and let �θ be bounded. Our goal is to steer the
system’s state to the following target set:

�∗(x) ⊂ R
n. (5.102)

A very similar problem was stated and analyzed in detail in Panteley et al. (2002).
Here we illustrate how this problem can be solved by employing methods developed
in the previous sections.

An important feature of this problem, compared with the ones we considered
earlier, is that the target set (5.102) is no longer a surface of which the functional
(implicit) definition is known. Now it is a mere set in R

n satisfying the following
assumption.

Assumption 5.11 �∗(x) is a a bounded and closed subset of R
n.

With respect to the motions θ(t , θ0), we will consider only those which satisfy
the following assumption.

Assumption 5.12 There exists a positive definite matrix H = HT ∈ R
d×d , such

that the following holds for the function S : R
d → R

d in (5.101):

H
∂S(θ)

∂θ
+ ∂S(θ)

∂θ

T

H ≤ 0, ∀ θ ∈ R
d .

According to this assumption the vector θ(t) not only represents the standard
parametric uncertainty but also can model motions of which the solutions are stable
in the sense of Lyapunov. With regard to the input u we suppose that the following
holds.

Assumption 5.13 For the given �∗(x) defined by (5.4) and system (5.101) there
is a function u0(x), u0 ∈ C1 such that

Guu0(x)+ f(x) = f0(x).
Moreover, �∗(x) ⊃ �f0(x) for all x0 ∈ R

n, where the flow x(t , x0, t0) is generated
by

ẋ = f0(x). (5.103)

Finally, let us introduce two additional alternative technical hypotheses with
regard to the target set (5.102). The first one is formulated in Assumption 5.14, and
the second one is presented in Assumption 5.15.

Assumption 5.14 There exist functions ψ(x) : R
n → R, ϕ : R → R, such

that
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(1) �∗ ⊇ �f0(�ψ), �ψ = {x ∈ R
n| x : ϕ(ψ(x)) = 0}, that is �∗(x) contains

invariant sets of system (5.103) restricted to �ψ ;
(2) there exists a function β(x) : R

n → R≥0 such that β(x) is separated away
from zero and satisfies

ψ
∂ψ(x)
∂x

f0(x) ≤ −β(x)ϕ(ψ)ψ ,∫ ψ

0
ϕ(σ)dσ ≥ 0, lim

ψ→∞

∫ ψ

0
ϕ(σ)dσ = ∞;

(5.104)

(3) for the function ψ(x) : R
n → R, ψ(x) ∈ C1, with ∂ψ/∂x being Lipschitz,

Assumption 5.1 holds.

Notice that ψ(x) and ϕ(ψ) are not required to be sign-definite.

Assumption 5.15 Consider (5.103) with an additive perturbation ε0:

ẋ = f0(x)+ ε0(t), ε0 ∈ Ln
2[t0,∞] ∩ C1. (5.105)

System (5.105) admits an Ln
2[t0,∞] → Ln∞[t0,∞] margin, and �∗ ⊇ �f0 .

Let us now proceed with determining the existence conditions for a feedback

u(x, ξ) = u(x, ξ , θ̂), ξ̇ = fξ (x, ξ , θ̂), ξ ∈ R
k

steering state x(t) of system (5.101) to �∗ as t → ∞. In order to derive these
conditions we employ the method of the virtual algorithm of adaptation. First, we
specify a suitable class of feedbacks and look for a virtual adaptation algorithm (a
system of differential equations of which the right-hand side depends on unmea-
sured quantities θ explicitly) ensuring that x(t)→ �∗ as t →∞. Such algorithms
and their properties are defined in Lemma A5.2. In order to obtain an adaptation
scheme that does not require information about the values of θ we rely on the
embedding technique described in Section 5.2.2. The main results are provided in
Theorems 5.5 and 5.6. For the sake of compactness these results are formulated
in the existential form. Nevertheless, the proofs are constructive, offering specific
procedures for finding control inputs that steer the system’s state to �∗ adaptively.

Theorem 5.5 Let system (5.101) be given and suppose that Assumptions 5.11–
5.14 hold. In addition, suppose that there is a C1-smooth function κ(x) such that∥∥∥∥∂ψ(x)

∂x

∥∥∥∥ ≤ |κ(x)|.



192 Algorithms of adaptive regulation and adaptation in dynamical systems

Then there exists a system

ξ̇ = fξ (x, ξ , ν),

ν̇ = fν(x, ξ , ν), ξ ∈ R
n, ν ∈ R

d ,
(5.106)

a control function u(x, θ̂) = u0(x)− φ(ξ)θ̂(t), and an adaptation algorithm

θ̂ = (H−1U(ξ)x + θ̂ I (t)),

U(ξ) = (κ2(ξ)+ 1)(Guφ(ξ))
T,

˙̂
θ I = S(θ̂)−H−1 ∂U(ξ)

∂ξ
fξ (x, ξ , ν)x −H−1U(ξ)f0(x),

(5.107)

such that the following properties hold:

(1) θ̂(t), x(t) ∈ Ln∞[t0,∞];
(2) x(t) converges to �∗ asymptotically as t →∞;
(3) if the function Guφ(ξ(t)) is persistently exciting and S(θ) ≡ 0, then θ̂(t , θ̂0, t0)

converges to θ0 as t →∞.

Theorem 5.6 Consider system (5.101), and let Assumptions 5.11–5.13 and 5.15
hold. Then there is a system (5.106), a control input u(x, θ̂) = u0(x) − φ(ξ)θ̂(t),
and an adaptation algorithm (5.107) with κ(ξ) ≡ 0 such that statements (1)–(3) of
Theorem 5.5 hold.

5.4 Adaptive control of interconnected dynamical systems

In the previous sections of this chapter, when analyzing and designing algorithms
of adaptive regulation and control, the spectrum of unmodeled dynamics and the
perturbation was limited to functions from L2[t0,∞]. No specific attention was
paid to the nature of the perturbation dynamics either. Now we wish to consider
this issue in greater detail. In particular, we consider the following class of models:

ẋ1 = f1(x)+ g1(x)u,

ẋ2 = f2(x, θ)+ z(x, q(t), t)+ g2(x)u, x(t0) = x0,
(5.108)

where signals q(t) are generated by

q̇ = fq(x, q, t), q(t0) = q0 ∈ R
s . (5.109)

System (5.109) is supposed to be complete for all x(t) ∈ Ln∞[t0,∞). Equations
(5.109) can model unmeasured but modeled perturbations; interestingly, they can
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also stand for another compartment of a larger adapting system affecting the dynam-
ics of (5.108) through coupling. These cases are considered and analyzed separately
in the next sections.

5.4.1 Systems with unmodeled dynamics

As before we suppose that the goal of regulation is to ensure that

lim
t→∞ψ(x(t , x0), t) = 0,

where ψ(x, t) is the function satisfying Assumption 5.1. Let the control input u be
defined as in (5.10). Then

ψ̇ = −ϕ(ψ , ω, t)+ f (x, θ , t)− f (x, θ̂ , t)+ z(x, q, t), z = Lz(x,q,t)ψ . (5.110)

We will assume that the function z(x, q, t) ∈ C1 satisfies

|z(x, q, t)| ≤ |hx(x, t)| + |hq(q, t)|, (5.111)

where hx : R
n×R≥0 → R, hq : R

s×R≥0 → R, hx(·),hq(·) ∈ C0. Our analysis of
the system (5.108), (5.109), and (5.10) will be based on the small-gain argument.
Therefore some quantitative knowledge about gain margins (5.14) is needed. In
particular, we suppose that the following additional information is available.

Assumption 5.16 There exist functions γhx , γhq , γψ ,2, γx,∞ ∈ K and constants
βhx , βhq , βψ ,2, and βx,∞ such that

(1) system (5.108) satisfies

‖hx(x(t), t)‖2,[t0,T ] ≤ γhx (‖ψ(x(t), t)‖∞,[t0,T ])+ βhx ; (5.112)

(2) system (5.109) satisfies

‖hq(q(t), t)‖2,[t0,T ] ≤ γhq (‖x(t)‖∞,[t0,T ])+ βhq ; (5.113)

(3) the function ψ(x, t) majorizes state x of (5.108),

‖x(t)‖∞,[t0,T ] ≤ γx,∞(‖ψ(x(t), t)‖∞,[t0,T ])+ βx,∞; (5.114)

(4) system (5.13) admits L2[t0, T ] %→ L2[t0, T ] margin,

‖ψ(t)‖∞,[t0,T ] ≤ γψ ,2(‖ζ(t)‖2,[t0,T ])+ βψ ,2. (5.115)

Inequalities (5.114) and (5.115) in Assumption 5.16 constitute slightly stronger
versions of Assumptions 5.1 and 5.2. Inequalities (5.112) and (5.113) characterize
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the interaction between the perturbation subsystem, (5.109), and (5.108). Now we
are ready to formulate the following result.

Theorem 5.7 Consider the combined system (5.10), (5.34), and (5.108)–(5.110).
Suppose that Assumptions 5.3–5.5 and 5.16 hold, and that there exist functions

λ1(·), λ2(·), ρi(·) ∈ K∞
such that

(Id + λ2) ◦ (Id − γhq,q )
−1 ◦ (ρ9 + Id) ◦ γhq,x

◦(Id + λ1) ◦ (Id − γhx,x )
−1 ◦ (ρ8 + Id) ◦ γhx,q (s) ≤ s,

(Id + λ1) ◦ (Id − γhx,x )
−1 ◦ (ρ8 + Id) ◦ γhx,q

◦(Id + λ2) ◦ (Id − γhq,q )
−1 ◦ (ρ9 + Id) ◦ γhq,x (s);≤ s,

for all s ≥ s0, where

γhx,x (s) = γhx ◦ (ρ4 + Id) ◦ γψ ,2 ◦ (ρ1 + Id) ◦ (ρ2 + Id)(CDs),

γhx,q (s) = γhx ◦ (ρ4 + Id) ◦ ρ−1
4 ◦ (ρ5 + Id) ◦ γψ ,2 ◦ (ρ1 + Id)

◦ (ρ2 + Id) ◦ ρ−1
2 (CDs),

γhq,x (s) = γhq ◦ (ρ3 + Id) ◦ γx,∞ ◦ (ρ6 + Id) ◦ γψ ,2

◦ (ρ1 + Id) ◦ (ρ2 + Id)(CDs);

γhq,q (s) = γhq ◦ (ρ3 + Id) ◦ γx,∞ ◦ (ρ6 + Id) ◦ ρ−1
6 ◦ (ρ7 + Id)

◦ γψ ,2 ◦ (ρ1 + Id) ◦ (ρ2 + Id) ◦ ρ−1
2 (CDs), CD = 1+ D

D1
.

Then

(1) solutions of the system exist for all [t0,∞), and x(t) ∈ Ln∞[t0,∞], θ̂(t) ∈
Ld∞[t0,∞]; moreover, q(t) ∈ Ls∞[t0,∞], provided that system (5.109) admits
L∞ %→ L∞ margin;

(2) f (x(t), θ)−f (x(t), θ̂(t)) ∈ L1
2[t0,∞]; in addition, if f (·, ·) ∈ C1 and z(x, q, t)

and α(x, t) are locally bounded uniformly in t , then

lim
t→∞ f (x(t), θ)− f (x(t), θ̂(t)) = 0. (5.116)

Theorem 5.7 establishes sufficient conditions ensuring the existence of a success-
ful adaptation scheme for systems (5.108) in the presence of unmodeled dynamics
and nonlinear parametrization. The result is based on the nonlinear small-gain
theorem, and thus the conditions are rather conservative. Despite this obvious lim-
itation, an advantage of this approach is that knowledge of the Lyapunov functions
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describing motion in the individual subsystems is not required. Notice also that
some specific properties of the uncertainty model (coefficient CD) are inherent
parts of the resulting small-gain condition.

A practically relevant feature of the adaptation scheme discussed above is that
asymptotic compensation of the influence of uncertainty on the target dynamics,
(5.116), is still guaranteed. This enables reconstruction of the true values of θ , pro-
vided that a nonlinear persistency-of-excitation condition holds (Cao et al. 2003;
Tyukin and van Leeuwen 2005) (see also Theorem 5.9). In addition, if the map-
pings γhx , γhq , γψ ,2, and γx,∞ in Assumption 5.16 are linear then the requirements
on the functions γhx , γhq , γψ ,2, and γx,∞ in Theorem 5.7 can be reduced to

γhx,x = γhx · γψ ,2 · CD < 1, γhq,q = γhq · γx,∞ · γψ ,2 · CD < 1,
γhq,x

1− γhq,q

γhx,q

1− γhx,x

< 1,

γhx,q = γhx · γψ ,2 · CD , γhq,x = γhq · γx,∞ · γψ ,2 · CD .

5.4.2 Decentralized adaptive control

So far we have considered adaptive control and regulation problems for systems
consisting of the controlled subsystem (5.108) and perturbations governed by e.g.
(5.109). Let us now consider the case of interconnected adapting systems Sx and
Sy . Regulatory, control, and adapting mechanisms in one of these subsystems do
not necessarily account for the other. The question is what can we say about the
overall behavior of such interconnection?

Questions of this kind are inherent to the domain of decentralized adaptive
control. There is a large literature on this topic containing successful solutions
to problems of adaptive stabilization (Gavel and Siljak 1989; Jain and Khorrami
1997), tracking (Ioannou 1986; Jain and Khorrami 1997; Shi and Singh 1992;
Spooner and Passino 1996), and output regulation (Jiang 2000; Ye and Huang
2003) of linear and nonlinear systems. In most of these cases the problem of
decentralized control is solved within the conventional framework of adaptive stabi-
lization/tracking/regulation by a family of linearly parametrized controllers. While
these results may be successfully implemented in a large variety of technical and
artificial systems, there is room for further improvements, in particular when the
target dynamics of the systems is not stable in the Lyapunov sense but intermittent,
meta-stable, or multi-stable, or when the uncertainties are nonlinearly parametrized
and no domination of the uncertainties by feedback is allowed.

Here we take advantage of the results from Sections 5.1 and 5.2 and show
how these issues can be addressed simultaneously for a class of nonlinear
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dynamical systems. Our contribution is that we provide conditions ensuring
forward-completeness, boundedness, and asymptotic reaching of the goal for a pair
of interconnected systems with uncertain coupling and parameters. The method
does not require either the availability of a Lyapunov function for the desired
motions in each subsystem or linear parametrization of the controllers. Moreover,
the results can straightforwardly be extended to interconnection of arbitrarily many
(but still a finite number of) subsystems.

Consider interconnection of systems Sx and Sy :

Sx :
ẋ1 = f1(x)+ g1(x)ux ,
ẋ2 = f2(x, θx)+ γy(y, t)+ g2(x)ux ,

(5.117)

Sy :
ẏ1 = q1(y)+ z1(y)uy ,
ẏ2 = q2(y, θy)+ γx(x, t)+ z2(y)uy ,

(5.118)

where x ∈ R
nx and y ∈ R

ny are the state vectors of systems Sx and Sy , respectively,
the vectors θx ∈ R

nθx and θy ∈ R
nθy are unknown parameters, and the functions

f = f1(x)⊕ f2(x, θx) : R
nx ×R

nθx → R
nx , q = q1(y)⊕q2(y, θy) : R

ny ×R
nθy →

R
ny , g = g1(x) ⊕ g2(x) : R

nx → R
nx , and z = z1(y) ⊕ z2(x) : R

ny → R
ny

are continuous and locally bounded. The functions γy : R
ny × R≥0 → Rn and

γx : R
nx × R≥0 → R

ny , stand for nonlinear, non-stationary, and, in general,
unknown couplings between systems Sx and Sy , and ux ∈ R and uy ∈ R are the
control inputs.

Let ψx : R
nx × R≥0 → R and ψy : R

ny × R≥0 → R be the goal functions for
systems Sx and Sy , respectively. In other words, for some values εx ∈ R≥0 and
εy ∈ R≥0 and time instant t∗ ∈ R≥0, the inequalities

‖ψx(x(t), t)‖∞,[t∗,∞] ≤ εx , ‖ψy(y(t), t)‖∞,[t∗,∞] ≤ εy (5.119)

specify the desired state of the interconnection (5.117) and (5.118). Our goal is to
specify the class of functions ux(x, t) and uy(y, t) constituting solutions to part 1
of Problem 5.3, in particular ensuring that for all θx ∈ R

nθx and θy ∈ R
nθy

(1) the interconnection (5.117) and (5.118) is complete;
(2) the trajectories x(t) and y(t) are bounded;
(3) for given values of εx and εy , some t∗ ∈ R≥0 exists such that inequalities (5.119)

are satisfied or, possibly, the functions ψx(x(t), t) and ψy(y(t), t) converge to
zero as t →∞.

The function ux(·) should not depend explicitly on y and, symmetrically, the func-
tion uy(·) should not depend explicitly on x. The general structure of the desired
configuration of the control scheme is provided in Figure 5.6.
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ux

uy

Sx

Sy

γxγy θy

θx

Figure 5.6 The general structure of the interconnection (5.117) and (5.118).

Consider the following functions:

ux(x, θ̂x , ωx , t) = (Lg(x)ψx(x, t))−1

×
(
−Lf(x,θ̂x)

ψx(x, t)− ϕx(ψx , ωx , t)− ∂ψx(x, t)

∂t

)
,

ϕx : R× R
w × R≥0 → R,

(5.120)

uy(y, θ̂y , ωy , t) = (Lz(y)ψy(y, t))−1

×
(
−Lq(y,θ̂y)

ψy(y, t)− ϕy(ψy , ωy , t)− ∂ψy(y, t)

∂t

)
,

ϕy : R× R
w × R≥0 → R.

(5.121)

These functions transform the original equations (5.117) and (5.118) into the
following form:

ψ̇x = −ϕx(ψx , ωx , t)+ fx(x, θx , t)− fx(x, θ̂x , t)+ hy(x, y, t),

ψ̇y = −ϕy(ψx , ωy , t)+ fy(y, θy , t)− fy(y, θ̂y , t)+ hx(x, y, t),
(5.122)

where

hx(x, y, t) = Lγy(y,t)ψx(x, t), hy(x, y, t) = Lγx(x,t)ψy(y, t),

fx(x, θx , t) = Lf(x,θx)ψx(x, t), fy(x, θy , t) = Lq(y,θy)ψy(y, t).
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Consider the following adaptation algorithms:

θ̂x(x, t) = �x(θ̂P ,x(x, t)+ θ̂ I ,x(t)), �x ∈ R
d×d , �x > 0,

θ̂P ,x(x, t) = ψx(x, t)αx(x, t)−Ux(x, t),

˙̂
θ I ,x = ϕx(ψx(x, t), ωx , t)αx(x, t)+Rx(x, θ̂x , ux(x, θ̂x , t), t),

(5.123)

θ̂y(x, t) = �y(θ̂P ,y(y, t)+ θ̂ I ,y(t)), �y ∈ R
d×d , �y > 0,

θ̂P ,y(y, t) = ψy(y, t)αy(y, t)−Uy(y, t),

˙̂
θ I ,y = ϕy(ψy(y, t), ωy , t)αy(y, t)+Ry(x, θ̂y , uy(y, θ̂y , t), t),

(5.124)

where Rx(·) and Ry(·) are defined as in (5.34), and the functions αx(·), αy(·),Ux(·)
andUy(·)will be specified later. Now we are ready to formulate the following result.

Theorem 5.8 Let systems (5.117) and (5.118) be given. Furthermore, suppose
that the following conditions hold:

(1) the functions ψx(x, t) and ψy(y, t) satisfy Assumption 5.1 for systems (5.117)
and (5.118), respectively;

(2) the systems

ψ̇x = −ϕx(ψx , ωx , t)+ ζx(t), ψ̇y = −ϕy(ψy , ωy , t)+ ζy(t) (5.125)

satisfy Assumption 5.2 with corresponding margins

γx∞,2(ψx0 , ωx , ‖ζx(t)‖2,[t0,T ]), γy∞,2(ψy0 , ωy , ‖ζy(t)‖2,[t0,T ]);

(3) systems (5.125) admit L1
2[t0,∞] %→ L1

2[t0,∞] margins, that is

‖ψx(x(t), t)‖2,[t0,T ] ≤ Cγx + γx2,2(‖ζx(t)‖2,[t0,T ]),
‖ψy(y(t), t)‖2,[t0,T ] ≤ Cγy + γy2,2(‖ζy(t)‖2,[t0,T ]),

Cγx , Cγy ∈ R≥0, γx2,2 , γy2,2 ∈ K∞;

(5.126)

(4) the functions fx(x, θx , t) and fy(y, θy , t) satisfy Assumptions 5.3 and 5.4 with
corresponding constants Dx , Dx1 , and Dy , Dy1 and functions αx(x, t) and
αy(y, t) from (5.123) and (5.124);

(5) the functions hx(x, y, t) and hy(x, y, t) satisfy the following inequalities:

‖hx(x, y, t)‖ ≤ βx‖ψx(x, t)‖, ‖hy(x, y, t)‖ ≤ βy‖ψy(y, t)‖,
βx ,βy ∈ R≥0. (5.127)

Finally, let the functions Ux(x, t) and Uy(y, t) in (5.123) and (5.124) satisfy
Assumption 5.5 with B = 0 for systems (5.117) and (5.118), respectively, and
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there exist functions ρ1(·), ρ2(·), ρ3(·) > Id(·) ∈ K∞ and constant �̄ ∈ R≥0

such that the inequality

βy ◦γy2,2 ◦ρ1 ◦
(

Dy

Dy,1
+ 1

)
◦ρ3 ◦βx ◦γx2,2 ◦ρ2 ◦

(
Dx

Dx,1
+ 1

)
(�) < � (5.128)

holds for all � ≥ �̄.
Then

(C1) The interconnection (5.117) and (5.118) with controls (5.120) and (5.121) is
forward-complete and the trajectories x(t) and y(t) are bounded.
Furthermore,

(C2) if properties H1 and H4 hold for the functions fx(x, θx , t), fy(y, θy , t),
hx(x, y, t), and hy(x, y, t), and also for the functions ϕx(ψx , ωx , t) and
ϕy(ψy , ωy , t), then

lim
t→∞ψx(x(t), t) = 0, lim

t→∞ψy(y(t), t) = 0. (5.129)

Moreover,
(C3) if property H2 holds for fx(x, θx , t) and fy(y, θy , t), and the functions

αx(x, t), ∂ψx(x, t)/∂t , αy(y, t), and ∂ψy(y, t)/∂t are locally bounded with
respect to x and y uniformly in t , then

lim
t→∞ fx(x(t), θx , t)− fx(x(t), θ̂x(t), t) = 0,

lim
t→∞ fy(y(t), θy , t)− fy(y(t), θ̂y(t), t) = 0.

(5.130)

Let us briefly comment on the conditions and assumptions of Theorem 5.8.
Conditions (1) and (2) specify restrictions on the goal functionals, which restrictions
are similar to those of Theorem 5.1. Condition (3) is analogous to requirement (3) in
Theorem 5.1, whereas condition (5) specifies uncertainties in the coupling functions
hx(·) and hy(·) in terms of their growth rates w.r.t. ψx(·) andψy(·). We observe here
that this property is needed in order to characterize the L2-norms of the functions
hx(x(t), y(t), t) and hy(x(t), y(t), t) in terms of the L2-norms of the functions
ψx(x(t), t) and ψy(y(t), t). Therefore, it is possible to replace requirement (5.127)
with the following set of conditions:

‖hx(x(t), y(t), t)‖2,[t0,T ] ≤ βx‖ψx(x(t), t)‖2,[t0,T ] + Cx ,

‖hy(x(t), y(t), t)‖2,[t0,T ] ≤ βy‖ψy(y(t), t)‖2,[t0,T ] + Cy .
(5.131)

The replacement will allow us to extend the results of Theorem 5.8 to intercon-
nections of systems where the coupling functions do not depend explicitly on
ψx(x(t), t) and ψy(y(t), t). We illustrate this possibility later in Example 5.4.1.
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Condition (5.128) is the small-gain condition with respect to the L1
2[t0, T ]-norms

for the interconnection (5.117) and (5.118) with control (5.120) and (5.121). When
the mappings γx2,2(·) and γy2,2(·) in (5.125) are majorized by linear functions

γx2,2(�) ≤ gx2,2�, γy2,2(�) ≤ gy2,2�, � ≥ 0,

condition (5.128) reduces to the much simpler one

βyβxgx2,2gy2,2

(
Dy

Dy,1
+ 1

)(
Dx

Dx,1
+ 1

)
< 1.

Notice also that the mappings γx2,2(·) and γy2,2(·) are defined by the properties
of the target dynamics (5.125), and, in principle, these can be made arbitrarily
small. This, together with (5.128), eventually leads to the following conclusion:
the smaller the L2-gains of the target dynamics of systems Sx and Sy , the wider the
class of nonlinearities (bounds for βx and βy , domains of Dx , D1,x , Dy , and D1,y)
which admit a solution to Problem 5.3 can be.

Example 5.4.1 Let us illustrate the application of Theorem 5.8 to the problem of
decentralized control of two coupled oscillators with nonlinear damping. Consider
the following interconnected systems:{

ẋ1 = x2,
ẋ2 = fx(x1, θx)+ k1y1 + ux ,{
ẏ1 = y2,
ẏ2 = fy(y1, θy)+ k2x1 + uy ,

(5.132)

where k1, k2 ∈ R are uncertain parameters of the coupling, the functions f (x1, θx)
and f (y1, θy) stand for the nonlinear damping terms, and θx and θy are unknown
parameters. For illustrative purpose we assume the following mathematical model
for the functions fx(·) and fy(·) in (5.132):

fx(x1, θx) = θx(x1 − x0)+ 0.5 sin(θx(x1 − x0)),

fy(y1, θy) = θy(y1 − y0)+ 0.6 sin(θy(y1 − y0)),
(5.133)

where x0 and y0 are known.
Let the control goal be to steer states x and y to the origin. Consider the following

goal functions:

ψx(x, t) = x1 + x2, ψy(y, t) = y1 + y2. (5.134)

Taking into account (5.132) and (5.134), we can derive that

ẋ1 = −x1 + ψx(x, t), ẏ1 = −y1 + ψy(y, t). (5.135)
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This automatically implies that

‖x1(t)‖∞,[t0,T ] ≤ ‖x1(t0)‖ + ‖ψx(x(t), t)‖∞,[t0,T ],
‖y1(t)‖∞,[t0,T ] ≤ ‖y1(t0)‖ + ‖ψy(y(t), t)‖∞,[t0,T ].

Hence,Assumption 5.1 is satisfied for chosen goal functionsψx(·) andψy(·). Notice
also that the equalities (5.135) imply that

‖x1(t)‖2,[t0,T ] ≤ 2−1/2‖x1(t0)‖ + ‖ψx(x, t)‖2,[t0,T ],

‖y1(t)‖2,[t0,T ] ≤ 2−1/2‖y1(t0)‖ + ‖ψy(y, t)‖2,[t0,T ].
(5.136)

Moreover, according to (5.135), the properties

lim
t→∞ψx(x(t), t) = lim

t→∞ x1(t)+ x2(t) = 0,

lim
t→∞ψy(y(t), t) = lim

t→∞ y1(t)+ y2(t) = 0
(5.137)

guarantee that

lim
t→∞ x1(t) = 0, lim

t→∞ x2(t) = 0, lim
t→∞ y1(t) = 0, lim

t→∞ y2(t) = 0.

Hence, (5.137) ensures that the control goal is attained.
According to (5.120) and (5.121) the control functions

ux = −λxψx − x2 − fx(x1, θ̂x),

uy = −λyψy − y2 − fy(y1, θ̂y), λx , λy > 0
(5.138)

transform system (5.132) into the following form:

ψ̇x = −λxψx + fx(x1, θx)− fx(x1, θ̂x)+ k1y1,

ψ̇x = −λxψx + fx(x1, θx)− fx(x1, θ̂x)+ k2x1.
(5.139)

Notice that the systems

ψ̇x = −λxψx + ξx(t), ψ̇y = −λyψt + ξy(t)

satisfy Assumption 5.2 with

γx2,2 =
1

λx
‖ψx(x(t), t)‖2,[t0,T ], γy2,2 =

1

λy
‖ψy(y(t), t)‖2,[t0,T ],

respectively, and the functions fx(·) and fy(·) satisfy Assumptions 5.3 and 5.4 with

Dx = 1.5, Dx,1 = 0.5, αx(x, t) = x1 − x0,

Dy = 1.6, Dy,1 = 0.4, αy(y, t) = y1 − y0.
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Hence conditions (1)–(4) of Theorem 5.8 are satisfied. Furthermore, according to
the remarks regarding condition (5) of the theorem, the requirements (5.127) can
be replaced with the implicit constraints (5.131). These, however, according to
(5.136), also hold with βx = k1 and βy = k2.

Given that αx(x, t) = x1 − x0 and αy(y, t) = y1 − y0, Assumption 5.5 will
be satisfied for functions αx(x, t) and αy(y, t) with Ux(·) = 0 and Uy(·) = 0.
Therefore, the adaptation algorithms (5.123) and (5.124) will have the following
form:

θ̂x = �x((x1 + x2)(x1 − x0)+ θ̂x,I ),

˙̂
θx,I = λx(x1 + x2)(x1 − x0)− (x1 + x2)x2,

θ̂y = �y((y1 + y2)(y1 − y0)+ θ̂y,I ), (5.140)

˙̂
θy,I = λy(y1 + y2)(y1 − y0)− (y1 + y2)y2.

Hence, according to Theorem 5.8, boundedness of the solutions in the closed-loop
system (5.139) and (5.140) is ensured upon satisfying the following condition

k1k2

λxλy

(
1+ Dx

Dx,1

)(
1+ Dy

Dy,1

)
< 1 ⇒ k1k2 <

λxλy

20
. (5.141)

Moreover, given that properties H1, H2, and H4 hold for the chosen functions
ψx(x, t) and ψy(y, t), condition (5.141) guarantees that the limiting relations
(5.129) and (5.130) hold.

Trajectories of the closed-loop system (5.132), (5.138), and (5.140) with the
parameter values �x = �y = 1, λx = λy = 2, x0 = y0 = 1, and θx = θy = 1 and
initial conditions x1(0) = −1, x2(0) = 0, y1(0) = 1, y2(0) = 0, θ̂x,I (0) = −1,
and θ̂y,I (0) = −2 are provided in Figure 5.7. Despite the fact that the values of
the coupling varied substantially from one simulation to another, this variation had
hardly any effect on the transient behavior of the system.

5.5 Non-dominating adaptive control for dynamical systems with nonlinear
parametrization of a general kind

In the previous sections of this chapter the classes of nonlinearly parametrized
uncertainties were limited to those satisfying Assumptions 5.3 and 5.4. Although
this class of functions covers a broad range of models, there are models that do
not fit these assumptions. Thus additional tools to account for these situations are
needed.
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Figure 5.7 Plots of trajectories x1(t) (a), x2(t) (b), y1(t) (c), and y2(t) (d) as
functions of t in the closed-loop system (5.132), (5.138), and (5.140). The dotted
lines correspond to the case when k1 = k2 = 0.4, and the solid lines stand for
solutions obtained with values of the coupling of k1 = 1 and k2 = 0.1.

Consider systems that can be transformed by means of static or dynamic
feedback14 into the following form:

ẋ = f0(x, t)+ f(ξ(t), θ)− f(ξ(t), θ̂)+ ε(t), (5.142)

where

ε(t) ∈ Lm∞[t0,∞], ‖ε(τ )‖∞,[t0,t] ≤ �ε

is an external perturbation with known�ε, and x ∈ R
n. The function ξ : R≥0 → R

ξ

is a function of time, which possibly includes available measurements of the state,
θ , θ̂ ∈ �θ ⊂ R

d are the unknown and estimated parameters of the function f(·),
respectively, and the set �θ is bounded. We assume that the function f(ξ(t), θ) is

14 Notice that conventional observers in control theory could be viewed as dynamic feedbacks.
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locally bounded in θ uniformly in ξ :

‖f(ξ(t), θ)− f(ξ(t), θ̂)‖ ≤ Df ‖θ − θ̂‖ +�f ,

and the values of Df ∈ R≥0, �f are available. The function f0(·) in (5.142) is
assumed to satisfy the following condition.

Assumption 5.17 The system

ẋ = f0(x, t)+ u(t) (5.143)

is forward-complete. Furthermore, for all u(t) such that

‖u(t)‖∞,[t0,t] ≤ �u + ‖u0(τ )‖∞,[t0,t], �u ∈ R≥0

there exists a bounded set A, c > 0 and a function � : R≥0 → R≥0 satisfying the
following inequality:

‖x(t)‖A�(�u)
≤ β(t − t0)‖x(t0)‖A�(�u)

+ c‖u0(τ )‖∞,[t0,t],

where β(·) : R≥0 → R≥0, limt→∞ β(t) = 0 is a strictly decreasing continuous
function.

Consider the following auxiliary system:

λ̇ = S(λ), λ(t0) = λ0 ∈ �λ ⊂ R
λ, (5.144)

where �λ ⊂ R
n is bounded, λ(t , λ0) ∈ �λ for all t ∈ R≥0, and S(λ) is locally

Lipschitz. Furthermore, suppose that the following assumption holds for system
(5.144).

Assumption 5.18 System (5.144) is Poisson stable in �λ, that is

∀ λ′ ∈ �λ, δ ∈ R≥0, t ′ ∈ R≥0 ⇒ ∃ t ′′ > t ′ + δ : ‖λ(t ′′, λ′)− λ′‖ ≤ ε,

where ε is an arbitrarily small positive constant. Moreover, the trajectory λ(t , λ0)

is dense in �λ:

∀λ′ ∈ �λ, ε ∈ R>0 ⇒ ∃ t ∈ R≥0 : ‖λ′ − λ(t , λ0)‖ < ε.

Assumptions 5.17 and 5.18 allow us to formulate the following result.

Corollary 5.3 Consider system (5.142) and suppose that the following conditions
hold:

(1) the vector field f0(x, t) in (5.142) satisfies Assumption 5.17;
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(2) there exists a (known) system (5.144) satisfying Assumption 5.18;
(3) there exists a locally Lipschitz η : R

λ → R
d :

‖η(λ′)− η(λ′′)‖ ≤ Dη‖λ′ − λ′′‖
such that the set η(�λ) is dense in �θ ;

(4) system (5.142) has a steady-state characteristic with respect to the norm

‖·‖A�(M)
, M = 2�f +�ε + δ

and input θ̂ , where δ is some positive (arbitrarily small) constant.

Consider the following interconnection of (5.142) and (5.144):

ẋ = f0(x, t)+ f(ξ(t), θ)− f(ξ(t), θ̂)+ ε(t),

θ̂ = η(λ),

λ̇ = γ ‖x(t)‖A�(M)
S(λ),

(5.145)

where γ > 0 satisfies the following inequality:

γ ≤
(
β−1
t

(
d

κ

))−1
κ − 1

κ

1

Dλ(βt (0)(1+ κ/(1− d))+ 1)

Dλ = c ·Df ·Dη · max
λ∈�λ

‖S(λ)‖
(5.146)

for some d ∈ (0, 1), κ ∈ (1,∞). Then, for λ(t0) = λ0, some θ ′ ∈ �θ and all
x(t0) = x0 ∈ R

n the following holds:

lim
t→∞‖x(t)‖A�(M)

= 0, lim
t→∞ θ̂(t) = θ ′ ∈ �θ . (5.147)

Notice that in the case in which the dynamics of (5.143) is exponentially stable
with a rate of convergence equal to ρ and β(0) = Dβ , condition (5.146) will have
the following form:

γ ≤ −ρ

(
ln

(
d

Dβκ

))−1
κ − 1

κ

1

Dλ(Dβ(1+ κ/(1− d)+ 1)
.

According to Corollary 5.3, for the rather general class of systems (5.142) it is
possible to design an estimator θ̂(t) that guarantees not only that the “error” vector
x(t) reaches a neighborhood of the origin, but also that the estimates θ̂(t) converge
to some θ ′ in �θ . These two facts, together with additional nonlinear persistent
excitation conditions,

∃ T > 0, ρ ∈ K : ∀ T = [t , t + T ], t ∈ R≥0 ⇒
∃ τ ∈ T : |f(ξ(τ ), θ)− f(ξ(τ ), θ ′)| ≥ ρ(‖θ − θ ′‖),
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η0(λ)

η(η0(λ))

θ2

θ1

Figure 5.8 Trajectories η(λ) as projections of smooth closed curves. The gray
circles correspond to the nodes of the searching grid. If we were to travel along
the curve η(λ) periodically then we would visit the circle placed at the origin 16
times per period. Other circles would be visited less often, namely twice per period.
Constructing such curves allowing us to take the occurrence of θ in�θ into account
is not trivial. Nonetheless, this possibility can be exploited when optimizing the
performance of adaptation.

in principle allow us to estimate the domain of convergence for θ̂(t).
Notice that if the frequencies (probabilities) of occurrence of θ in �θ are known

then mappings η in (5.145) can be chosen to account for such information. This is
illustrated in Figure 5.8.

In the next example we illustrate how Corollary 5.3 can be applied to solve
the problem of adaptive regulation in the presence of nonlinear parametrization of
uncertainty.

Example 5.5.1 Consider the following system

ẋ = −kx + sin(xθ + θ)+ u, k > 0, θ ∈ [−a, a], (5.148)

where θ is an unknown parameter and u is the control input. Without loss of gen-
erality we let a = 1 and k = 1. The problem is to estimate the parameter θ

from measurements of x and steer the system to the origin. Clearly, the choice
u = − sin(xθ̂ + θ̂ ) transforms (5.148) into

ẋ = −kx + sin(xθ + θ)− sin(xθ̂ + θ̂ ), (5.149)

which satisfies Assumption 5.17. Moreover, the system

λ̇1 = λ1,

λ̇2 = −λ2, λ2
1(t0)+ λ2

2(t0) = 1
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with mapping η = (1, 0)Tλ satisfies Assumption 5.18 and therefore

λ̇1 = γ |x|λ1,

λ̇2 = −γ |x|λ2, λ2
1(t0)+ λ2

2(t0) = 1
(5.150)

would be a candidate for the control and parameter-estimation algorithm.According
to Corollary 5.3, the goal will be attained if the parameter γ in (5.150) obeys the
constraint

γ ≤ −ρ

(
ln

(
d

κDβ

))−1
κ − 1

κ

1

Dλ(Dβ(1+ κ/(1− d))+ 1)
,

ρ = k = 1, Dβ = 1, Dλ = 1

for some d ∈ (0, 1), κ ∈ (1,∞). Hence, on choosing, for example, d = 0.5 and
κ = 2, we obtain that the choice

0 < γ < − ln

(
0.5

2

)−1 1

2
· 1

6
= 0.0601

suffices to ensure that

lim
t→∞ x(t) = 0, lim

t→∞ θ̂ (t) = θ .

We simulated the system (5.149) and (5.150) with θ = 0.3 and γ = 0.05 and
initial conditions x(t0) randomly distributed in the interval [−1, 1]. Results of the
simulation are illustrated in Figure 5.9, where the phase plots of the system (5.149)
and (5.150) as well as the trajectories of θ̂ (t) are given.

5.6 Parametric identification of dynamical systems with nonlinear
parametrization

So far we have focused predominantly on control aspects of the problem of adapta-
tion in dynamical systems. Let us now view this problem from a different angle: state
and parameter inference. Two distinct cases will be considered below. We start with
systems in which the uncertainties satisfy monotonicity restrictions (Assumptions
5.3 and 5.4). Then we continue by discussing a more general class of nonlinearly
parametrized systems with merely Lipschitz nonlinearities.

5.6.1 Systems with monotone nonlinear parametrization

Let us formulate conditions ensuring convergence of the estimates θ̂(t) to θ in
the closed-loop system (5.1), (5.11), (5.32), and (5.34). When the mathematical
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Figure 5.9 Trajectories of the system (5.149) and (5.150) (a) and the family of
estimates θ̂ (t) of the parameter θ as functions of time t (b).

model of the uncertainties is linear in its parameters and does not depend on x,
i.e. f (x, θ , t) = α(t)Tθ , the usual requirement for convergence is that the signal
α(t) is persistently exciting (Sastry and Bodson 1989) (see also Definition 2.5.1).
In particular, the function α(t) is said to be persistently exciting iff there exist
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constants δ > 0 and L > 0 such that for all t ∈ R≥0 the following holds:∫ t+L

t

α(τ )α(τ )T dτ ≥ δI . (5.151)

Checking that condition (5.151) holds often necessitates knowledge of the signal
α(t) as a function of time. In the closed-loop system, however, relevant signals
in the model of uncertainty f (x, θ , t) can depend on the state x, initial condi-
tions, uncertainties, parameters of the feedback, and initial time t0. In order to take
such dependences into account the notion of uniform persistent excitation has been
suggested (Loria and Panteley 2002).

Definition 5.6.1 Let α : D × R≥t0 → R
m, D ⊂ R

d be a continuous function.
We say that α(r, t) is uniformly persistently exciting in D if there exist δ ∈ R>0

and L ∈ R>0 such that for each r ∈ D∫ t+L

t

α(r, t)α(r, t)T dτ ≥ δI ∀ t ≥ t0. (5.152)

In the case of models with linear parametrization of uncertainty, persistent exci-
tation of the signal α(t), i.e. inequality (5.151), implies that the following property
holds:

∃ t ′ ∈ [t , t + L] : |α(t ′)T(θ1 − θ2)| ≥ δ‖θ1 − θ2‖. (5.153)

In other words, the difference |α(t)T(θ1 − θ2)| is proportional to the distance
‖θ1−θ2‖ in parameter space for some t ′ ∈ [t , t+L]. When dealing with nonlinear
parametrization, it is useful to have a similar characterization that takes model
nonlinearity into account. So it is natural to replace the linear term α(t ′)T(θ1−θ2),
or the term α(x(t ′, θ , x0), t ′)T(θ1−θ2) if the regressor is state-dependent, in (5.153)
with its nonlinear substitute f (x(t ′), θ1, t ′)− f (x(t ′), θ2, t ′), as has been done, for
example, in Cao et al. (2003) for systems with convex/concave parametrization.
It is also natural to replace the proportion δ‖θ1 − θ2‖ in (5.153) with a nonlinear
function. We, therefore, use the following notion of nonlinear persistent excitation.

Definition 5.6.2 A function f (x(t), θ , t) : R
n × R

d × R≥0 → R is said to be
nonlinearly persistently excited with respect to parameters θ ∈ �θ ⊂ R

d iff there
exist constant L > 0 and a function V : R≥0 → R≥0, V ∈ K ∩C0 such that for all
t ∈ R≥0, θ1, θ2 ∈ �θ the following holds:

∃ t ′ ∈ [t , t + L] : |f (x(t ′), θ1, t ′)− f (x(t ′), θ2, t ′)| ≥ V(‖θ1 − θ2‖). (5.154)

Properties (5.152) and (5.154) in Definitions 5.6.1 and 5.6.2 provide alternative
characterizations of excitation in dynamical systems. While (5.151) accounts for
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properties of the signals in the uncertainty, (5.154) reflects the possibility of detect-
ing parametric mismatches from the difference f (x(t), θ1, t)− f (x(t), θ2, t). The
following theorem presents corresponding alternatives for parameter convergence
in the system (5.1), (5.12), (5.32), and (5.34).

Theorem 5.9 Let the system (5.1), (5.12), (5.32), and (5.34) satisfy Assumptions
5.1–5.3. Let, in addition, Assumption 5.5 hold with B(x, t) = 0. Then x(t) ∈
Ln∞[t0,∞] and θ̂(t) ∈ Ld∞[t0,∞]. Moreover, the limiting relation

lim
t→∞ θ̂(x(t), t) = θ

is ensured if α(x, t) is locally bounded in x uniformly in t , and one of the following
alternatives holds:

(1) function α(x(t), t) is persistently exciting, and hypothesis H3 holds;
(2) function f (x(t), θ , t) is nonlinearly persistently exciting, i.e. it satisfies condi-

tion (5.154); it satisfies hypotheses H1 and H2; the function ϕ(ψ , ω, t) satisfies
hypothesis H4; and the function ∂ψ(x, t)/∂t is locally bounded in x uniformly
in t .

If alternative (1) is satisfied, the estimates θ̂(x(t), t) converge to θ exponentially
fast. If, in addition, α(x(t), t) is uniformly persistently exciting and Assumption 5.4
holds, then the convergence is uniform. The rate of convergence can be estimated
as follows:

‖θ̂(t)− θ‖ ≤ e−ρt‖θ̂(t0)− θ‖D� , (5.155)

where

D� =
(
λmax(�)

λmin(�)

) 1
2

eρL, ρ = δD1 λmin(�)

L(1+ λmax(�)α2∞L2)2
,

α∞ = sup
‖x‖≤‖x(t)‖∞,[t0,∞], t≥t0

‖α(x, t)‖.

Theorem 5.9 considers error models (5.12) without a disturbance term ε(t)

but can straightforwardly be extended to ones with disturbance (5.11). As fol-
lows from alternative (1), the parameter-estimation subsystem is exponentially
stable when α(x(t), t) is persistently exciting. This allows (sufficiently small)
additive disturbances on the right-hand side of (5.12). When the excitation is
uniform, convergence of the estimates θ̂(t) to a neighborhood of θ is guaran-
teed for every ε(t) ∈ L1∞[t0,∞] by the inverse-Lyapunov-stability theorems
(Khalil 2002). In the case of alternative (2), (5.154) guarantees convergence (5.24)
without invoking Assumption 5.4 or hypothesis H3. However, the convergence
might not be robust, which seems to be a natural tradeoff between generality
of nonlinear parametrizations f (x, θ , t) and robustness with respect to unknown
disturbances ε(t).
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Figure 5.10 A simple scheme for secure communication based on chaotic
nonlinear oscillators.

Let us illustrate the application of Theorem 5.9 with an example. The example
will also demonstrate the applicability of our approach to problems in which the
target dynamics is not necessarily stable.

Example 5.6.1 Consider a pair of coupled nonlinear forced oscillatorsM (master)
and S (slave). Their inputs depend on the parameters θ ∈ R in M and θ̂ ∈ R in
S. The parameter θ can be understood as a “message” transmitted by the master.
The parameter θ̂ in the slave subsystem S should track the message transmitted by
M. A review on problems of this kind is available in Yang (2004). Traditionally
this problem is solved within observer-based approaches under the conditions that
there is a stable synchrony between M and S at θ̂ = θ and the oscillators are
linearly parametrized in θ . The results formulated in Theorems 5.1 and 5.9 allow
one to solve this problem without the need to demand existence of stable synchrony
between subsystems at θ = θ̂ ; also they enable extension of the approach to systems
with nonlinear parametrization.

Let us consider a pair of coupled oscillators, for instance, the well-known
Hindmarsh–Rose-model neurons (Hindmarsh and Rose 1984):

M :



ẋ1 = f1(x1, x2, x3)+ I (θ , r(t)),
ẋ2 = f2(x1, x2, x3),

ẋ3 = f3(x1, x2, x3),

S :



ẏ1 = f1(y1, y2, y3)+ c(t)(y1 − x1)+ I (θ̂ , r(t)),
ẏ2 = f2(y1, y2, y3),

ẏ3 = f3(y1, y2, y3),

(5.156)
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where f1(x1, x2, x3) = −x3
1 + 3x2

1 + x2 − x3, f2(x1, x2, x3) = 1 − 5x2
1 − x2,

and f3(x1, x2, x3) = 0.006(4(x1 + 1.6) − x3). The variable c : R≥0 → R≥0 is
the coupling time-varying coefficient, I (θ , r(t)) = κ/(1 + exp(−θ − r(t))) is the
nonlinear transformation of the input signal r(t), and θ and θ̂ are the thresholds or
“messages.” The value of κ defines the upper bound for “stimulation” I (θ , r(t)).
The function I (θ , r(t)) is a plausible model of the synaptic gates which open when
the value of r(t) exceeds the threshold θ . For the current choice of fi(·) we set
κ = 4, which allows chaotic bursting in (5.156).

A sufficient condition for synchronization between the M and S subsystems at
θ̂ = θ is c(t) ≥ c∗ = 21.5 (see Oud and Tyukin (2004) for details). The problem,
however, is how to design θ̂ as a function of the state of system (5.156), input r(t),
and time t such that θ̂ tracks the values of θ for c(t) ≥ 0 below c∗.

First, we notice that x(t) and y(t) are bounded if I (θ , r(t)) and I (θ̂ , r(t)) are
bounded: both M and S are semi-passive with a quadratic storage function, which
is positive definite and radially unbounded outside a bounded domain in the state
space of (5.156) (Oud and Tyukin 2004). For the error function ψ , we chose the
difference x1 − y1. Because boundedness of the state for all θ̂ , θ , r(t) is already
ensured by the strict semi-passivity of (5.156), checking Assumption 5.1 is not
necessary for application of our method. Let us consider the dynamics of ψ :

ψ̇ = f1(x1, x2, x3)− f1(y1, y2, y3)− c(t)ψ + I (θ , r(t))− I (θ̂ , r(t)). (5.157)

Given that x(t), y(t), I (θ , r(t)), and I (θ̂ , r(t)) are bounded, Assumption 5.2 is sat-
isfied for (5.157) with c(t) ≥ δ, where δ ∈ R>0 is arbitrarily small. The function
ϕ(ψ , ω, t) in this case can be defined as ϕ(ψ , ω, t) = −f1(x1(t), x2(t), x3(t)) +
f1(y1(t), y2(t), y3(t))+ c(t)ψ . Notice also that I (θ , r(t)) is differentiable. Hence,
according to Hadamard’s lemma, the difference I (θ , r(t)) − I (θ̂ , r(t)) can be
expressed as

I (θ , r(t))− I (θ̂ , r(t)) =
∫ 1

0

∂f (θλ+ (1 − λ)θ̂ , r(t))
∂(θλ+ (1 − λ)θ̂) dλ(θ − θ̂ ). (5.158)

Given that I (θ , r(t)) is strictly monotone in θ , the value of

∫ 1

0

∂f (θλ+ (1 − λ)θ̂ , r(t))
∂(θλ+ (1 − λ)θ̂) dλ

is positive. Furthermore, ∂I(θ , r(t))/∂θ is ultimately bounded. Therefore,Assump-
tion 5.3 is satisfied with α = constant = 1. Because ∂α/∂(x ⊕ y) = 0,Assumption
5.5 is satisfied with 1(x ⊕ y, t) = 0.
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Figure 5.11 Trajectories of the system (5.156) and (5.159) as functions of time t .
The input signal r(t)was set as follows: r(t) = sin(0.001t). White areas mark the
time instants at which the coupling variable c(t) exceeds the critical value c∗ =
21.5, c(t) = 21.55 ensuring synchronization between the M and S subsystems at
θ̂ = θ . The shaded domains correspond to the time intervals in which conditions
for synchronization are violated: c(t) = 0.05. Even though subsystems M and S
fail to synchronize over these intervals, the message θ sent by M is successfully
tracked by S.

Using (5.32) and (5.34) we write the adaptation algorithm for θ̂ as

θ̂ = γ (x1(t)− y1(t)+ θ̂I (t)),
˙̂
θI = −f1(x1, x2, x3)+ f1(y1, y2, y3)+ c(t)(x1 − y1), γ ∈ R>0.

(5.159)

According to Theorem 5.1 and Corollary 5.1 the variable θ̂ is bounded and
non-increasing. Hence, taking into account equality (5.158) and the fact that
∂I(θ , r(t))/∂θ is separated from zero for all bounded θ and r(t), Assumption 5.4
holds for the nonlinearity I (θ , r(t)) in the system (5.156) and (5.157) with bounded
r(t) and algorithm (5.159). Moreover, α(t) = 1 is uniformly persistently exciting.
Therefore, Theorem 5.9 applies and θ̂ converges to θ in (5.156) exponentially fast.
In other words, the message θ as transmitted can be recovered exponentially fast
using algorithm (5.159). This property is illustrated in Figure 5.11.

5.6.2 Observer-based state and parameter reconstruction for systems with
Lipschitz parametrization

Let us now consider a somewhat more general class of single-input–single-output
nonlinear systems:

ẋ = Ax + bϕ(y, λ, t)Tθ + gu(t)+ ξ(t),

y = cTx,
(5.160)
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where c, b, g ∈ R
n, A ∈ R

n×n, and c = (1, 0, . . . , 0)T are supposed to be known,
and b = (b1, b2, . . . , bn)T, b1 �= 0 is Hurwitz, i.e. all roots of b1pn−1 + b2pn−2 +
· · · bn have negative real parts. The pair A, c is observable,15 and moreover A, is
supposed to be in Brunovsky’s canonical form:

A =




a1 1 0 0 . . . 0
a2 0 1 0 . . . 0
. . . . . . . . . . . . . . . . . .

an−1 0 0 . . . 0 1
an 0 0 . . . 0 0


 .

In (5.160) x = col(x1, x2, . . . , xn) ∈ R
n is the state vector, y is the measured output,

u : R → R, u ∈ C0 is a known function, and ξ : R → R
n, ξ ∈ C0 is an unknown

yet bounded continuous function,

‖ξ(t)‖ ≤  ξ ,  ξ ∈ R>0, ∀ t ≥ t0, (5.161)

representingunmodeled dynamics (e.g. noise).16 The system statex is notmeasured;
only the values of the input u(t) and the output y(t) = x1(t), t ≥ t0 in (5.160) are
accessible over any time interval [t0, t] that belongs to the history of the system.

The functionϕ : R×R
s×R → R

m,ϕ(y, λ, t) = col(ϕ1(y, λ, t), . . . ,ϕm(y, λ, t))
is assumed to be continuous and bounded in y, and t , and in addition is required to
be Lipschitz in λ uniformly in y, and t :

‖ϕ(y, λ′, t)− ϕ(y, λ′′, t)‖ ≤ D‖λ′ − λ′′‖, D ∈ R>0. (5.162)

The vectors λ = col(λ1, . . . , λs) ∈ R
s and θ = col(θ1, . . . , θm) ∈ R

m are param-
eters of the system. The values of λ and θ are supposed to be unknown, yet we
assume that they belong to the hypercubes 
λ ⊂ R

s and 
θ ⊂ R
m of which the

bounds are known: θi ∈ [θi,min, θj ,max] and λj ∈ [λj ,min, λj ,max].
To reconstruct the unknown state and parameters of the system from the values

of y(t) = x1(t), u(t), we should find an auxiliary system, i.e. an adaptive observer,

q̇ = f(q, y, t), q(t0) = q0, q ∈ R
q , (5.163)

such that for some given h : R
q → R

s+n+m, q0, δ ∈ R>0, and t0 ∈ R the following
property holds:

∃ t ′ ≥ t0 : ‖h(q(t , q0))− w(t)‖ < δ, ∀ t ≥ t ′, (5.164)

15 Let us recall that the pair A, c is called observable iff the rank of the n × n matrix (c,ATc,
(AT)2c, . . . , (AT)n−1c) is n.

16 For a technical reason we suppose here that the value of  ξ is greater than zero. This requirement is not
necessary in general (see the proof of Theorem 5.10 for details).
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where w(t) = col(θ , λ, x(t , x0)).
The goal requirement for our adaptive observer is stated in the form of inequality

(5.164), instead of the more usual requirement limt→∞ h(q(t , q0)) − w(t) = 0.
This is because we allow unmodeled dynamics, ξ(t), on the right-hand side of
(5.160). We demonstrate below that asymptotic reconstruction of the state and
parameters of (5.160) in the sense of (5.164) is achievable, subject to a set of
standard persistency-of-excitation conditions on ϕ(y, λ, t).

Traditionally, methods of observer design are based on the notion of Lyapunov
stability of solutions. If a globally asymptotically Lyapunov-stable solution exists
in the state space of the combined system (5.160) and (5.163) such that the require-
ments (5.164) are satisfied, then (5.163) is the observer needed. However, as we
mentioned earlier, in systemswith nonlinear parametrization and unmodeled pertur-
bations distinct parameter values on the right-hand side of (5.160) may correspond
to indistinguishable input–output behavior. Hence multiple distinct invariant sets
in the extended state space will co-exist, and only local stability would generally
be guaranteed.

Therefore, instead of the standard requirement that the dynamics of errors of state
and parameter estimates is globally asymptotically stable in the sense of Lyapunov,
we will require mere convergence of the estimates as specified by (5.164). This
relaxation allows us to invoke a wider range of tools for accessing convergence
such as in Chapter 4. We propose that an asymptotically converging observer for
(5.160) consists of two coupled subsystems, Sa and Sw. The role of subsystem Sa

is to provide estimates of the state and “linear” parameters θ of (5.160), and the
role of subsystem Sw is to search for the values of “nonlinear” parameters λ.

Let subsystem Sa be defined as

Sa :




˙̂x = Ax̂ + 
(ŷ − y)+ bϕ(y, λ̂, t)Tθ̂ + gu(t),

˙̂
θ = −k(y − ŷ)ϕ(y, λ̂, t), k ∈ R>0,

ŷ = cTx̂, x̂(t0) ∈ R
n, θ̂(t0) ∈ R

m.

(5.165)

The vector θ̂ = col(θ̂0, θ̂1, . . . , θ̂n) in (5.165) is the vector of estimates of θ , and
λ̂ = col(λ̂1, . . . , λ̂s) is the vector of estimates of λ. The values of λ̂ will be specified
later. The vector 
 in (5.165) is to be chosen such that the following condition holds:

P(A+ 
 cT)+ (A+ 
 cT)TP ≤ −Q, (5.166)

Pb = c,

where P ,Q > 0 are some positive definite n × n matrices. This choice is always
possible. Indeed, the pairA, c is observable and hence there exists an 
 such that the
matrixA+
cT is Hurwitz. Moreover, if r1, . . . , rn ∈ C are arbitrary numbers in the
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left-half of the complex plane, then one can choose 
 such that r1, . . . , rn are zeros
of the characteristic polynomial det(p − (A + 
cT)). Finally, notice that H(p) =
cT(p− (A+
cT))−1b = (b1pn−1 +b2pn−2 +· · ·+bn)/det(p− (A+
cT)). Thus
there is an 
 such that H(p) = 1/(p − rn). The function H(p) is strictly positive
real.17 Then, according to the Meyer–Kalman–Yakubovich lemma (please see the
Appendix for details), there are positive definite symmetric matricesP ,Q > 0 such
that (5.166) holds. In addition, since A and 
 are known, we will assume that the
matrices P andQ in (5.166) are also known.

If the values of λ are known then the substitution λ̂ = λ reduces system (5.165) to
a standard gradient-based adaptive observer for (5.160). The asymptotic properties
of this observer have been studied widely in the literature (see e.g. Marino (1990),
Bastin and Gevers (1988), andKreisselmeier (1977)).Theproblem is that the values
ofλ are unknown and therefore these standard techniques cannot be applied directly.
A solution would be to replace the value of λ with its estimate, λ̂, as is done
in (5.165), where the estimate λ̂ is to be supplied by an additional subsystem.
Two questions, however, arise with regard to this strategy: first, how to define this
additional subsystem; and second, how to make sure that the estimates of θ̂ and λ̂

will necessarily converge to the true values of θ and λ.
With respect to the first question, no particular assumptions are imposed on the

function ϕ(y, λ, t), except that it is bounded, Lipschitz in λ, and continuous in
y and t . Hence standard gradient-based estimation algorithms (Farza et al. 2009;
Grip et al. 2010; Tyukin et al. 2007b) are not guaranteed to converge to a small
neighborhood of λ even if the values of θ are known. Therefore, searching-based
exploration, which is partially discussed in the previous section, is a plausible
option. The exploration can be realized, for example, by the following class of
dynamical systems:

ṡ = f(s), s(t0) = s0,

λ̂ = β(s),

where f : R
ns → R

ns and β : R
ns → R

s are Lipschitz, and s0 is such that the
solution s(t , s0) is bounded. As before, let 
s be the set of all ω-limit points of
s(t , s0), and suppose that this set is Poisson-stable. Finally, suppose that for every
λ ∈ 
λ there is an s ∈ 
s : β(s) = λ. This implies that the corresponding trajectory
β(s(t , s0)) is dense in 
λ:

∀ λ ∈ 
λ, ε ∈ R>0, t ≥ t0 ∃ t ′ > t0 : ‖λ − β(s(t ′, s0))‖ < ε.
17 A function H : C → C is said to be positive real if it is analytic in the open right half of the complex plane,

and Re(H(p)) ≥ 0∀p : Re(p) ≥ 0. It is strictly positive real if the function H(p) is not identically zero, and
H(p − ε) is positive real for some ε > 0.
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Clearly, for any λ ∈ 
λ and any ε > 0 there will exist a sequence of time instants
ti : limi→∞ ti = ∞ such that ‖λ̂(ti) − λ‖ < ε. The issue, however, is how do
we know that a reasonably small neighborhood of λ has been reached, and that
the exploration should stop? This is closely related to the second, convergence,
question.

In order to be able to stop in a small vicinity of λ an explorative subsystem must
be supplied with a measure of error. In our case, the value of y − ŷ is the most
immediate candidate. Therefore, in what follows we propose that the evolution of
the estimates λ̂ = col(λ̂1, . . . , λ̂s) in time is described by the following class of
equations:

ṡ = ‖y(t)− ŷ(t)‖εf(s), ε ∈ R≥0,

λ = β(s), s(t0) = s0.

The number of systems satisfying these conditions is infinitely large. For sim-
plicity, let us suppose that system Sw is given by the following set of equations:

Sw :



ṡ2j−1 = γ · ωj · e ·

(
s2j−1 − s2j − s2j−1

(
s22j−1 + s22j

))
,

ṡ2j = γ · ωj · e ·
(
s2j−1 + s2j − s2j

(
s22j−1 + s22j

))
,

λ̂j = λj ,min + ((λj ,max − λj ,min
)
/2
)
(s2j−1 + 1),

e = σ(‖y − ŷ‖ε),

(5.167)

j = {1, . . . , s}, s22j−1(t0)+ s22j (t0) = 1, (5.168)

where σ(·) : R → R≥0 is a bounded and Lipschitz function: i.e. σ(υ) ≤ S ∈ R>0,
and |σ(υ)| ≤ |υ| for all υ ∈ R. Moreover, we suppose that σ(υ) = 0 iff υ = 0.
The parameters ωj ∈ R>0 in (5.167) are supposed to be rationally independent:∑

ωjkj �= 0, ∀ kj ∈ Z. (5.169)

If e = 1 for all t ≥ t0 then the variables (s2j−1(t , s0), s2j (t , s0)) in (5.167) and
(5.168) are

(s2j−1(t , s0), s2j (t , s0)) =
(

cos

(
γ

∫ t
t0

ωiτ dτ + a
)

, sin

(
γ

∫ t
t0

ωiτdτ + a
))

,

a ∈ R.

They densely fill the corresponding invariant tori, and, since ωj are rationally
independent, trajectories λ̂j (t , s0) are dense in 
λ (Arnold 1978).

It turns out that uniformpersistencyof excitationofϕ(y(t), λ, t) in t andnonlinear
persistency of excitation of the same function in λ suffice to ensure that the observer
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defined by (5.165)–(5.167) is capable of reconstructing the values of x, θ , and λ

asymptotically. The result is formally stated in the theorem below.

Theorem 5.10 Consider system (5.160) together with an estimator defined by
(5.165)–(5.167). Suppose that

(1) the functionϕ(y, λ, t) is uniformly persistently exciting in the sense ofDefinition
5.6.1 (condition (5.152) holds for the function ϕ(y(t , θ , t0), λ, t) in (5.160) with
r = col(θ , λ));

(2) the function θTϕ(y, λ, t) is weakly nonlinearly persistently exciting in λ:

∃ T , β ∈ R>0 : ∀ t ≥ t0, λ, λ′ ∈ 
λ ∃ t ′ ∈ [t , t + T ] :

‖θT(ϕ(y(t ′), λ, t ′)− ϕ(y(t ′), λ′, t ′))‖ ≥ β ∥∥λ′∥∥
E(λ) , (5.170)

where E(λ) = {λ′ ∈ 
λ|ϕ(y, λ′, t) = ϕ(y, λ, t) ∀ t ∈ R};
(3) the function ϕ(y, λ, t) is Lipschitz in λ, (5.162), and ∂ϕ(y, λ, t)/∂t is bounded.

Then there exist numbers ε > 0 and γ ∗ > 0, and functions r1, r2 ∈ K such that
for all γ ∈ (0, γ ∗] the following hold along the trajectories of (5.165)–(5.167):

lim
t→∞ ‖x̂(t)− x(t)‖ε = 0, (5.171)

lim sup
t→∞

‖θ̂(t)− θ‖ = r1( ξ ), (5.172)

lim sup
t→∞

∥∥∥λ̂(t)∥∥∥
E(λ)

= r2( ξ ). (5.173)

The value of  ξ is specified in (5.161).

Theorem 5.10 concludes this chapter. Here we have presented a range of
adaptation algorithms particularly suitable for systems (models) with nonlinearly
parametrized uncertainty and potentially unstable solutions in the target dynamics.
In the next chapters we shall see how these algorithms can be applied to address
several practical issues in the domain of mathematical modeling of neural systems
and artificial intelligence. We will start with the problem of adaptive classification,
and then proceed by discussing a prototype system for invariant template matching.
We will conclude by showing how the set of techniques developed can be used in
the problem of modeling evoked potentials in neural membranes.

Appendix to Chapter 5

A5.1 Proof of Theorem 5.1

Let us first show that property (1) holds. Consider solutions of the system
(5.1), (5.11), and (5.32), and (5.34) passing through the point x(t0), θ̂ I (t0) for
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t ∈ [t0, T ∗].18 Let us calculate formally the time-derivative of the function θ̂(x, t):

˙̂
θ(x, t) = /( ˙̂θP + ˙̂

θ I ) = /(ψ̇α(x, t)+ ψ α̇(x, t)− 1̇(x, t)+ ˙̂
θ I ).

Notice that

ψ α̇(x, t)− 1̇(x, t)+ ˙̂
θ I = ψ(x, t)∂α(x, t)

∂x1
ẋ1 + ψ(x, t)∂α(x)

∂x2
ẋ2

+ ψ(x, t)∂α(x, t)
∂t

− ∂1(x, t)
∂x1

ẋ1

− ∂1(x, t)
∂x2

ẋ2 − ∂1(x, t)
∂t

+ ˙̂
θ I . (A5.1)

According toAssumption 5.5 ∂1(x, t)/∂x2 = ψ(x, t)∂α(x, t)/∂x2+B(x, t). Then,
taking (A5.1) into account, we can obtain

ψ α̇(x, t)− 1̇(x, t)+ ˙̂
θ I =
(
ψ(x, t)

∂α(x, t)
∂x1

− ∂1

∂x1

)
ẋ1

+ ψ(x, t)∂α(x, t)
∂t

− 1(x, t)
∂t

− B(x, t)(f2(x, θ , t)+ g2(x, t)u)+ ˙̂
θ I . (A5.2)

Notice that, according to the proposed notation, we can rewrite the term(
ψ(x, t)

∂α(x, t)
∂x1

− ∂1

∂x1

)
ẋ1

in (A5.2) in the following way:(
ψ(x, t)Lf1α(x, t)− Lf11(x, t)

)+ (ψ(x, t)Lg1α(x, t)− Lg11(x, t)
)
u(x, θ̂ , t).

Hence it follows from (5.32) and (A5.2) that ψ α̇(x, t) − 1̇(x, t) + ˙̂
θ I =

ϕ(ψ , ω, t)α(x, t) + B(x, t)(f2(x, θ̂ , t) − f2(x, θ , t)). The derivative ˙̂
θ(x, t) can

therefore be written in the following manner:

˙̂
θ = /((ψ̇ + ϕ(ψ , ω, t))α(x, t)+ B(x, t)(f2(x, θ̂ , t)− f2(x, θ , t))). (A5.3)

Consider the following positive definite function:

V
θ̂
(θ̂ , θ , t) = 1

2
‖θ̂ − θ‖2

/−1 + D

4D2
1

∫ ∞

t

ε2(τ )dτ . (A5.4)

18 In accordance with the formulation of the theorem, the interval [t0, T ∗] is the interval of existence of the
solutions.
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Its time-derivative can be derived according to (A5.3) as follows:

V̇
θ̂
(θ̂ , θ , t) = (ϕ(ψ , ω, t)+ ψ̇)(θ̂ − θ)Tα(x, t)

+ (θ̂ − θ)TB(x, t)(f2(x, θ̂ , t)− f2(x, θ , t))− D

4D2
1

ε2(t). (A5.5)

Let B(x, t) �= 0, then consider the difference f2(x, θ̂ , t) − f2(x, θ , t). Applying
Hadamard’s lemma, we represent this difference in the following way:

f2(x, θ̂ , t)− f2(x, θ , t) =
∫ 1

0

∂f2(x, s(λ), t)
∂s

dλ(θ̂ − θ), s(λ) = θ̂λ+ θ(1 − λ).

According to Assumption 5.5, term (θ̂ − θ)TB(x, t)(f2(x, θ̂ , t)− f2(x, θ , t)) is neg-
ative semi-definite; hence, using Assumptions 5.3 and 5.4 and equality (5.11), we
can estimate the derivative V̇

θ̂
as

V̇
θ̂
(θ̂ , θ , t) ≤ −(f (x, θ̂ , t)− f (x, θ , t)+ ε(t))(θ̂ − θ)Tα(x, t)− D

4D2
1

ε2(t)

≤ − 1

D
(f (x, θ̂ , t)− f (x, θ , t))2

+ 1

D1
|ε(t)||f (x, θ̂ , t)− f (x, θ , t)| − D

4D2
1

ε2(t)

≤ − 1

D

(
|f (x, θ̂ , t)− f (x, θ , t)| − D

2D1
ε(t)

)2

≤ 0. (A5.6)

It follows immediately from (A5.6) and (A5.4) that

‖θ̂(t)− θ‖2
/−1 ≤ ‖θ̂(t0)− θ‖2

/−1 + D

2D2
1

‖ε(t)‖2
2,[t0,∞]. (A5.7)

Given that inequality (A5.4) implies ‖θ̂(t) − θ‖2
/−1 ≤ ‖θ̂(t0) − θ‖2

/−1 +
(D/(2D2

1))‖ε(t)‖2
2,[t0,T ∗], we can conclude that θ̂(t) ∈ L2∞[t0, T ∗]. Moreover,

|f (x(t), θ̂(t), t)− f (x(t), θ , t)| − D

2D1
ε(t) ∈ L1

2[t0, T ∗].

In particular, ∥∥∥∥|f (x(t), θ̂(t), t)− f (x(t), θ , t)| − D

2D1
ε(t)

∥∥∥∥2
2,[t0,T ∗]

≤ D

2
‖θ − θ̂(t0)‖2

/−1 + D2

4D2
1

‖ε(t)‖2
2,[t0,T ∗]. (A5.8)
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Hence f (x(t), θ̂(t), t)− f (x(t), θ , t) ∈ L1
2[t0, T ∗] as a sum of two functions from

L1
2[t0, T ∗]. In order to estimate the upper bound of the norm ‖f (x(t), θ̂(t), t) −
f (x(t), θ , t)‖2,[t0,T ∗] from (A5.8), we use the Minkowski inequality∥∥∥∥f (x(t), θ̂(t), t)− f (x(t), θ , t)| − D

2D1
ε(t)

∥∥∥∥
2,[t0,T ∗]

≤
(
D

2
‖θ − θ̂(t0)‖2

/−1

) 1
2 + D

2D1
‖ε(t)‖2,[t0,T ∗],

and then apply the triangle inequality to the functions from L1
2[t0, T ∗]:

‖f (x(t), θ̂(t), t)− f (x(t), θ , t)‖2,[t0,T ∗]

≤
∥∥∥∥f (x(t), θ̂(t), t)− f (x(t), θ , t)− D

2D1
ε(t)

∥∥∥∥
2,[t0,T ∗]

+ D

2D1
‖ε(t)‖2,[t0,T ∗]

≤
(
D

2
‖θ − θ̂(t0)‖2

/−1

) 1
2 + D

D1
‖ε(t)‖2,[t0,T ∗]. (A5.9)

Therefore, property (1) is proven.
Let us prove property (2). In order to do this we have to check first whether the

solutions of the closed-loop system are defined for all t ∈ R≥0, i.e. they do not
reach infinity in finite time. We prove this by a contradiction argument. Indeed, let
there exist a time instant ts such that ‖x(ts)‖ = ∞. It follows from (1), however,
that f (x(t), θ̂(t), t)− f (x(t), θ , t) ∈ L1

2[t0, ts]. Moreover, according to (A5.9) the
norm

‖f (x(t), θ̂(t), t)− f (x(t), θ , t)‖2,[t0,ts]
can be bounded from above by a continuous function of θ , θ̂(t0), /, and
‖ε(t)‖2,[t0,∞]. Let us denote this bound by Df . Notice that Df does not depend
on ts. Consider the system (5.11) for t ∈ [t0, ts]: ψ̇ = f (x, θ , t) − f (x, θ̂ , t) −
ϕ(ψ , ω, t) + ε(t). Given that f (x(t), θ , t) − f (x(t), θ̂(t), t), ε(t) ∈ L1

2[t0, ts] and
taking Assumption 5.2 into account, we automatically obtain that ψ(x(t), t) ∈
L1∞[t0, ts]. In particular, using the triangle inequality and the fact that the function
γ∞,2 (ψ(x0, t0), ω,M) in Assumption 5.2 is non-decreasing inM , we can estimate
the norm ‖ψ(x(t), t)‖∞,[t0,ts] as follows:

‖ψ(x(t), t)‖∞,[t0,ts] ≤ γ∞,2

(
ψ(x0, t0), ω,Df + ‖ε(t)‖2

2,[t0,∞]
)

. (A5.10)

According to Assumption 5.1 the following inequality holds:

‖x(t)‖∞,[t0,ts] ≤ γ̃ (x0, θ , ‖ψ(x(t), t)‖∞,[t0,ts]
)
.
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Hence

‖x(t)‖∞,[t0,ts] ≤ γ̃
(
x0, θ , γ∞,2

(
ψ(x0, t0), ω,Df + ‖ε(t)‖2

2,[t0,∞]
))

. (A5.11)

Because a superposition of locally bounded functions is locally bounded, we
conclude that ‖x(t)‖∞[t0,ts] is bounded. This, however, contradicts the previous
claim that ‖x(ts)‖ = ∞. On taking (A5.7) into account as well as the fact
that ‖ε(t)‖2,[t0,T ∗] in (A5.7) is bounded from above by ‖ε(t)‖2,[t0,∞], we can
derive that both θ̂(x(t), t) and θ̂ I (t) are bounded for every t ∈ R≥0. Moreover,
according to (A5.10), (A5.11), and (A5.7) these bounds are (locally bounded)
functions of initial conditions and parameters. Therefore, x(t) ∈ Ln∞[t0, ∞] and
θ̂(x(t), t) ∈ Ld∞[t0, ∞]. Inequality (5.39) follows immediately from (A5.9) and
(5.14), and the triangle inequality. Property (2) is proven.

Let us show that property (3) holds. It is assumed that the system (5.13) admits
L1

2[t0, ∞] �→ L1
p[t0, ∞], p > 1 margin. In addition, we have just shown that

f (x(t), θ , t)−f (x(t), θ̂(t), t), ε(t) ∈ L2[t0, ∞]. Hence, taking into account (5.11),
we conclude that ψ(x(t), t) ∈ L1

p[t0, ∞], p > 1. On the other hand, given

that f (x, θ̂ , t) and ϕ(ψ , ω, t) are locally bounded with respect to their first two
arguments uniformly in t and that x(t) ∈ Ln∞[t0, ∞], ψ(x(t), t) ∈ L1∞[t0, ∞],
θ̂(t) ∈ Ld∞[t0, ∞], and θ ∈ 
θ , the signal ϕ(ψ(x(t), t), ω, t) + f (x(t), θ , t) −
f (x(t), θ̂(t), t) is bounded. Thus ε(t) ∈ L1∞[t0, ∞] implies that ψ̇ is bounded as
well and (3) is guaranteed by Barbalat’s lemma.

To complete the proof of the theorem (property (4)), consider the time-derivative
of the function f (x, θ̂ , t)

d

dt
f (x, θ̂ , t) = L[f(x,θ ,t)+g(x,t)u(x,θ̂ ,t)]f (x, θ̂ , t)

+ ∂f (x, θ̂ , t)

∂ θ̂
/(ϕ(ψ , ω, t)+ ψ̇)α(x, t)+ ∂f (x, θ̂ , t)

∂t
.

Taking into account that f(x, θ , t) and g(x, t) are locally bounded with respect
to x, θ uniformly in t , the function f (x, θ , t) is continuously differentiable in x
and θ , the derivative ∂f (x, θ , t)/∂t is locally bounded with respect to x and θ

uniformly in t , and the functions α(x, t) and ∂ψ(x, t)/∂t are locally bounded with
respect to x uniformly in t , then d/dt(f (x, θ , t) − f (x, θ̂ , t)) is bounded. Given
thatf (x(t), θ , t)−f (x(t), θ̂(t), t) ∈ L1

2[t0, ∞], we conclude by applyingBarbalat’s

lemma that f (x(t), θ , t)− f (x(t), θ̂(t), t)→ 0 as t → ∞. �
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A5.2 Proof of Corollary 5.1

Let ε(t) ≡ 0. By choosing the function V
θ̂
( ˆθ , θ , t) as in (A5.4), using (A5.5), and

invoking Assumption 5.3 we obtain that

V̇
θ̂(θ̂ ,θ ,t) ≤ −(f (x, θ , t)− f (x, θ̂ , t))α(x, t)T(θ − θ̂)

≤ − 1

D
(f (x, θ , t)− f (x, θ̂ , t))2. (A5.12)

The equality (A5.12) and the fact that ε(t) ≡ 0 in (A5.4) imply that the norm
‖θ̂ − θ‖2

/−1 is non-increasing. Furthermore, (A5.12) implies that

‖f (x(t), θ , t)− f (x(t), θ̂(t), t)‖2,[t0,T ∗] ≤
(
D

2
‖θ̂(t0)− θ‖2

/−1

) 1
2

. (A5.13)

This proves property (1). Taking into account (A5.13) and given that Assumptions
5.1 and 5.2 are satisfied, we can conclude that x(t) ∈ Ln∞[t0, ∞] and ψ(x(t), t) ∈
L1∞[t0, ∞] and that the following estimate holds:

‖ψ(x(t), t)‖∞,[t0,∞] ≤ γ∞,2

(
ψ(x0, t0), ω,

(
D

2
‖θ̂(t0)− θ‖2

/−1

) 1
2
)

. (A5.14)

Hence (2) is also proven. Properties (3) and (4) follow by virtue of the same
arguments as in the proof of Theorem 5.1. Therefore, (5) is proven. �

A5.3 Proof of Theorem 5.2

According to the conditions of the theorem, system (5.47) is complete. In addition,

the differentiability of ψ(·), α(·), and 1(·) implies that the derivative ˙̂
θ(x, t) is

defined in a small vicinity t0. Moreover, according toAssumption 5.7 this derivative
satisfies ˙̂

θ = (ψ̇ + ϕ(ψ , ω, t))α(x1 ⊕ x′
2 ⊕ hξ , t). (A5.15)

Finally,

ψ̇ = −ϕ(ψ , ω, t)+ f (x1 ⊕ x′
2 ⊕ hξ , θ , t)− f (x1 ⊕ x′

2 ⊕ hξ , θ̂ , t)+ εξ (t),
(A5.16)

where εξ (t) ∈ L2[t0, T ] and ‖ε(t)‖2,[t0,T ] ≤  ξ(θ , x0). Thus property (1) follows
explicitly from the proof of Theorem 5.1. If the combined system is complete then
the remaining properties also follow from the proof of Theorem 5.1. Complete-
ness of the combined system, however, follows from Theorem 4.6 presented in
Chapter 4. �
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A5.4 Proof of Theorem 5.3

The proof of this theorem is based on the ideas presented in Loria et al. (2001).
Consider serial interconnection of system (5.1) and the system (5.58) and (5.59):

ẋ2 = f2(x, θ , t)+ g2(x, t)u,

ξ̇ =
(
H(ξ , x, t)TH(ξ , x, t)+ β

)
(x2 − ξ)+ g2(x, t)u+ υ.

(A5.17)

Using (A5.17) and invoking Hadamard’s lemma,

H(ξ , x, t)(x2 − ξ) = hε(x2, x, t)− hε(ξ , x, t), (A5.18)

we can conclude that the differential equation for ε = ξ − x2 can be written as

ε̇ = −(H(ξ , x, t)TH(ξ , x, t)+ β)ε − f2(x, θ , t)− η̂T
 f (x, t) · sign(ε),

˙̂η = /η f (x, t) · sign(ε)T · ε, /η > 0.
(A5.19)

Let us introduce the following positive definite function:

Vε(ε, η̂) = 1

2

(
εTε + ‖η̂ − η‖2

/−1
η

)
, (A5.20)

where the vector η satisfies (5.56). The derivative V̇ε can be expressed as

V̇ε = −‖H(ξ , x, t)ε‖2 − β‖ε‖2 − εTf2(x, θ , t)− ηT f (x, t) · sign(ε)T · ε.
(A5.21)

Taking into account (5.56), we can estimate V̇ε in (A5.21) as follows:

V̇ε ≤ −‖H(ξ , x, t)ε‖2 − β‖ε‖2 − ηT f (x, t)(‖ε‖F − ‖ε‖), (A5.22)

where

‖ε‖F =
p∑
i=1

|εi |.

Given that
‖ε‖F ≥ ‖ε‖,

and taking (A5.22) into account, we can see that the following estimate holds:

V̇ε ≤ −‖H(ξ , x, t)ε‖2 − β‖ε‖2 ≤ 0. (A5.23)

Thus
x(t) ∈ Ln∞[t0, T ], x ∈ C0 ⇒ ξ(t) ∈ Lp∞[t0, T ],
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i.e. the system (5.58) and (5.59) is complete. Moreover, (A5.23) implies that∫ T ∗

t0

‖H(ξ , x, t)ε‖2 ≤ Vε(ε(t0), η(t0))− Vε(ε(t), η(t))

≤ 1

2

(
‖ξ(t0)− x2(t0)‖2 + ‖η̂(t0)− η‖2

/−1
η

)
. (A5.24)

Hence, on taking into account (A5.18), (5.57), and (A5.24) we obtain

‖f (x1(t)⊕ hξ (ξ(t)), θ , t)− f (x1(t)⊕ x2(t), θ , t)‖2,[t0,T ∗]
≤ ‖hε(ξ , x, t)− hε(x2, x, t)‖2,[t0,T ∗]

≤ 1√
2

(
‖ξ(t0)− x2(t0)‖2 + ‖η̂(t0)− η‖2

/−1
η

) 1
2
,

where [t0, T ∗] is the maximal interval of existence of x(t , x0, t0) in forward
time. �

A5.5 Proof of Lemma 5.1

For the sake of compactness we introduce the following notational agreements:

fi(x1, . . . , xi , θ i) = fi(x, θ i), ψξi = xi − ξi ,
εi(t) = fi(qi−2(t), θ i)− fi(qi−1(t), θ i),

(A5.25)

i = 2, . . . , n. In addition, we will need the following technical result.

Lemma A5.2 Consider the system

ẋ = f(x, θ , u), x0 = x(t0), (A5.26)

and suppose that [t0, T ], T > 0 is an interval of existence of its solutions. In
addition suppose that the following holds along the solutions of (A5.26):

ψ̇ = −ϕ(ψ)(1 + F(t))+ z(x, θ , t)− z(x, θ̂ , t)+ ε(t). (A5.27)

In (A5.27) the function F : R≥0 → R≥0, F(t) ∈ C0, and the function ψ(x, t) :
|ψ(x, t)| ≤ δ ⇒ ‖x‖ ≤ ε(δ), δ > 0, ε : R≥0 → R≥0; ε(t) ∈ C0, ε(t) ∈ L2,
ϕ(ψ) ∈ C0, ϕ(ψ)ψ > 0 ∀ψ �= 0, limψ→∞

∫ ψ
0 ϕ(ς)dς = ∞. Let, in addition,

Assumptions 5.3 and 5.4 hold for z(x, θ̂ , t) with F(t) ≡ 0, ε(t) ≡ 0, and let θ̂

evolve according to

˙̂
θ = /(ψ̇ + ϕ(ψ)(1 + F(t)))α(x, t), / > 0. (A5.28)
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Then

(1) ψ(x, t) ∈ L∞[t0, T ], ϕ(ψ(x, t)) ∈ L2[t0, T ] ∩ L∞[t0, T ], √F(t)ϕ(ψ(x, t)) ∈
L2[t0, T ]; θ̂ ∈ L∞[t0, T ];

(2) z(x, θ , t)− z(x, θ̂ , t) ∈ L2[t0, T ];
(3) F(t) ∈ L∞[t0, T ] ⇒ ψ̇ ∈ L2[t0, T ].

The corresponding L2- and L∞-norms can be bounded from above by constants
whose values do not depend on T . Furthermore, if ε(t) ∈ L∞, f(·) in (A5.26) is
continuous in x uniformly in u, u is bounded, and z(x, θ̂ , t) is locally bounded in
x and θ̂ uniformly in t then

(4) solutions of (A5.26) exist for all t ≥ t0 and ψ(x(t), t)→ 0 as t → ∞.

Proof of Lemma A5.2. Notice that, since the function f(x, θ , u(x, θ̂ , t)) is con-
tinuous in x, θ̂ , and t , there is a non-empty interval [t0, T ], T > t0 such that
solution of the combined system is defined on [t0, T ]. Since ε(t) ∈ L2 implies that∫∞
t
ε2(τ )dτ <∞ the following function is defined for all t ∈ [t0, T ]:

V
θ̂
(θ̂ , θ , t) = D

4D2
1

∫ ∞

t

ε2(τ )dτ + 1

2
‖θ̂ − θ‖2

/−1 .

Let

V̇
θ̂

= − D

4D2
1

ε2(t)+ (ϕ(ψ)(1 + F(t))+ ψ̇)(θ̂ − θ)Tα(x, t)

= − D

4D2
1

ε2(t)+ (z(x, θ , t)− z(x, θ̂ , t)+ ε(t))(θ̂ − θ)Tα(x, t).

According toAssumptions 5.3 and5.4, the derivative V̇
θ̂
canbe estimated as follows:

V̇
θ̂

≤ − 1

D

(
|z(x, θ , t)− z(x, θ̂ , t)| − D

2D1
|ε(t)|
)2

(A5.29)

Equation (A5.29) implies that z(x, θ̂ , t)−z(x, θ , t) ∈ L2[t0, T ], and that ‖z(x, θ̂ , t)−
z(x, θ , t)‖2,[t0,T ] can be bounded from above by a constant whose value does not

depend on T . Let us denote µ(t) = ε(t) + z(x(t), θ̂(t), t) − z(x(t), θ̂∗
, t). Thus

(A5.27) can be rewritten as

ψ̇ = −(1 + F(t))ϕ(ψ)+ µ(t),
where the function µ(t) ∈ L2[t0, T ]. Indeed, µ(t) is a sum of two functions from
L2[t0, T ], and ‖µ(t)‖2,[t0,T ] can again be bounded from above by a constant whose
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value does not depend on T . Consider now the following non-negative function
V1(ψ , t):

V1(ψ , t) =
∫ ψ

0
ϕ(ξ)dξ + 1

4

∫ T
t

µ2(τ )dτ .

Its derivative is

V̇1 = −ϕ(ψ)(1 + F(t))ϕ(ψ)+ ϕ(ψ)µ(t)− 1

4
µ2(t)

≤ −F(t)ϕ2(ψ)−
(
ϕ(ψ)− 1

2
µ(t)

)2

. (A5.30)

Inequality (A5.30) implies that ψ(x, t), ϕ(ψ(x(t), t)) ∈ L∞[t0, T ], and that
‖ψ(x(t), t)‖∞,[t0,T ] and ‖ϕ(ψ(x(t), t))‖∞,[t0,T ] can be bounded from above by a
constant whose value does not depend on T . Moreover,

√
F(t)ϕ(ψ(x(t), t)) ∈ L2[t0, T ], ϕ(ψ(x(t), t))− µ(t)/2 ∈ L2[t0, T ],

with

‖√F(t)ϕ(ψ(x(t), t))‖2,[t0,T ] ≤ V1(ψ(x(t0), t0))1/2,

‖ϕ(ψ(x(t), t))− µ(t)/2‖2,t0,T ≤ V1(ψ(x(t0), t0))1/2.

Given that µ(t) ∈ L2[t0, T ] we obtain that ϕ(ψ(x(t), t)) ∈ L2[t0, T ], and the cor-
responding L2-norms can be bounded from above by constants independent of T .
Thus properties (1) and (2) are proven.

Let F(t) ∈ L∞[t0, T ]. Then (1 + F(t))ϕ(ψ(x(t), t)) ∈ L2[t0, T ], and (A5.27)
implies that ψ̇ ∈ L2[t0, T ]. This proves property (3). In order to show that (4) holds,
we notice that (A5.29) implies that ‖θ̂(t)‖∞,[t0,T ] can be bounded from above by a
constant whose value does not depend on T . Since boundedness of ψ(x, t) implies
that x is bounded, we can conclude that ‖x(t)‖∞,[t0,T ] can be bounded from above
by a constant independent of T . This, in turn, implies that solutions of (A5.26)
are defined for all t ≥ t0. Finally, notice that ψ̇ is bounded, provided that ε(t) is
bounded and z(x, θ , t) is locally bounded uniformly in t . Hence, invokingBarbalat’s
lemma, we can conclude that ψ(x(t), t)→ 0 as t → ∞. �
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Consider now the following equations:

ξ̇i =



F̄ 2

i (qi−1, qi , z)+
k∑
j=i
D̄2
j+1(qi−1, qi)


+ 1


 (xi − ξi)

+ fi(qi−1, θ̂ ξi )+ βi(x, t),

˙̂
θ ξi = γξi


ψξi



F̄ 2

i (qi−1, qi , z)+
k∑
j=i
D̄2
j+1(qi−1, qi)


+ 1


+ ψ̇ξi


αi(qi−1),

(A5.31)

where i = 1, . . . , k, γξi > 0, and F̄i(qi−1, qi , z) = F̄ (qi−1, qi , z). Taking into
account (5.63) and (A5.31), we can write

ψ̇ξi = −



F̄ 2

i (qi−1, qi , z)+
k∑
j=i
D̄2
j+1(qi−1, qi)


+ 1


ψξi

− fi(qi−1, θ̂ ξi )+ fi(x, θ i). (A5.32)

Let k = 1 in (A5.31). Then according to Lemma A5.1 there exists C1,u ∈ R>0

(C1,u ∈ R>0 does not depend on T ) such that ‖u(x, z, θ0)− u(q1, z, θ0)‖2,[t0,T ] ≤
C1,u, along solutions of (A5.31).

Let k = 2, then taking the equations for ψ̇ξ1 and ˙̂
θ ξ1 into account and invoking

Lemma A5.1, we obtain that

(F̄ 2
1 (q0, q1, z)+ D̄2

2(q0, q1))
1/2(x1 − ξ1) ∈ L2, x1 − ξ1 ∈ L∞[t0, T ],

θ̂ ξ1 ∈ L∞[t0, T ].
Hence

F̄1(q0, q1, z)(x1 − ξ1) ∈ L2[t0, T ], D̄2(q0, q1)(x1 − ξ1) ∈ L2[t0, T ],
provided that √

F̄ 2
1 (q0, q1, z)+ D̄2

2(q0, q1) ≥ |F̄1(q0, q1, z)|
and √

F̄ 2
1 (q0, q1, z)+ D̄2

2(q0, q1) ≥ |D̄2(q0, q1)|.
Therefore we can conclude that there exist C2,u and C2,f ∈ R>0, independent of
T , such that

‖u(q0, z, θ0)− u(q1, z, θ0)‖2,[t0,T ] ≤ C2,u,

‖f2(q0, θ2)− f2(q1, θ2)‖2,[t0,T ] ≤ C2,f ,
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provided that

|u(q0, z, θ0)− u(q1, z, θ0)| ≤ |F̄1(q0, q1, z)(x1 − ξ1)|,
|f2(q0, θ2)− f2(q1, θ2)| ≤ |D̄2(q0, q1)(x1 − ξ1)|.

Let us denote

ε2(t) = f2(q0, θ2)− f2(q1, θ2) = f2(x, θ2)− f2(q1, θ2).

Thus, according to (A5.31) and (A5.32), the following holds:

ψ̇ξ2 = −(F̄ 2
2 (q1, q2, z)+ 1)ψξ2 − f2(q1, θ̂ ξ2)+ f2(q1, θ2)+ ε2(t),

˙̂
θ ξ2 = γξ2(ψξ2(F̄ 2

2 (q1, q2, z)+ 1)+ ψ̇ξ2)α2(q1), γξ2 > 0,

ε2(t) ∈ L2[t0, T ], ‖ε2(t)‖2,[t0,T ] ≤ C2,f .

(A5.33)

Applying Lemma A5.1 to (A5.32) and (A5.33), and using the inequality

|u(q1, z, θ0)− u(q2, z, θ0)| ≤ |F̄2(q1, q2, z)(x2 − ξ2)|,
we can write

‖u(q0, z, θ0)− u(q1, z, θ0)‖2,[t0,T ] ≤ C1,u, ‖x1 − ξ1‖∞,[t0,T ] ≤ C1,x ,
‖u(q1, z, θ0)− u(q2, z, θ0)‖2,[t0,T ] ≤ C2,u, ‖x2 − ξ2‖∞,[t0,T ] ≤ C2,x ,
‖f2(q0, θ2)− f2(q1, θ2)‖2,[t0,T ] ≤ C2,f , θ̂ ξ1 ∈ L∞[t0, T ], θ̂ ξ2 ∈ L∞[t0, T ],

where the constants C1,u,C2,u,C1,x ,C2,x , and C2,f do not depend on T . Moreover,

‖u(q0, z, θ0)− u(q2, z, θ0)‖ ≤ C1,u + C2,u,

˙̂
θ ξ1 = γξ1


ψξ1



F̄ 2

1 (q0, q1, z)+
k∑
j=1

D̄2
j+1(q0, q1)


+ 1


+ ψ̇ξ1


α1(q0).

According to Lemma A5.2 the following property holds:
F̄ 2

1 (q0, q1, z)+
k∑
j=1

D̄2
j+1(q0, q1)




1
2

(x1 − ξ1) ∈ L2[t0, T ],

and the corresponding L2-norm can be bounded from above by a constant that is
independent of T . Hence there exist constantsC1,u andCi,f , which are independent
of T , such that

‖u(x, z, θ0)− u(q1, z, θ0)‖2,[t0,T ] ≤ C1,u,

‖fi(x, θ i)− fi(q1, θ i)‖2,[t0,T ] ≤ Ci,f , i = 2, . . . , k.
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Thus the equation for ψξ2 in (A5.32) can be written

ψ̇ξ2 = −



F̄ 2

2 (q1, q2, z)+
k∑
j=3

D̄2
j+1(q1, q2)


+ 1


ψξ2

− f2(q1, θ̂ ξ2)+ f2(q1, θ2)+ ε2(t),

where ε2(t) ∈ L2[t0, T ], and ‖ε2(t)‖2,[t0,T ] can be bounded from above by a
constant whose value does not depend on T .

According to Lemma A5.2 there are constants Ci,f ,2, which are independent of
T , such that the trajectories of (A5.31) satisfy

‖u(q1, z, θ0)− u(q2, z, θ0)‖2,[t0,T ] ≤ C2,u

‖fi(q1, θ i)− fi(q2, θ i)‖ ≤ Ci,f ,2, i = 3, . . . , k.

This implies that

‖f3(x, θ3)− f3(q2, θ3)‖2,[t0,T ] ≤ C3,f + C3,f ,2.

By following the same logic we can show that the error model for (A5.32), 2 ≤
k ≤ n, can be expressed as

ψ̇ξi = −



F̄ 2

i (qi−1, qi , z)+
k∑

j=i+1

D̄2
j+1(qi−1, qi)


+ 1


ψξi

− fi(qi−1, θ̂ ξi )+ fi(qi−1, θ i)+ εi(t),

where εi(t) ∈ L2[t0, T ], and ‖εi(t)‖2,[t0,T ] can be bounded from above by constants
that are independent of T . Thus, invoking LemmaA5.2, one can conclude that there
exist constants Cj ,u, Ci,f ,j , and Ci,x , which are independent of T , such that

‖u(qj−1, z, θ0)− u(qj , z, θ0)‖2,[t0,T ] ≤ Cj ,u,
‖fi(qj−1, θ i)− fi(qj , θ i)‖2,[t0,T ] ≤ Ci,f ,j ,

‖xi − ξi‖∞,[t0,T ] ≤ Ci,x ,
θ̂ ξi ∈ L∞[t0, T ], i = j , . . . , n.

This, in turn, implies that ‖u(x, z, θ0)−u(qi , z, θ0)‖2,[t0,T ] ≤∑ij=1 Cj ,u. The proof
will be completed if we show that system (A5.31) can be realized in a form that
does not involve knowledge or measurement of θ . In particular, we should seek a
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realization of

˙̂
θ ξi = γξi


ψξi



F̄ 2

i (qi−1, qi , z)
k∑
j=i
D̄2
j+1(qi−1, qi)


+ 1


 ψ̇ξi

αi(qi−1),

(A5.34)

where γξi > 0, i = 1, . . . , k, that does not require knowledge of unknown θ i .
Notice that the functions fi(x, θ i), i < n do not depend on xj , j = i + 1, . . . , n.

Therefore ∂αi(x)/∂xj = 0. Hence there exist finite-form realizations of (A5.34):19

θ̂ ξi (qi−1, ξi , t) = γξi (θ̂ ξi ,P (qi−1, ξi)+ θ̂ ξi ,I (t)),

θ̂ ξi ,P (qi−1, ξi) = ψξi (xi , ξi)αi(qi−1)−1ξi (qi−1, ξi), (A5.35)

˙̂
θ ξi ,I =




F̄ 2

i (qi−1, qi , z)+
k∑
j=i
D̄2
j+1(qi−1, qi)


+ 1


ψξi (xi , ξi)αi(qi−1)

+
i∑
j=1

∂1ξi (qi−1, ξi)

∂ξj
ξ̇j −

i−1∑
j=1

ψξi (xi , ξi)
∂αi(qi−1)

∂ξj
ξ̇j ,

1ξi (qi−1, ξi) =
∫ xi(t)
xi (0)

ψξi (xi , ξi)
∂αi(qi−1)

∂xi
dxi ,

where γξi > 0. Notice also that x ∈ L∞[t0, T ] implies ξ ∈ L∞[t0, T ], and
hence θ̂ ξi ,P (qi−1, ξi) ∈ L∞[t0, T ], provided that θ̂ ξi ,P (qi−1, ξi) is smooth (locally
bounded). Given that θ̂ ξi = γξi (θ̂ ξi ,P (qi−1, ξi) + θ̂ ξi ,I ) and θ̂ ξi , θ̂ ξi ,P (qi−1, ξi) ∈
L∞[t0, T ], we obtain θ̂ ξi ,I ∈ L∞[t0, T ] for x ∈ L∞[t0, T ]. Denoting ν = θ̂ ξi ,I ,
one can easily see that the system (A5.31) and (A5.35) can straightforwardly be
transformed into system (5.64) satisfying conditions (1)–(3) of the lemma. �

A5.6 Proof of Theorem 5.4

The proof will carried out by induction w.r.t. the number of equations in (5.61).
Basis of induction. Let the original systembedescribed by an ordinary differential

equation of first order:

ẋ1 = f1(x1, θ1)+ u+ ε1(t), ε1(t) ∈ L2[t0, ∞].

19 The key factor here is that the function αi (qi−1) does not depend on any components of the state vector, except
probably xi . All other components x1, . . . , xi−1 are replaced with ξj , j = 1, . . . , i − 1, respectively. Their
derivatives do not depend on θ1, . . . , θ i .
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According to the assumptions of the theorem the functions f1(x1, θ1) and α1(x1)

are smooth. Let the function u be chosen such that

u(x1, θ̂1) = −f1(x1, θ̂1)− ϕ1(ψ(x1)),

θ̂1 = γ1(θ̂1,P (x1)+ θ̂1,I (t)), γ1 > 0,

θ̂1,P (x1) = ψ(x1)α1(x1)−1(x1),

1(x1) =
∫ x1(t)
x1(0)

ψ(x1)
∂α1(x1)

∂x1
dx1,

˙̂
θ1,I = ϕ1(ψ(x1))α1(x1),

(A5.36)

where the function ϕ satisfies the assumptions of Lemma A5.2. The function u
is smooth. Thus solutions of the system are defined on some non-empty interval
[t0, T ], T > t0. Let us denote ψ1(x1, t) = ψ(x1). According to Lemma A5.2 the
properties ψ1(x1(t), t) ∈ L2[t0, T ] ∩ L∞[t0, T ] and ψ̇1 ∈ L2[t0, T ] hold20 along
the solutions of

ẋ1 = f1(x1, θ1)+ u(x1, θ̂1)+ ε1(t), ε1(t) ∈ L2[t0, ∞]. (A5.37)

Given that the function u is smooth, and that ‖x1‖∞,[t0,T ] and ‖θ̂1‖∞,[t0,T ] can be
bounded from above by constants that do not depend on T , we can conclude that the
solutions of (A5.37) and (A5.36) are defined for all t ≥ t0, and properties (1)–(4)
of the theorem hold. This proves the basis of induction.

Inductive hypothesis. Let the theorem hold for systems in which dim(x) = i > 1.
This implies that there exist ui(xi , θ̂ i , ξ i , νi), xi , ξ i ∈ R

i , xi = (x1, . . . , xi)T,
ξ i = (ξ1, . . . , ξi)T, and functionsψj(xj (t), t), j = 1, . . . , i such thatψj(xj (t), t) ∈
L2 ∩ L∞ and ψ̇j ∈ L2 for (5.61) with dim(x) ≤ i:

ẋj = fj (x1, . . . , xj , θ j )+ xj+1, j ∈ {1, . . . , i − 1},
ẋi = fi(x1, . . . , xi , θ i)+ ui + εi(t), εi(t) ∈ L2. (A5.38)

The theoremwill be proven if we can show that the same properties hold for systems
(5.61) with dim(x) = i + 1, provided that the theorem holds for systems (A5.38).

Inductive step.According to the inductive hypothesis the function ui is smooth.
Therefore, Hadamard’s lemma assures the existence ofF(xi , x′

i , θ̂ i , ξ i , νi) such that

ui(xi , θ̂ i , ξ i , νi) − ui(x′
i , θ̂ i , ξ i , νi) = F(xi , x′

i , θ̂ i , ξ i , νi)(xi − x′
i). Let us denote

F̄ 2
i+1(xi , x

′
i , θ̂ i , ξ i , νi)= ‖F(xi , x′

i , θ̂ i , ξ i , νi)‖2. According to the conditions of the
theorem the functionsfj (xj , θ j ), j = 1, . . . , i+1 satisfy the following inequalities:

(fj (xj , θ j )− fj (x′
j , θ j ))

2 ≤ ‖xj − x′
j‖2D̄2

j (xj , x
′
j ) ∀ θ j ∈ 
θ .

20 In order to see this one needs to derive ˙̂
θ1 and apply Lemma A5.2 to the resulting system (A5.37).
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Thus Lemma 5.1 guarantees the existence of the following system of differential
equations:

ξ̇ i+1 = fξi+1(ξ i+1, x, z, νi+1), ξ ∈ R
i ,

ν̇i+1 = fνi+1(ξ i+1, x, z), z = θ̂ i ⊕ ξ i ⊕ νi ,

such that

ui(xi , θ̂ i(xi , ξ i , θ̂ I ,i), ξ i , νi)− ui(ξ i+1, θ̂ i(ξ i+1, ξ i , θ̂ I ,i), ξ i , νi) ∈ L2[t0, T ],
fi+1(xi+1, θ i+1)− fi+1(ξ i+1 ⊕ xi+1, θ i+1) ∈ L2[t0, T ],

where [t0, T ], T ≥ t0 is an interval of existence of the solution x(t). Notice that the
L2-norms can be bounded from above by a constant whose value does not depend
on T .

Let us introduce the new goal function

ψi+1(xi+1, ξ i+1, ξ i , νi , θ̂ I ,i) = xi+1 − ui(ξ i+1, θ̂ i(ξ i+1, ξ i , θ̂ I ,i), ξ i , νi)

and consider its derivative ψ̇i+1:

ψ̇i+1 = fi+1(xi+1, θ i+1)+ ui+1

− Lfξi
ui(ξ i+1, θ̂ i(ξ i+1, ξ i , θ̂ I ,i), ξ i , νi)

− Lfνi
ui(ξ i+1, θ̂ i(ξ i+1, ξ i , θ̂ I ,i), ξ i , νi)

− Lfξi+1
ui(ξ i+1, θ̂ i(ξ i+1, ξ i , θ̂ I ,i), ξ i , νi)

− Lf
θ̂i
ui(ξ i+1, θ̂ i(ξ i+1, ξ i , θ̂ I ,i), ξ i , νi). (A5.39)

Denoting εi+1(t) = fi+1(xi+1, θ i+1) − fi+1(ξ i+1 ⊕ xi+1, θ i+1), we can rewrite
(A5.39) as

ψ̇i+1 = εi+1(t)+ fi+1(ξ i+1 ⊕ xi+1, θ i+1)

+ ui+1 − Lfξi
ui(ξ i+1, θ̂ i(ξ i+1, ξ i , θ̂ I ,i), ξ i , νi)

− Lfνi
ui(ξ i+1, θ̂ i(ξ i+1, ξ i , θ̂ I ,i), ξ i , νi)

− Lfξi+1
ui(ξ i+1, θ̂ i(ξ i+1, ξ i , θ̂ I ,i), ξ i , νi)

− Lf
θ̂i
ui(ξ i+1, θ̂ i(ξ i+1, ξ i , θ̂ I ,i), ξ i , νi). (A5.40)
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We set

ui+1 = −ϕi+1(ψi+1(xi+1, ξ i+1, ξ i , νi , θ̂ I ,i))

+ Lfξi
ui(ξ i+1, θ̂ i(ξ i+1, ξ i , θ̂ I ,i), ξ i , νi)

+ Lfνi
ui(ξ i+1, θ̂ i(ξ i+1, ξ i , θ̂ I ,i), ξ i , νi)

+ Lfξi+1
ui(ξ i+1, θ̂ i(ξ i+1, ξ i , θ̂ I ,i), ξ i , νi)

+ Lf
θ̂i
ui(ξ i+1, θ̂ i(ξ i+1, ξ i , θ̂ I ,i), ξ i , νi)

− fi+1(ξ i+1 ⊕ xi+1, θ̂ i+1). (A5.41)

On letting, for the sake of notational compactness,

ψi+1(xi+1, ξ i+1(t), ξ i(t), νi(t), θ̂ I ,i(t)) = ψi+1(xi+1, t)

(where ξ i+1(t), ξ i(t), νi(t), and θ̂ I ,i(t) are treated as functions of t) and substituting
(A5.41) and (A5.40) into (A5.39) we obtain

ψ̇i+1 = −ϕi+1(ψi+1(xi+1, t))+ fi+1(ξ i+1 ⊕ xi+1, θ i+1)

− fi+1(ξ i+1 ⊕ xi+1, θ̂ i+1)+ εi+1(t). (A5.42)

It follows from the conditions of the theorem that there is a function αi+1(ξ i+1 ⊕
xi+1) satisfying Assumptions 5.3 and 5.4 for the function fi+1(ξ i+1 ⊕ xi+1, θ i+1).

Finally, consider the following equations for θ̂ i+1:

˙̂
θ i+1 = γi+1(ψ̇i+1 + ϕi+1(ψi+1(xi+1, t)))αi+1(ξ i+1 ⊕ xi+1), γi+1 ∈ R>0.

(A5.43)
As has already been demonstrated by (A5.35), algorithm (A5.43) can be realized in
an integro-differential form that does not require knowledge/measurement of ψ̇i+1:

θ̂ i+1(ξ i+1 ⊕ xi+1, t) = γi+1(θ̂ i+1,P (ξ i+1 ⊕ xi+1, t)+ θ̂ i+1,I (t)), γi+1 > 0,

θ̂ i+1,P (ξ i+1 ⊕ xi+1, t) = ψi+1(xi+1, t)αi+1(ξ i+1 ⊕ xi+1)−1i+1(ξ i+1 ⊕ xi+1, t);

˙̂
θ i+1,I = ϕi+1(ψ(xi+1, t))αi+1(ξ i+1 ⊕ xi+1)

− Lfξαi+1(ξ i+1 ⊕ xi+1)

+ Lfξ 1i+1(ξ i+1 ⊕ xi+1, t)+ ∂1i+1(ξ i+1 ⊕ xi+1, t)/∂t ,
(A5.44)

where

1i+1(ξ i+1 ⊕ xi+1, t) =
∫ xi+1(t)

xi+1(0)
ψi+1(xi+1, t)

∂αi+1(ξ i+1 ⊕ xi+1)

∂xi+1
dxi+1.
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According to Lemma A5.2 the following properties hold for (A5.42), (A5.43),
and (A5.44): θ̂ i+1(ξ i+1 ⊕ xi+1, t) ∈ L∞[t0, T ], ψ̇i+1 ∈ L2[t0, T ], and ϕi+1(ψi+1

(xi+1, t))∈ L2[t0, T ] ∩L∞[t0, T ], where the corresponding norms can be bounded
from above by constants that are independent of T . Moreover, εi+1(t) ∈ L2[t0, T ]
implies that

ui+1(xi , θ̂ i+1, ξ i+1, ξ i , νi+1, νi , θ̂ I ,i)

− ui+1(xi , θ i+1, ξ i+1, ξ i , νi+1, νi , θ̂ I ,i) ∈ L2[t0, T ].
Finally, let us denote

ui+1(xi , θ̂ i+1, ξ i+1, ν̃i+1) = ui+1(xi , θ̂ i+1, ξ i+1, ξ i , νi+1, νi , θ̂ I ,i),

with ν̃i+1 = ξ i ⊕ νi+1 ⊕ νi ⊕ θ̂ I ,i , and choose

ϕi+1(·) : |ϕi+1(·)| ≥ kk+1|ψi+1|, ki+1 > 0.

This guarantees thatψi+1(xi+1, t) ∈ L2[t0, T ]∩L∞[t0, T ]. Hence, according to the
inductive hypothesis, ψk(xk(t), t) ∈ L2[t0, T ] ∩ L∞[t0, T ] and ψ̇k ∈ L2[t0, T ] for
all k = 1, . . . , i, ψ ∈ L2[t0, T ] ∩ L∞[t0, T ], and ψ̇ ∈ L2[t0, T ]. Given that (1) the
corresponding norms can be bounded from above by constants whose values do not
depend on T , and (2) the right-hand side of the resulting system is continuous and
locally bounded, one can conclude that solutions of the overall system are defined
for all t ≥ t0, provided that ‖xi+1‖∞,[t0,T ] has an upper bound that does not depend
on T .

In order to see that this is indeed the case consider

εi(t) = ui(xi , θ̂ i(xi , ξ i , θ̂ I ,i), ξ i , νi)− ui(ξ i+1, θ̂ i(ξ i+1, ξ i , θ̂ I ,i), ξ i , νi).

Given that the function ui is smooth, the sup-norm of this difference admits an
upper bound that does not depend on T . On the other hand, we have just shown
that the sup-norm for

ψi+1 = xi+1 − ui(ξ i+1, θ̂ i(ξ i+1, ξ i , θ̂ I ,i), ξ i , νi)

can be bounded from above by a constant that does not depend on T . Hence
‖xi+1‖∞,[t0,T ] has an upper bound that does not depend on T , and thus statements
(1), (2), and (3) of the theorem hold.

The derivatives ψ̇j , j = 1, . . . , i are bounded because εi(t) are bounded (accord-
ing to the inductive hypothesis the theorem holds for j = 1, . . . , i). If the function
ε(t) is bounded then ψ̇i+1 is bounded as well. Moreover ui+1(·) and fi+1(·) are
smooth, and xi+1, ξ i+1, νi+1, and θ̂ i+1 are bounded. Then, as follows from Lemma
A5.2, ψi+1 → 0 as t → ∞. Hence statement (4) is proven. �
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A5.7 Proof of Corollary 5.2

First we notice that Theorem 5.1 and the bounded-input–bounded-output prop-
erty of (5.98) guarantee that the state of the combined system is bounded. Thus,
according to statements (3) and (4) of Theorem 5.1 the following property holds:

lim
t→∞ f (x(t), θ , ζ (t))− f (x(t), θ̂(t), ζ (t)) = 0. (A5.45)

In this case Lemma 4.1 applies, and we can conclude that an ω-limit set of the
system exists. Continuity of f (·) and property (A5.45) taken together imply that
every limit point p = xp ⊕ θ̂

p ⊕ ζp from this ω-limit set satisfies

f (xp, θ , ζp)− f (xp, θ̂p, ζp) = 0.

Therefore, the ω-limit set of the combined system is contained in (5.99).According
to Lemma 4.1, solutions of the system converge asymptotically to the ω-limit
set. The latter set is invariant, and it is contained in (5.99). Hence, solutions of
the combined system must necessarily converge to the maximal invariant set in
(5.99). �

A5.8 Proof of Theorem 5.5

Consider the following dynamic feedback:

u(x, θ̂) = u0(x)− φ(ξ)θ̂(t).
This feedback transforms (5.101) into

ẋ = f0(x)+Guφ(ξ)(θ − θ̂(t))+Gu(φ(x)− φ(ξ))θ . (A5.46)

Let us denote Guφ(x) = α(x), and consider

ẋ = f0(x)+ α(ξ)(θ − θ̂)+ ε(t),

θ̇ = S(θ),
˙̂
θ = S(θ̂)+H−1(κ2(ξ)+ 1)α(ξ)T(α(ξ)(θ − θ̂)+ ε(t)),

κ(ξ) : R
n → R, κ ∈ C1,

ξ , ε : [t0, T ] → R
n, ξ ∈ C1, T > t0.

(A5.47)

LemmaA5.2 Consider system (A5.47) and suppose that Assumptions 5.11–5.14
hold. In addition, let ‖κ(ξ(t))ε(t)‖2,[t0,T ] and ‖ε(t)‖2,[t0,T ] be bounded from above
by constants that do not depend on T .
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Then

(1) there exists Cθ , which is independent of T , such that ‖θ̂(t)‖∞,[t0,T ] ≤ Cθ ,
provided that θ(t0) ∈ 
θ and θ̂(t0) ∈ R

d ;
(2) there exist Cκ and Cα , which are independent of T , such that

‖κ(ξ)α(ξ)(θ̂(t)− θ(t))‖2,[t0,T ] ≤ Cκ ,
‖α(ξ)(θ̂(t)− θ(t))‖2,[t0,T ] ≤ Cα;

(3) if in addition ‖∂ψ(x)/∂x‖ ≤ |κ(x)|, and there exists Cx , which is independent
of T , such that ‖x(t)− ξ(t)‖∞,[t0,T ] ≤ Cx , then x ∈ L∞[t0, T ]; the L∞-norm
of x(t) can be bounded from above by a constant that is independent of T ;

(4) if, independently of condition (3), ε(t) ≡ 0, the function ξ is defined for all
t ≥ t0 and bounded, S(θ) ≡ 0, and α(ξ) is persistently exciting,

∃L, δ ≥ 0 :
∫ t+L
t

α(ξ(τ ))Tα(ξ(τ )) ≥ δId ∀ t ≥ t0,

then trajectories θ̂(t) converge to θ0 exponentially fast.

Proof of Lemma A5.2. Let us start by showing that statements (1) and (2) hold.
Consider the following function:

Vθ(θ , θ̂ , t) = ‖θ − θ̂‖2
H + ε = (θ − θ̂)TH(θ − θ̂)+ ε,

where ε(t) = 1
2

∫ T
t
(κ2(ξ(τ ))+1)εT(τ )ε(τ )dτ ≥ 0.According to the assumptions

of the lemma, the norm ‖κ(ξ(t))ε(t)‖2,[t0,T ] can be bounded from above by a
constant that is independent of T . This implies that there is a constant Cε , which is
independent of T , such that ε(t) < Cε for all t ∈ [t0, T ]. Consider the derivative
V̇θ :

V̇θ = (θ − θ̂)TH(S(θ)− S(θ̂))+ (S(θ)− S(θ̂))TH(θ − θ̂)

− 2(κ2(ξ)+ 1)

(
(θ − θ̂)TαT(ξ)α(ξ)(θ − θ̂)

+ (θ − θ̂)TαT(ξ)ε(t)+ ‖ε(t)‖2

4

)
= (θ − θ̂)TH(S(θ)− S(θ̂))+ (S(θ)− S(θ̂))TH(θ − θ̂)

− 2(κ2(ξ)+ 1)‖(θ − θ̂)TαT(ξ)+ 0.5ε(t)‖2. (A5.48)

The function S(·) ∈ C1, hence Hadamard’s lemma applies: S(θ) − S(θ̂) =∫ 1
0 [∂S(z(λ))/∂z(λ)]dλ(θ − θ̂), z(λ) = θλ + θ̂(1 − λ). Using the mean-value
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theorem, we therefore obtain that

S(θ)− S(θ̂) = ∂S(z)
∂z

(θ − θ̂)

for some z ∈ R
d . The last inequality implies that

V̇θ = (θ − θ̂)T

(
∂S(z)
∂z

T

H +H ∂S(z)
∂z

)
(θ − θ̂)

− 2(κ2(ξ)+ 1)‖(θ − θ̂)TαT(ξ)+ 0.5ε(t)‖2

≤ −2(κ2(ξ)+ 1)‖(θ − θ̂)TαT(ξ)+ 0.5ε(t)‖2 ≤ 0. (A5.49)

According to (A5.49),

‖θ̂(t)− θ(t)‖2
H ≤ ‖θ̂(t0)− θ(t0)‖2

H + Cε .

Hence

‖θ̂(t)− θ(t)‖ = (λmax(H)/λmin(H))‖θ̂(t0)− θ(t0)‖2 + Cε/λmin(H).

Given that (λmax(H)/λmin(H))‖θ̂(t0)− θ(t0)‖2 + Cε/λmin(H) is independent of
T and that θ(t , θ0, t0) ⊂ 
(
θ) ⊆ 
θ , where
θ is bounded, we can conclude that
statement (1) holds.

In order to see that statement (2) holds we notice that the function V (θ , θ̂ , t) is
non-increasing and is bounded from below. Therefore

∫ t
t0

(κ2(ξ(τ ))+ 1)‖(θ(τ )− θ̂(τ ))TαT(ξ(τ ))+ 0.5ε(τ )‖2dτ

≤ 0.5V (θ(t0), θ̂(t0), t0), t ∈ [t0, T ].

Hence the norms ‖κ(ξ)(θ − θ̂)TαT(ξ) + 0.5κ(ξ)ε‖2,[t0,T ] and ‖(θ − θ̂)TαT(ξ) +
0.5ε‖2,[t0,T ] can be bounded from above by a constant that is independent of
T . This automatically implies (invoking the triangle inequality) that the same
holds for ‖κ(ξ)(θ − θ̂)TαT(ξ)‖2,[t0,T ] and ‖(θ − θ̂)TαT(ξ)‖2,[t0,T ], provided that
‖κ(ξ)ε‖2,[t0,T ] and ‖ε‖2,[t0,T ] can be bounded from above by constants that are
independent of T . Thus statement (2) of the lemma holds.
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In order to show that statement (3) holds, consider

ψ̇ = ∂ψ

∂x
f0(x)+ ∂ψ(x)

∂x
α(ξ)(θ − θ̂)+ ∂ψ

∂x
ε(t)

= ∂ψ

∂x
f0(x)+

(
∂ψ(x)
∂x

− ∂ψ(ξ)

∂ξ

)

× (α(ξ)(θ − θ̂)+ ε(t)
)+ ∂ψ(ξ)

∂ξ

(
α(ξ)(θ − θ̂)+ ε(t)

)
. (A5.50)

Given that ψ ∈ C1 and ∂ψ/∂x is Lipschitz, the property ‖x − ξ‖∞,[t0,T ] ≤ Cx

implies that: ‖∂ψ(x)/∂x− ∂ψ(ξ)/∂ξ‖ is bounded, and a bound can be found such
that it does not depend on T . Moreover, ‖∂ψ(ξ)/∂ξ‖ ≤ κ(ξ). Hence we can rewrite
(A5.50) as

ψ̇ = ∂ψ(x)
∂x

f0(x)+ µ(t), ‖µ(t)‖2,[t0,T ] ≤ Cµ, (A5.51)

where Cµ does not depend on T . Notice that the function β(x) is separated away
from zero: ∃ δ > 0 : β(x) > 2δ ∀ x ∈ R

n. Consider the following function:

Vψ =
∫ ψ

0
ϕ(σ)dσ + 1

4δ

∫ T

t

µ2(τ )dτ . (A5.52)

Taking Assumption 5.14 and (A5.51) into account, one can derive that
V̇ψ ≤ −β(x)ϕ2(ψ) + ϕ(ψ)µ(t) − (1/(4δ))µ2(t) ≤ −2δϕ2(ψ) + ϕ(ψ)µ(t) −
(1/(4δ))µ2(t) = −δϕ2(ψ) − δ(ϕ(ψ) − (1/(2δ))µ(t))2 ≤ 0. Thus, according to
Assumption 5.14 ‖ψ‖∞,[t0,T ] can be bounded from above by a constant that is inde-
pendent of T , and, consequently, Assumption 5.1 implies that the same applies to
‖x‖∞,[t0,T ]. This proves statement (3).

Let us now show that θ̂(t) converges to θ̂(t0) exponentially fast, provided that
conditions of statement (4) hold. First notice that in this case solutions θ̂(t) exist
for all t ≥ t0. Let us denote θ̃ = θ − θ̂ . Then

˙̃θ = S(θ)− S(θ̂)−H−1(κ2(ξ)+ 1)α(ξ)Tα(ξ)θ̃

= −H−1(κ2(ξ)+ 1)α(ξ)Tα(ξ)θ̃ .
(A5.53)

According to Lemma 2.5 there exist λ,D0 ∈ R>0 such that: ‖θ̃(t)‖ ≤
D0e

−λ(t−t0)‖θ̃(t0)‖. �
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Now consider systems (5.101) with locally Lipschitz φi(x):

φ(x) : R
n → R

d×m,

φ(x) =

 φ1,1(x), . . . , φ1,d(x)
. . . , . . . , . . .

φm,1(x), . . . , φm,d(x)


 ,

φi(x) = (φi,1(x), . . . ,φi,d(x)).

We ask whether there is a C1-smooth function ξ(t) such that ‖(α(x) − α(ξ))

θ(t)‖2,[t0,T ] and ‖κ(ξ)(α(x) − α(ξ))θ(t)‖2,[t0,T ] can be bounded from above by
constants that are independent of T , T ≥ t0.

Lemma A5.3 Consider system (5.101), and let [t0, T ], T ≥ t0 be an interval of
the system’s solution. Let the functions φi(x) defined in (A5.54) be locally Lipschitz:

‖φi(x)− φi(ξ)‖ ≤ λi(x, ξ)‖x − ξ‖,

where λi(x, ξ) : R
n×R

n → R≥0, λ(x, ξ) are locally bounded with respect to x and
ξ . Furthermore, suppose that Assumption 5.12 holds. Then there exists a system

ξ̇ = f(x)+Guu + λ(x, ξ)(x − ξ)+Guφ(x)ν,

ν̇ = S(ν)+H−1(Guφ(x))T(x − ξ)T,

λ(x, ξ) = 1 +
m∑
i=1

λ2
i (x, ξ)(1 + κ2(ξ)), (A5.54)

such that

(1) there are constants Dα and Dκ , which are independent of T : ‖(α(x) −
α(ξ))θ‖2,[t0,T ] ≤ Dα and ‖κ(ξ)(α(x)− α(ξ))θ‖2,[t0,T ] ≤ Dκ , provided that θ

is bounded;
(2) x ∈ L∞ ⇒ ξ ∈ L∞; if, in addition, x(t) is uniformly continuous then

limt→∞ x(t)− ξ(t) = 0.

Proof of Lemma A5.3. Consider the following function Vξ : Vξ = 0.5‖x − ξ‖2 +
0.5‖θ − ν‖2

H . Its derivative can be estimated as

V̇ξ ≤ − λ(x, ξ)‖x − ξ‖2 + (x − ξ)TGuφ(x)(θ − ν)

+ (θ − ν)T(Guφ(x))T(x − ξ) ≤ −λ(x, ξ)‖x − ξ‖2.
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The last inequality implies that

‖λi(x, ξ)(x − ξ)‖2
2,[t0,T ] ≤ Vξ (x(t0), ξ(t0), θ(t0), ν(t0)),

‖κ(ξ)λi(x, ξ)(x − ξ)‖2
2,[t0,T ] ≤ Vξ (x(t0), ξ(t0), θ(t0), ν(t0)).

Given that ‖φi(x) − φi(ξ)‖ ≤ λi(x, ξ)‖x − ξ‖, we can conclude that ‖φi(x) −
φi(ξ)‖2

2,[t0,T ] ≤ Vξ (x(t0), ξ(t0), θ(t0), ν(t0)) and ‖κ(ξ)‖φi(x) − φi(ξ)‖2,[t0,T ] ≤
Vξ (x(t0), ξ(t0), θ(t0), ν(t0)). Since θ(t) is bounded for all t ≥ t0 andGu is bounded
as well, we can conclude that there exist Dα and Dκ , which are independent
of T , such that ‖Gu(φi(x) − φi(ξ))θ(t)‖2,[t0,T ] ≤ Dα and ‖κ(ξ)Gu(φi(x) −
φi(ξ))θ(t)‖2,[t0,T ] ≤ Dκ .

Finally, notice that the function Vξ is non-increasing with t and is radially
unbounded. This assures that ξ(t) is bounded as long as x(t) exists and is bounded.
Moreover, λ(x, ξ) > 1 implies that

‖x − ξ‖2
2,[t0,T ] ≤ Vξ (x(t0), ξ(t0), θ(t0), ν(t0)).

Let x(t) be defined for all t ≥ t0 and x(t) ∈ L∞. Then the right-hand side of the
system is locally bounded. This ensures that ‖x(t)−ξ(t)‖2 is uniformly continuous,
and hence limt→∞ x(t)− ξ(t) = 0. �

Let us now continue with the proof of the theorem. Consider trajectories θ(t)

and x(t) generated by θ(t):

ẋ = f(x)+Gu(φ(x)θ + u); θ̇ = S(θ), θ(t0) ∈ 
θ . (A5.55)

Let these trajectories be defined for all t ∈ [t0, T ], T ≥ t0. According to Lemma
A5.3 there is a system of type (A5.54):

ξ̇ = f(x)+Guu + λ(x, ξ)(x − ξ)+Guφ(x)ν,

ν̇ = S(ν)+H−1(Guφ(x))T(x − ξ)T,

λ(x, ξ) = 1 +
m∑
i=1

λ2
i (x, ξ)(1 + κ2(ξ)),

(A5.56)

such that ‖Gu(φ(x)− φ(ξ))θ‖2,[t0,T ] and ‖κ(ξ)Gu(φ(x)− φ(ξ))θ‖2,[t0,T ] can be
bounded from above by constants that are independent of T . On denoting α(ξ) =
Guφ(ξ) and ε(t) = (α(x) − α(ξ))θ(t), and taking into account that u(x, θ̂) =
u0(x)− φ(ξ)θ̂(t), we can rewrite equations (A5.55) as follows:

ẋ = f0(x)+ α(ξ)(θ − θ̂(t))+ ε(t),

θ̇ = S(θ).
(A5.57)
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Moreover, (A5.57) and (5.107) give rise to the following equation for ˙̂
θ :

˙̂
θ = S(θ̂)+H−1(κ2(ξ)+ 1)αT(ξ)(α(ξ)(θ − θ̂)+ ε(t)). (A5.58)

Notice that the right-hand sides of the combined system are continuous. Therefore
solutions are defined at least locally in an interval [t0, T ], T ≥ t0. According to
Lemma A5.2 we have that ‖x(t)‖∞,[t0,T ], ‖θ(t)‖∞,[t0,T ], and ‖θ̂(t)‖∞,[t0,T ] can be
bounded from above by constants that are independent of T . Moreover, Lemma
A5.3 states that the same holds for ‖ξ(t)‖∞,[t0,T ]. Thus solutions of the combined
system are defined for all t ≥ t0, and are bounded. This proves statement (1) of the
theorem.

According to Lemma A5.3, x(t) − ξ(t) → 0 as t → ∞. This fact together
with the uniform asymptotic stability of (A5.58) at ε(t) ≡ 0 (see also Lemma 2.5)
guarantees that θ̂(t , θ̂0, t0)→ θ0 as t → ∞. This proves statement (3).

Let us show that x(t)→ 
∗ as t → ∞. Consider the extended system

ẋ = f0(x)+ α(ξ)(θ − θ̂)+ [(α(x)− α(ξ))θ ],
θ̇ = S(θ),
˙̂
θ = S(θ̂)+H−1(κ2(ξ)+ 1)α(ξ)T(α(ξ)(θ − θ̂)+ [(α(x)− α(ξ))θ ]),
ξ̇ = f(x)+Guu + λ(x, ξ)(x − ξ)+Guφ(x)ν,

ν̇ = S(ν)+H−1(Guφ(x))T(x − ξ)T,

ε̇0 = −
∥∥∥∥∂ψ(x)∂x

(α(ξ)(θ − θ̂)+ [(α(x)− α(ξ))θ ])
∥∥∥∥2 ,

ε̇1 = −‖(α(x)− α(ξ))θ‖2,

ε̇2 = −‖α(ξ)(θ − θ̂)‖2.

(A5.59)

We have shown already that all variables in (A5.59) are bounded except, probably,
for the component ε0.Boundedness of ε0(t), however, follows immediately from the
facts that ∂ψ(x)/∂x is locally bounded and that the norms ‖(α(x)−α(ξ))θ‖2,[t0,T ]
and ‖α(ξ)(θ − θ̂)‖2,[t0,T ] can be bounded from above by constants that are
independent of T .

Consider the function V = ∫ ψ0 ϕ(σ)dσ + ‖θ − θ̂‖2
H + (1/(4δ))ε0(t) +

1
4ε1(t) + ε2(t). Its derivative is V̇ ≤ −δϕ2(ψ) − ‖α(ξ)(θ − θ̂) + 0.5ε(t)‖2

− ‖α(ξ)(θ − θ̂) + ε(t)‖2 ≤ −δϕ2(ψ) − ‖α(ξ)(θ − θ̂) + ε(t)‖2, where ε(t) =
(α(x(t)) − α(ξ(t)))θ(t). According to La Salle’s invariance principle (La Salle
1976), trajectories (x(t), θ̂(t)) converge (as t → ∞) to the maximal invariant set
in 
ψ × 
1

θ , where 
ψ = {x ∈ R
n|x : ϕ(ψ(x)) = 0}, and 
1

θ : {θ̂ ∈ R
d , ξ ∈
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R
n, x ∈ R

n|α(ξ)(θ − θ̂)+ [(α(x)− α(ξ))θ ] = 0}. This set is clearly contained in
the direct sum of the maximal invariant set of

ẋ = f0(x) (A5.60)

and 
1
θ . According to Assumption 5.14, 
∗ includes invariant sets of (A5.60)

restricted to 
ψ . Thus x(t , x0)→ 
∗ as t → ∞. �

A5.9 Proof of Theorem 5.6

Consider system (A5.56). Since the right-hand side of the combined system is
continuous there is a non-empty interval [t0, T ], T > t0 in which solutions of the
system are defined. Lemma A5.3 and Assumption 5.12 taken together guarantee
that the norm ‖Gu(φ(x)−φ(ξ))θ‖2,[t0,T ] can be bounded from above by a constant
that is independent of T . In addition, there is a constant Cθ , which is independent
of T , such that ‖θ̂(t)‖∞,[t0,T ] ≤ Cθ (this follows straightforwardly from the proof
of Theorem 5.5 if we let κ(ξ) ≡ 0 in (A5.49)). Moreover, LemmaA5.2 ensures that
the norm ‖Guφ(ξ)(θ − θ̂)‖2,[t0,T ] can be bounded from above by a constant that
is independent of T . Let us denote ε0(t) = Guφ(ξ)(θ − θ̂)+Gu(φ(x)− φ(ξ))θ .
Then solutions x(t) of (5.101) should satisfy

ẋ = f0(x)+ ε0(t), (A5.61)

where ε0(t) is continuous, and ‖ε0(t)‖2,[t0,T ] can be bounded from above by a
constant that is independent of T . System (A5.61), by virtue of the assumptions,
admits L2 → L∞ margin. Thus we can conclude that x(t) is defined for all t ≥ t0
and is bounded.This proves statement (1) of the theorem.Statement (3) follows from
LemmaA5.2. Let us show that x(t)→ 
∗ as t → ∞. To this end, consider system
(A5.59) without the variable ε0. As has been shown earlier, solutions of (A5.59)
are bounded. Let V = ‖θ − θ̂‖2

H + 1
4ε1(t)+ ε2(t). Its derivative can be estimated

as V̇ ≤ −‖α(ξ)(θ − θ̂) + ε(t)‖2 = −‖Guφ(ξ)(θ − θ̂) + Gu(φ(x) − φ(ξ))θ‖2.
Thus, according to La Salle’s invariance principle, x(t)→ 
∗ as t → ∞. �

A5.10 Proof of Theorem 5.7

The right-hand sides of (5.108), (5.109), (5.32), and (5.34) are continuous and
differentiable. Hence solutions of the combined system are defined on some non-
empty interval [t0, T ∗], T ∗ > t0. According to (5.32), (5.34), Assumption 5.5, and
(5.108), the derivative of θ̂ can be written as

˙̂
θ = /(ψ̇ + ϕ(ψ , ω, t))α(x, t).
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Consider

Vθ(θ , θ̂) = 1

2
‖θ − θ̂‖2

/−1 . (A5.62)

Taking Assumptions 5.3 and 5.4 into account, we can write

V̇ ≤ − 1

D
(f (x, θ)− f (x, θ̂))2 + 1

D1
|f (x, θ)− f (x, θ̂)||z(x, q, t)|. (A5.63)

Notice that (A5.63) can be transformed into

V̇ ≤ − 1

D

(
f (x, θ)− f (x, θ̂)− D|z(x, q, t)|

2D1

)2

+ D

4D2
1

z2(x, q, t). (A5.64)

Using (A5.63) and (A5.64) we can derive the following estimate:∥∥∥∥f (x(t), θ)− f (x(t), θ̂(t))− D|z(x(t), q(t), t)|
2D1

∥∥∥∥2
2,[t0,T ∗]

≤ D

2
‖θ − θ̂(t0)‖2

/−1 + D2

4D2
1

‖z(x(t), q(t), t)‖2
2,[t0,T ∗].

Using the triangle inequality and that ‖θ − θ̂‖2
/−1 ≤ λmax(/

−1)‖θ − θ̂‖2 =
1/λmin(/)‖θ − θ̂‖2, we arrive at

‖f (x(t), θ)− f (x(t), θ̂(t))‖2,[t0,T ∗]

≤
(

D

2λmin(/)

) 1
2 ‖θ − θ̂(t0)‖ + D

D1
‖z(x(t), q(t), t)‖2,[t0,T ∗].

Let us denote βθ = (D/(2λmin(/)))
1/2 ‖θ − θ̂(t0)‖ and CD = 1 + D/D1. Then

(5.111) and

(∫ T ∗

t0

(|hx(x(t), t)| + |hq(q(t), t)|)2dt
) 1

2

≤
(∫ T ∗

t0

h2
x(x(t), t)dt

) 1
2

+
(∫ T ∗

t0

h2
q(q(t), t)dt

) 1
2

(A5.65)

result in the following estimate:

‖f (x(t), θ)− f (x(t), θ̂(t))‖2,[t0,T ∗]
≤ βθ + (CD − 1)(‖hx(x(t), t)‖2,[t0,T ∗] + ‖hq(q(t), t)‖2,[t0,T ∗]).

(A5.66)
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Thus ‖f (x(t), θ) − f (x(t), θ̂(t))‖2,[t0,T ∗] can be bounded from above by the
weighted sum of ‖hx(x(t), t)‖2,[t0,T ∗], ‖hq(q(t), t)‖2,[t0,T ∗], βθ , and CD . Now,
(5.115) and (A5.66) allow us to estimate ‖ψ(x(t), t)‖p,[t0,T ∗] as

‖ψ(x(t), t)‖∞,[t0,T ∗] ≤ γψ ,2(βθ + CD‖hx(x(t), t)‖2,[t0,T ∗]
+ CD‖hq(q(t), t)‖2,[t0,T ∗])+ βψ ,2.

(A5.67)

Let us recall one property of functions from K (Jiang et al. 1994).

Proposition A5.1 Let γ ∈ K, ρ ∈ K∞, and a, b ∈ R≥0. Then

γ (a + b) ≤ γ ((ρ + Id)(a))+ γ ((ρ + Id) ◦ ρ−1(b)). (A5.68)

Proof of Proposition A5.1. The proposition will be proven if we show that

γ (a + b) ≤ γ (a + r(a))+ γ (b + r−1(b))

= γ (a + r(a))+ γ (r(r−1(b))+ r−1(b))

holds for all r ∈ K∞. Let us pick an arbitrary function r from K∞. Consider two
cases: r(a) ≥ b and r(a) < b. In the first case we get that a+ r(a) ≥ a+ b. Given
that γ is non-decreasing and non-negative, we obtain γ (a + b) ≤ γ (a + r(a))+
γ (b + r−1(b)) for all non-negative a and b. In the second case we can see that
a < r−1(b), and hence γ (a + b) ≤ γ (r−1(b)+ b). �

Taking (A5.68) into account we can rewrite (A5.67) as

‖ψ(x(t), t)‖∞,[t0,T ∗] ≤ γψ ,2((ρ1 + Id)(CD‖hx(x(t), t)‖2,[t0,T ∗]
+ CD‖hq(q(t), t)‖2,[t0,T ∗]))

+ γψ ,2((ρ1 + Id) ◦ ρ−1
1 (βθ ))+ βψ ,2, ρ1 ∈ K∞.

According to (A5.68), we can now expand γ ◦ (ρ1 + Id)(a + b) ∈ K as

γ ◦ (ρ1 + Id)(CD‖hx(x(t), t)‖2,[t0,T ∗] + CD‖hq(q(t), t)‖2,[t0,T ∗])
≤ γ ◦ (ρ1 + Id) ◦ (ρ2 + Id)(CD‖hx(x(t), t)‖2,[t0,T ∗])

+ γ ◦ (ρ1 + Id) ◦ (ρ2 + Id) ◦ ρ−1
2 (CD‖hq(q(t), t)‖2,[t0,T ∗]), ρ2 ∈ K∞.

Replacing γ ◦ (ρ1 + Id) with γψ ,2 ◦ (ρ1 + Id) results in

‖ψ(x(t), t)‖∞,[t0,T ∗] ≤ γψ ,2 ◦ (ρ1 + Id) ◦ (ρ2 + Id)(CD‖hx(x(t), t)‖2,[t0,T ∗])
+ γψ ,2 ◦ (ρ1 + Id) ◦ (ρ2 + Id)
◦ ρ−1

2 (CD‖hq(q(t), t)‖2,[t0,T ∗])

+ γψ ,2((ρ1 + Id) ◦ ρ−1
1 (βθ ))+ βψ ,2. (A5.69)
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On the other hand, the following holds

‖hq(q(t), t)‖2,[t0,T ∗] ≤ γhq ◦ (ρ3 + Id) ◦ γx,∞(‖ψ(x(t), t)‖∞,[t0,T ∗])

+ γhq ◦ (ρ3 + Id) ◦ ρ−1
3 (βx,p)+ βhq , ρ3 ∈ K∞,

‖hx(x(t), t)‖2,[t0,T ∗] ≤ γhx (‖ψ(x(t), t)‖∞,[t0,T ∗])+ βhx . (A5.70)

Hence, taking (A5.69) and (A5.70) into account, we obtain

‖hx(x(t), t)‖2,[t0,T ∗] ≤ γhx ◦ (ρ4 + Id) ◦ γψ ,2 ◦ (ρ1 + Id),
◦ (ρ2 + Id)(CD‖hx(x(t), t)‖2,[t0,T ∗])

+ γhx ◦ (ρ4 + Id) ◦ ρ−1
4 ◦ (ρ5 + Id) ◦ γψ ,2 ◦ (ρ1 + Id)

◦ (ρ2 + Id) ◦ −ρ−1
2 (CD‖hq(q(t), t)‖2,[t0,T ∗])+ β1,

(A5.71)

‖hq(q(t), t)‖2,[t0,T ∗] ≤ γhq ◦ (ρ3 + Id) ◦ γx,∞ ◦ (ρ6 + Id) ◦ · · ·
· · · γψ ,2 ◦ (ρ1 + Id) ◦ (ρ2 + Id)(CD‖hx(x(t), t)‖2,[t0,T ∗])

+ γhq ◦ (ρ3 + Id) ◦ γx,∞ ◦ (ρ6 + Id) ◦ ρ−1
6 ◦ (ρ7 + Id) ◦ · · ·

· · · γψ ,2 ◦ (ρ1 + Id) ◦ (ρ2 + Id) ◦ ρ−1
2 (CD‖hq(q(t), t)‖2,[t0,T ∗])+ β2,

(A5.72)

where β1,β2 > 0 and ρ4, ρ5, ρ6, ρ7 ∈ K∞.
Let us denote

γhx,x (s) = γhx ◦ (ρ4 + Id) ◦ γψ ,2 ◦ (ρ1 + Id) ◦ (ρ2 + Id)(CDs),
γhx,q (s) = γhx ◦ (ρ4 + Id) ◦ ρ−1

4 ◦ (ρ5 + Id) ◦ γψ ,2 ◦ (ρ1 + Id)
◦ (ρ2 + Id) ◦ ρ−1

2 (CDs),

γhq,x (s) = γhq ◦ (ρ3 + Id) ◦ γx,∞ ◦ (ρ6 + Id) ◦ γψ ,2

◦ (ρ1 + Id) ◦ (ρ2 + Id)(CDs),
γhq,q (s) = γhq ◦ (ρ3 + Id) ◦ γx,∞ ◦ (ρ6 + Id) ◦ ρ−1

6 ◦ (ρ7 + Id)
◦ γψ ,2 ◦ (ρ1 + Id) ◦ (ρ2 + Id) ◦ ρ−1

2 (CDs).

(A5.73)
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Taking (A5.73) into account, we can now rewrite (A5.71) and (A5.72) as

‖hx(x(t), t)‖2,[t0,T ∗] ≤ γhx,x (‖hx(x(t), t)‖2,[t0,T ∗])
+ γhx,q (‖hq(q(t), t)‖2,[t0,T ∗])+ β1,

‖hq(q(t), t)‖2,[t0,T ∗] ≤ γhq,x (‖hx(x(t), t)‖2,[t0,T ∗])

+ γhq,q (‖hq(q(t), t)‖2,[t0,T ∗])+ β2.

(A5.74)

According to the assumptions of the theorem, the following hold:

(Id − γhx,x ) ∈ K∞, (Id − γhq,q ) ∈ K∞.

Therefore (A5.74) allows us to obtain the following estimates:

‖hx(x(t), t)‖2,[t0,T ∗] ≤ (Id − γhx,x )−1 ◦ (ρ8 + Id)
◦ γhx,q (‖hq(q(t), t)‖2,[t0,T ∗])+ β3,

‖hq(q(t), t)‖2,[t0,T ∗] ≤ (Id − γhq,q )−1 ◦ (ρ9 + Id)
◦ γhq,x (‖hx(x(t), t)‖2,[t0,T ∗])+ β4,

(A5.75)

where ρ8, ρ9 ∈ K∞ and β3,β4 ∈ R≥0. According to Jiang et al. (1994), proof of
Theorem 2.1, page 110, we can see that the right-hand side of (A5.74) is uniformly
bounded with respect to T ∗, provided that

(Id + λ2) ◦ (Id − γhq,q )−1 ◦ (ρ9 + Id) ◦ γhq,x ◦ (Id + λ1)

◦ (Id − γhx,x )−1 ◦ (ρ8 + Id) ◦ γhx,q (s) ≤ s,
(Id + λ1) ◦ (Id − γhx,x )−1 ◦ (ρ8 + Id) ◦ γhx,q ◦ (Id + λ2)

◦ (Id − γhq,q )−1 ◦ (ρ9 + Id) ◦ γhq,x (s) ≤ s,
for all s ≥ s0 and some λ1, λ2 ∈ K∞. This and (A5.65) imply that

‖z(x(t), q(t), t)‖2,[t0,T ∗] ≤ ‖hx(x(t), t)‖2,[t0,T ∗] + ‖hq(q(t), t)‖2,[t0,T ∗] ≤ β5,
(A5.76)

where β5 ∈ R≥0 is a bounded function of the inital conditions and parameters of
the combined system. Then, invoking the contradiction argument, using Assump-
tions 5.1 and 5.2, and taking (A5.63) into account, we conclude that x(t) and θ̂(t)

generated by (5.108) are defined for all t ≥ t0. Furthermore, they are bounded.
Boundedness of q(t) is ensured by the existence of the corresponding L∞ �→ L∞
margin.

Statement (2) now follows from (A5.63), (A5.76), and Barbalat’s lemma (see the
proof of Theorem 5.1). �
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A5.11 Proof of Theorem 5.8

Let us denote

 fx[t0, T ] = ‖fx(x, θx , t)− fx(x, θ̂x , t)‖2,[t0,T ],

 fy[t0, T ] = ‖fx(y, θy , t)− fy(y, θ̂y , t)‖2,[t0,T ].
According to Theorem 5.1, the following estimates hold:

 fx[t0, T ] ≤ Cx + Dx

D1,x
‖hy(x(t), y(t), t)‖2,[t0,T ], (A5.77)

 fy[t0, T ] ≤ Cy + Dy

D1,y
‖hx(x(t), y(t), t)‖2,[t0,T ], (A5.78)

whereCx andCy are constants that do not depend on T . Taking (A5.77) and (A5.78)
into account, we can derive

 fx[t0, T ] + ‖hy(x(t), y(t), t)‖2,[t0,T ]

≤ Cx +
(
Dx

D1,x
+ 1

)
‖hy(x(t), y(t), t)‖2,[t0,T ],

(A5.79)

 fy[t0, T ] + ‖hx(x(t), y(t), t)‖2,[t0,T ]

≤ Cy +
(
Dy

D1,y
+ 1

)
‖hx(x(t), y(t), t)‖2,[t0,T ].

(A5.80)

The theorem then will be proven if we show that the L1
2[t0, T ]-norms of the sig-

nals hx(x(t), y(t), t) and hy(x(t), y(t), t) are globally bounded with respect to T .
Consider inequality (A5.68):

γ (a + b) ≤ γ ((ρ + Id)(a))+ γ ((ρ + Id) ◦ ρ−1(b)), a, b ∈ R≥0, γ , ρ ∈ K∞.

Applying this inequality to (A5.79) and (A5.80) and using (5.127) results in

‖hy(x(t), y(t), t)‖2,[t0,T ]

≤ βy ◦ γy2,2 ◦ ρ1

((
Dy

D1,y
+ 1

)
‖hx(x(t), y(t), t)‖2,[t0,T ]

)
+ Cy,1,

‖hx(x(t), y(t), t)‖2,[t0,T ]

≤ βx ◦ γx2,2 ◦ ρ2

((
Dx

D1,x
+ 1

)
‖hy(x(t), y(t), t)‖2,[t0,T ]

)
+ Cx,1,

(A5.81)

where ρ1(·), ρ2(·) ∈ K∞ and ρ1(·), ρ2(·) > Id(·). According to (A5.81), the fact
that a function ρ3(·) ∈ K∞ ≥ Id(·) exists such that the inequalities

βy ◦γy2,2 ◦ρ1 ◦
(
Dy

Dy,1
+ 1

)
◦ρ3 ◦βx ◦γx2,2 ◦ρ2 ◦

(
Dx

Dx,1
+ 1

)
( ) <  ∀ ≥  ̄
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hold for some  ̄ ∈ R≥0 ensures that norms

‖hy(x(t), y(t), t)‖2,[t0,T ], ‖hx(x(t), y(t), t)‖2,[t0,T ]

can be bounded from above by constants that are independent of T . The remaining
statements of the theorem follow explicitly from Theorem 5.1. �

A5.12 Proof of Corollary 5.3

Let λ(τ , λ0) be a solution of system (5.144). Consider it as a function of the variable
τ . Let us pick some monotone, strictly increasing function σ such that the following
holds:

τ = σ(t), σ : R≥0 → R≥0.

Given that η(
λ) is dense in 
θ , for any θ ∈ 
θ there always exists a vector
λθ ∈ 
λ such that η(λθ ) = θ + εθ , where ‖εθ‖ is arbitrarily small. Furthermore,
λ(τ ) is dense in
λ, hence there is a point λ∗ = λ(τ ∗, λ0), which is arbitrarily close
to λθ . Consider the following difference:

f(ξ(t), θ)− f(ξ(t), θ̂) = f(ξ(t), θ)− f (ξ(t), η(λ∗))+ f(ξ , η(λ∗))
− f(ξ , η(λ(σ (t)))).

The function f(·) is locally bounded and η(·) is Lipschitz, so

‖f(ξ , θ)− f(ξ , η(λ∗))‖ ≤ Df ‖εθ‖ + f =  θ + f ,

where  θ is arbitrarily small. Hence

‖f(ξ , η(λ∗))− f(ξ , η(λ(σ (t))))‖ ≤ Df ‖η(λ∗)− η(λ(σ (t)))‖
+ f + θ ≤ Df ·Dη‖λ∗ − λ(σ (t))‖
+ f + θ . (A5.82)

Noticing that λ∗ = λ(τ ∗, λ0) = λ(σ (t∗), λ0) and taking into account the Poisson
stability of (5.144), we can always choose λ∗(σ ∗, λ0) such that σ ∗ > σ(t0) = τ0

for any τ0 ∈ R≥0. Hence, according to (A5.82), the following estimate holds:

‖f(ξ , η(λ∗))− f(ξ , η(λ(σ (t))))‖

≤ Df ·Dη‖
∫ σ ∗

σ(t)

S(λ(σ (τ )))dτ‖ + f + θ

≤ Df ·Dη · max
λ∈
λ

‖S(λ)‖|σ ∗ − σ(t)| = D · |σ ∗ − σ(t)| + f + θ ,

D = Df ·Dη · max
λ∈
λ

‖S(λ)‖. (A5.83)
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Denoting u(t) = f(ξ(t), θ)− f(ξ(t), θ̂)+ ε(t), we can now conclude that

‖u(t)‖ ≤  ε + f + ‖f(ξ(t), θ)− f (ξ(t), η(λ∗))‖ + D · |σ ∗ − σ(t)|
≤  ε + 2 f + θ +Df ‖θ − η(λ∗)‖ + D · |σ ∗ − σ(t)|. (A5.84)

Notice that due to the denseness of λ(t , λ0) in 
λ it is always possible to choose
λ∗ such that

Df ‖θ − η(λ∗)‖ = Df ‖η(λθ )− η(λ∗)‖ ≤ DfDη‖λθ − η(λ∗)‖ ≤  λ.
Hence, according to (A5.84), we have

‖u(t)‖∞,[t0,t] ≤ 2 f + ε + δ + D · ‖σ ∗ − σ(t)‖∞,[t0,t],

where the term δ >  θ + λ can be made arbitrarily small.
Therefore Assumption 5.17 implies that the following inequality holds:

‖x(t)‖A (M) ≤ β(t − t0)‖x(t0)‖A (M) + c · D · ‖σ ∗ − σ(t)‖∞,[t0,t]. (A5.85)

Let us now define σ(t) as follows:

σ(t) =
∫ t
t0

γ ‖ψ(x(τ ))‖A (M) dτ . (A5.86)

Moreover, let us introduce the following notation:

h(t) = σ ∗ − σ(t) = σ ∗ −
∫ t
t0

γ ‖ψ(x(τ ))‖A (M) dτ ,

then for all t ′, t ≥ t0, t ≥ t ′ we have that

h(t ′)− h(t) =
∫ t
t ′
γ ‖ψ(x(τ ))‖A (M) dτ .

Taking into account (A5.82) and (A5.83), the equality

∂λ(σ (t), λ0)

dt
= ∂σ(t)

dt
S(λ(σ (t), λ0)) = γ ‖ψ(x(τ ))‖A (M) S(λ(σ (t), λ0)),

and (A5.85), and denoting Dλ = cD, we can conclude that the following holds
along the trajectories of (5.145):

‖x(t)‖A (M) ≤ β(t − t0) ‖x(t0)‖A (M) +Dλ‖h(τ)‖∞,[t0,t],

h(t0)− h(t) =
∫ t
t0

γ ‖ψ(x(τ ))‖A (M) dτ .
(A5.87)
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Hence, according to Corollary 4.2, the limit relation (5.147) holds for all |h(t0)|
and ‖x(t0)‖A (M) that belong to the domain


γ : γ ≤
(
β−1
t

(
d

κ

))−1
κ − 1

κ

× h(t0)

βt (0)‖x(t0)‖A +δ + βt(0) ·Dλ · |h(t0)|(1 + κ/(1 − d))+Dλ|h(t0)|
for some d < 1, κ > 1. Notice, however, that ‖x(t)‖A +δ is always bounded since

f(·) is Lipschitz in θ and both θ and θ̂ are bounded (η(·) is Lipschitz and λ(t , λ0)

is bounded according to the assumptions of the corollary). Moreover, due to the
Poisson stability of (5.144) it is always possible to choose a point λ∗ such that
h(t0) = σ ∗ is arbitrarily large. Hence the choice of γ in (A5.87) as (5.146) suffices
to ensure that h(t) is bounded. Moreover, it follows that h(t) converges to a limit
as t → ∞. This implies that γ

∫ t
t0

‖x(τ )‖A (M) also converges as t → ∞, and,
consequently, λ(t , λ0) converges to some λ′ ∈ 
λ. Hence

lim
t→∞

ˆθ(t) = θ ′

holds for some θ ′ ∈ 
θ . According to the corollary conditions, system (5.143) has
steady-state characteristics with respect to θ̂ . Then, in the same way as in the proof
of Lemma 4.2, we can show that (5.147) holds. �

A5.13 Proof of Theorem 5.9

According to the theorem formulation, Assumptions 5.1, 5.2, 5.3, and 5.5 hold.
Hence, on applying Corollary 5.1 we can conclude that the θ̂(t) ∈ Ld∞[t0, ∞]
and x(t) ∈ Ln∞[t0, ∞]. Let us show that the limiting relation (5.24) holds when

alternative (1) is satisfied. To this end, consider the derivative ˙̂
θ :

˙̂
θ = /(ψ̇ + ϕ(ψ))α(x, t) = /(f (x, θ , t)− f (x, θ̂ , t))α(x, t). (A5.88)

Given that θ̂(t) ∈ Ld∞[t0, ∞] and x(t) ∈ Ln∞[t0, ∞], and that hypothesis H3 holds,
the function fψ(x, θ , t) satisfies the following inequality for some D, D1 ∈ R>0:

D1|α(x, t)T(θ̂ − θ)| ≤ |f (x, θ , t)− f (x, θ̂ , t)| ≤ D|α(x, t)T(θ̂ − θ)|,
α(x, t)T(θ̂ − θ)(f (x, θ̂ , t)− f (x, θ , t)) ≥ 0.

Therefore, there exists a function κ : R≥0 → R≥0, D1 ≤ κ2(t) ≤ D such that

˙̂
θ = −κ2(t)/α(x, t)T(θ̂ − θ)α(x, t)

= −κ2(t)/α(x, t)α(x, t)T(θ̂ − θ).
(A5.89)



252 Algorithms of adaptive regulation and adaptation in dynamical systems

Notice that / = /T and / > 0. Then, according to Lemma 2.5, we have that

‖θ̂(t)− θ‖ ≤ D/e−ρ(t−t0)‖θ̂(t0)− θ‖,
where

D/ =
(
λmax(/)

λmin(/)

) 1
2

eρL, ρ = δD1λmin(/)

L(1 + λmax(/)α2∞L2)2
,

α∞ = sup
‖x‖≤‖x(t)‖∞,[t0,∞], t≥t0

‖α(x, t)‖.

This proves alternative (1) of the theorem.
Let us prove alternative (2). It follows immediately from Corollary 5.1 of

Theorem 5.1 that

lim
t→∞ f (x(t), θ , t)− f (x(t), θ̂(t), t) = 0. (A5.90)

Furthermore, given that ˙̂
θ = /(f (x(t), θ , t) − f (x(t), θ̂(t), t))α(x, t), x(t) ∈

Ln∞[t0, ∞] and α(x, t) is locally bounded in x uniformly in t , we can conclude

that ˙̂
θ → 0 as t → ∞. Let us divide the R≥0 into the following union of subinter-

vals: R≥0 =⋃∞
i=1 i ,  i = [ti , ti + T ], t0 = 0, ti+1 = ti + T , i ∈ N. The value

of T is chosen to satisfy T ≥ L, where L is the constant from Definition 5.6.2. The

fact that ˙̂
θ → 0 as t → ∞ ensures that

lim
i→∞ ‖θ̂(si)− θ̂(τi)‖ = 0, ∀ si , τi ∈  i . (A5.91)

In order to show this, let us integrate (A5.88):

‖θ̂(si)− θ̂(τi)‖ = ‖/
∫ τi
si

(f (x(τ ), θ , τ)− f (x(τ ), θ̂(τ ), τ))α(x(τ ), τ)dτ‖.
(A5.92)

By applying the Cauchy–Schwartz inequality to (A5.92) and subsequently using
the mean-value theorem we can obtain the following estimate:

‖θ̂(si)− θ̂(τi)‖

≤
∫ ti+T
ti

‖/‖ · |f (x(τ ), θ , τ)− f (x(τ ), θ̂(τ ), τ)| · ‖α(x(τ ), τ)‖dτ

= ‖/‖ · T · |f (x(τ ′
i ), θ , τ ′

i )− f (x(τ ′
i ), θ̂(τ

′
i ), τ

′
i )| · ‖α(x(τ ′

i ), τ
′
i )‖,

τ ′
i ∈  i . (A5.93)
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Given that the limiting relation (A5.90) holds, x(t) ∈ Ln∞[t0, ∞], and α(x, t) is
locally bounded uniformly in t , we can conclude from (A5.93) that the limiting
relation (A5.91) holds.

Let us choose a sequence of points from R≥0: {τi}∞i=1 such that τi ∈  i , i ∈ N.
As follows from the nonlinear persistent excitation condition, (5.154), for every
θ̂(τi), τi ∈  i there exists a point t ′i ∈  i such that the following inequality holds:

‖f (x(t ′i ), θ , t ′i )− f (x(t ′i ), θ̂(τi), t ′i )‖ ≥ 3(‖θ − θ̂(τi)‖) ≥ 0. (A5.94)

Let us consider the differences f (x(t ′i ), θ̂(τi), t ′i )− f (x(t ′i ), θ̂(t ′i ), t ′i ), τi , t ′i ∈  i . It
follows immediately from H1, H2, and (A5.91) that

lim
i→∞ f (x(t

′
i ), θ̂(τi), t

′
i )− f (x(t ′i ), θ̂(t ′i ), t ′i ) = 0, τi , t

′
i ∈  i . (A5.95)

Taking into account (A5.95) and (A5.90), we can derive that

lim
i→∞ f (x(t

′
i ), θ , t ′i )− f (x(t ′i ), θ̂(τi), t ′i )

= lim
i→∞(f (x(t

′
i ), θ , t ′i )− f (x(t ′i ), θ̂(t ′i ), t ′i ))

+ lim
i→∞ f (x(t

′
i ), θ̂(t

′
i ), t

′
i )− f (x(t ′i ), θ̂(τi), t ′i )

= 0. (A5.96)

According to (A5.96) and (A5.94), the sequence {3(‖θ − θ̂(τi)‖)}∞i=1 is bounded
from above and below by two sequences converging to zero. Hence

lim
i→∞ 3(‖θ − θ̂(τi)‖) = 0.

Notice that 3(·) ∈ K ∩ C0, which implies that

lim
i→∞ ‖θ − θ̂(τi)‖ = 0. (A5.97)

In order to show that limt→∞(θ − θ̂(t)) = 0, notice that ‖θ − θ̂(t)‖ ≤ ‖θ −
θ̂(si)‖, si = arg maxs∈ i ‖θ − θ̂(s)‖ ∀ t ∈  i . Hence, by applying the triangle
inequality ‖θ − θ̂(si)‖ ≤ ‖θ − θ̂(τi)‖ + ‖θ̂(τi) − θ̂(si)‖ and using (A5.91) and
(A5.97), we can conclude that ‖θ − θ̂(t)‖ is bounded from above and below by
two functions converging to zero. Hence, ‖θ − θ̂(t)‖ → 0 as t → ∞ and (5.24)
holds. �

A5.14 Proof of Theorem 5.10

Since the right-hand sides of (5.160) and (5.165)–(5.167) are continuous, there is
at least one solution of the closed-loop system passing through (t0, s0, θ̂(t0), x̂(t0),
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x(t0)), and this solution is defined at least locally. Let [t0, t1), t1 > g0 be an interval
of existence of this solution. Given that

d

dt

s∑
j=1

(
s22j−1 + s22j

)
= 0,

we can conclude that trajectories s(t , s0) are globally bounded for all t ∈ [t0, t1):
‖s(t , s0)‖ ≤ D1, D1 ∈ R>0. Moreover, the value of D1 does not depend on
θ̂(t0), x̂(t0), x(t0) and parameters γ , ωi , λ, and θ . This automatically implies that
the right-hand sides of (5.165) and (5.167) are Lipschitz in x, x̂, θ̂ , and that the
corresponding Lipschitz constants can be chosen such that they do not depend on
x, x̂, θ̂ , and s. Thus, invoking the standard Gronwall lemma-based argument (see
e.g. Khalil (2002)), one can conclude that solutions of the closed-loop system are
defined for all t ≥ t0.

Let us denote

q1 = x̂ − x, q2 = θ̂ − θ , υ(λ̂, λ, t) = θT(ϕ(y, λ̂, t)− ϕ(y, λ, t)).

Then, according to (5.165) and (5.160), we can write that

(
q̇1

q̇2

)
=
(

A+ 
cT bϕ(y, λ̂, t)T

−kϕ(y, λ̂, t)cT 0

)(
q1

q2

)

+
(
b
0

)
υ(λ̂, λ, t)− ξ0(t), ξ0(t) = col(ξ(t), 0). (A5.98)

Let J(t , t0), J(t0, t0) = I be the fundamental system of solutions of the
homogeneous part of (A5.98). Then the solution of (A5.98) is defined as

q(t) = J(t , t0)q(t0)+
∫ t
t0

J(t , τ)(b0υ(λ̂(τ ), λ, τ)− ξ0(τ ))dτ ,

t ≥ t0, b0 = col(b, 0).

(A5.99)

We are going to show that there exists γ̄ ∈ R>0 such that for all γ ∈ [0, γ̄ )
solutions of (A5.98) and (5.167) are bounded. First we notice that the right-hand
side of (5.167) is locally Lipschitz in si . Hence the following estimate holds:

‖ ˙̂
λ(t)‖ ≤ γ ∗M , M ∈ R>0, γ ∗ = γ max

j
{ωj }. (A5.100)
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As follows from the assumptions of the theorem, the function ϕ(y, λ, t) is uniformly
persistently exciting. This implies the existence of L,µ ∈ R>0 such that

J (λ, t) =
∫ t+L
t

ϕ(y(τ ), λ, τ)ϕT(y(τ ), λ, τ)dτ ≥ µI ∀ t ≥ t0, λ ∈ 
λ.

(A5.101)

Consider the following matrix:

J (λ̂(t), t)−
∫ t+L
t

ϕ(y(τ ), λ̂(τ ), τ)ϕT(y(τ ), λ̂(τ ), τ)dτ

=
∫ t+L
t

(ϕ(y(τ ), λ̂(t), τ)− ϕ(y(τ ), λ̂(τ ), τ))ϕT(y(τ ), λ̂(t), τ)dτ

+
∫ t+L
t

ϕ(y(τ ), λ̂(τ ), τ)(ϕ(y(τ ), λ̂(t), τ)− ϕ(y(τ ), λ̂(τ ), τ))T dτ

= J1(λ̂(t), t)+ J2(λ̂(t), t). (A5.102)

Using the inequality

‖Hz‖ ≤ max
k,l

|hk,l|‖z‖, H ∈ R
m×n, z ∈ R

n

and given that ‖ϕ(y(t), λ, t)‖ ≤ B for all t ≥ t0, λ ∈ 
λ, we can conclude that the
matrix (A5.102) satisfies∣∣∣zT(J1(λ̂(t), t)+ J2(λ̂(t), t))z

∣∣∣
≤ 2BD‖λ̂(t)− λ̂(τ )‖∞,[t ,t+L]‖z‖2, D ∈ R>0.

Hence ∫ t+L
t

ϕ(y(τ ), λ̂(τ ), τ)ϕT(y(τ ), λ̂(τ ), τ)dτ

≥ J (λ̂(t), t)− 2BD‖λ̂(t)− λ̂(τ )‖∞,[t ,t+L]I

≥ (µ− 2BD‖λ̂(t)− λ̂(τ )‖∞,[t ,t+L])I . (A5.103)

Taking (A5.100) and (A5.103) into account, we can conclude that∫ t+L
t

ϕ(y(τ ), λ̂(τ ), τ)ϕT(y(τ ), λ̂(τ ), τ)dτ ≥ (µ− 2BDLMγ ∗)I . (A5.104)

Then, by choosing γ for instance such that

γ ∗ = µ

4BDLM
, (A5.105)
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we can ensure that∫ t+L
t

ϕ(y(τ ), λ̂(τ ), τ)ϕT(y(τ ), λ̂(τ ), τ)dτ ≥ µ

2
I ∀ t ≥ t0.

Then according to Theorem 2.2, there exist ρ, Dρ ∈ R>0 such that the following
inequality holds:

‖J(t , t0)q(t0)‖ ≤ e−ρ(t−t0)‖q(t0)‖Dρ . (A5.106)

Therefore, taking (A5.99) and (A5.106) into account, we can conclude that, for
any bounded and continuous function υ(t), the solutions of (A5.98) satisfy the
following estimate:

‖q(t)‖ =
∥∥∥∥J(t , t0)q(t0)+

∫ t
t0

J(t , τ)bυ(τ)dτ

∥∥∥∥
≤ e−ρ(t−t0)Dρ‖q(t0)‖

+Dρ
∫ t
t0

e−ρ(t−τ)(‖b0‖|υ(λ̂(τ ), λ, τ)| + ‖ξ0(τ )‖)dτ . (A5.107)

Notice that

|υ(λ̂(t), λ, t)| ≤ ‖θ‖D‖λ̂(t)− λ‖, ‖ξ0(t)‖ ≤  ξ .
Hence

‖q(t)‖ ≤ e−ρ(t−t0)Dρ‖q(t0)‖ + ‖θ‖‖b‖DDρ
∫ t
t0

e−ρ(t−τ)‖λ̂(τ )− λ‖dτ

+Dρ
∫ t
t0

e−ρ(t−τ) ξ dτ .

Therefore, for all t ≥ t0 ≥ t ′ the following estimate holds:

‖q(t)‖ ≤ e−ρ(t−t0)Dρ‖q(t0)‖ + ‖θ‖‖b‖DDρ
ρ

‖λ̂(τ )− λ‖∞,[t0,t] +  ξDρ

ρ
.

(A5.108)

Now consider solutions of the system

ṡ2j−1 = γ · ωj
(
s2j−1 − s2j − s2j−1

(
s22j−1 + s22j

))
,

ṡ2j = γ · ωj
(
s2j−1 + s2j − s2j

(
s22j−1 + s22j

))
,

λ̂j = λj ,min + ((λj ,max − λj ,min)/2)(s2j−1 + 1),

(A5.109)



Appendix to Chapter 5 257

with initial conditions (5.168). They are forward-invariant on s22j−1(t0)+s22j (t0) =
1 and can be expressed as

(s2j−1(t , s0), s2j (t , s0)) =
(

cos

(
γ

∫ t
t0

ωiτdτ + β
)

,

sin

(
γ

∫ t
t0

ωiτdτ + β
))

, β ∈ R.

Taking into account that ωj are rationally independent (condition (5.169) in the
definition of the observer), we can conclude that the trajectories s̄2j−1(t) densely
fill an invariant n-dimensional torus (Arnold 1978), and that system (A5.109) with
initial condition s22j−1(t0) + s22j (t0) = 1 is Poisson-stable in 
s = {s2j−1 ∈
R|s2j−1 ∈ [−1, 1]}. This means that for any λ ∈ 
λ, (arbitrarily large) constant
T ∈ R≥0, (arbitrarily small) constant λ ∈ R≥0, and initial conditions on the torus
there will exist λ̄(t ′) ∈ 
λ, t ′ − t0 ≥ T , such that ‖λ − λ̄(t ′)‖ ≤  λ,  λ ∈ R≥0.
Expressing λ̂(t) generated by (5.167) in terms of the function λ̄(t) yields

λ̂(t) = λ̄

(
t0 + γ
∫ t
t0

σ(‖y(τ)− ŷ(τ )‖ε)dτ
)

, t ≥ t0.

Denoting

h(t) = t ′ − γ
∫ t
t0

σ(‖y(τ)− ŷ(τ )‖ε)dτ ,

we obtain

‖λ̂(t)− λ‖ ≤  λ + ‖λ̂(t)− λ̄(t ′)‖ ≤  λ +Dλ|h(t)|,

h(t) = h(t0)− γ
∫ t
t0

σ(‖y(τ)− ŷ(τ )‖ε)dτ , (A5.110)

where Dλ is a positive constant and h(t0) = t ′. Hence the following holds along
trajectories of the observer:

‖q(t)‖ ≤ e−ρ(t−t0)Dρ‖q(t0)‖ + cDλ‖h(t)‖∞,[t0,t]

+  ξDρ

ρ
+ c λ, c = ‖θ‖‖b‖DDρ

ρ
,

h(t) = h(t0)− γ
∫ t
t0

σ(‖y(τ)− ŷ(τ )‖ε)dτ ⇒

h(t0)− γ
∫ t
t0

‖q(τ )‖ε dτ ≤ h(t) ≤ h(t0),

(A5.111)



258 Algorithms of adaptive regulation and adaptation in dynamical systems

where  λ is an arbitrarily small constant. Now, invoking Corollary 4.4, we can
conclude that there exist γ ∗ and ε∗ such that

lim
t→∞ λ̂(t) = λ∗, λ∗ ∈ 
λ. (A5.112)

for all γ ∈ (0, γ ∗), ε ≥ ε∗. Moreover

lim
t→∞ ‖y(t)− ŷ(t)‖ε = 0. (A5.113)

The value of γ ∗, as follows from Corollary 4.4, (A5.105), and the fact that the value
of h(t0) can be chosen arbitrarily large, can be determined as

γ ∗ = min

{
µ

4BDLM
, G
}
,

G = sup
d∈(0,1), ψ∈(1,∞)

ψ − 1

ψ
ρ2
[
ln

(
ψDρ

d

)]−1 1

‖θ‖DDρDλ
(

1 + Dρψ

1 − d
)−1

.

The value of ε∗, according to (4.112) and (A5.111), can be chosen as

ε∗ =
(
 ξDρ

ρ
+ c λ
) (
Dρ/K + 1

)
,

where K is a positive constant.
To proceed further we will need the following lemma.

Lemma A5.4 Consider the system

ẋ = A(t)x + b(t)u(t)+ d(t),
y = cTx, c ∈ R

n, x ∈ R
n,

(A5.114)

where

u : R → R, u ∈ C1, b : R → R
n, A(t) : R → R

n×n,

d : R → R, d, b,A ∈ C0,
(A5.115)

and each entry ofA(t) is a globally bounded function of t . Suppose that the following
properties hold for (A5.114):

(1) the origin of system (A5.114) is asymptotically stable at u(t) = 0, d(t) = 0;
(2) the term ‖cTJ(t , τ)d(τ )‖ ≤ δ, δ ∈ R≥0 for all t ∈ R, τ ≤ t , where J(t , τ),

J(t , t) = I , is the fundamental system of solutions of the homogeneous part of
(A5.114);

(3) the term cTb(t) is separated away from zero:

∃ β ∈ R>0 : |cTb(t)| ≥ β ∀ t ∈ R;
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(4) the time derivative of u(t) is bounded uniformly in t:

∃ ∂U ∈ R>0 : |u̇(t)| ≤ ∂U ∀ t ∈ R. (A5.116)

Then
‖y(t)‖∞,[t0,∞] < ε, ε ∈ R>0 (A5.117)

implies the existence of t ′(ε) ≥ t0 such that

2

√
6ε∂U

β
+ 2δ

β
≥ |u(t)|, ∀ t ≥ t ′(ε),

provided that ε is sufficiently small.

Proof of Lemma A5.4. First, notice that closed-form solutions of (A5.114) are given
by

x(t) = J(t , t0)x0 +
∫ t
t0

J(t , τ)[b(τ )u(τ)+ d(τ )]dτ , (A5.118)

where J(t , t0) is the fundamental system of solutions of the homogeneous part of
(A5.114). According to (A5.118) we have

y(t) = cTJ(t , t0)x0 +
∫ t
t0

cTJ(t , τ)[b(τ )u(τ)+ d(τ )]dτ .

Consider y(t)− y(t − T ), T ∈ R>0:

y(t)− y(t − T ) = cT [J(t , t0)−J(t − T , t0)] x0

+
∫ t
t−T

cTJ(t , τ)[b(τ )u(τ)+ d(τ )]dτ . (A5.119)

Denoting
ν(t , T ) = cT [J(t , t0)−J(t − T , t0)] x0

and applying the mean-value theorem to (A5.119), we obtain

y(t)− y(t − T ) = ν(t , T )+ T cTJ(t , τ ′)[b(τ ′)u(τ ′)+ d(τ ′)], τ ′ ∈ [t , t − T ].
Hence

|y(t)− y(t − T )| ≥ T |cTJ(t , τ ′)b(τ ′)||u(τ ′)|
− T |cTJ(t , τ ′)d(τ ′)| − |ν(t , T )|, τ ′ ∈ [t , t − T ].

Because (A5.114) is asymptotically stable, the term |ν(t , T )| → 0 as t → ∞, and
there exists t1 ≥ R such that

|ν(t , T )| < ε ∀ t ≥ t1.
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On the other hand, condition (A5.117) assures the existence of t0 such that

|y(t)− y(t − T )| ≤ 2ε ∀ t ≥ t0, ∀ T > 0.

Therefore there exists t ′ = max(t1, t0) such that for all T ≥ 0 and t ≥ t ′ the
following holds:

3ε ≥ T |cTJ(t , τ ′)b(τ ′)||u(τ ′)| − |cTJ(t , τ ′)d(τ ′)|, τ ′ ∈ [t − T , t]. (A5.120)

According to (A5.116) and (A5.115), inequality (A5.120) implies

3ε ≥ (T |cTJ(t , τ ′)b(τ ′)||u(t)| − δ)− T 2|cTJ(t , τ ′)b(τ ′)| ∂U , τ ′ ∈ [t − T , t].
BecauseJ(t , t) = I ∀ t ∈ R,J(t , τ ′) is continuous in τ ′, and |cTJ(t , t)b(t)| ≥ β,
we can conclude that there exists T ′ ∈ R>0 such that

|cTJ(t , τ ′)b(τ ′)| ≥ M = β

2
∀ τ ′ ∈ [t − T ′, t]. (A5.121)

On letting 0 < T ≤ T ′ we obtain

3ε

MT
+ T ∂U + δ

M
≥ |u(t)| ∀ t ≥ t ′. (A5.122)

Optimizing the left-hand side of (A5.122) for T yields

2

√
3ε ∂U

M
+ δ

M
= 2

√
6ε ∂U

β
+ 2δ

β
≥ |u(t)| ∀ t ≥ t ′,

provided that √
6ε ∂U

β
≤ T ′, (A5.123)

i.e. provided that ε is sufficiently small. �
Let us now go back to the proof of the theorem. As follows from (A5.113), there

exists a time instant t ′ such that

‖y(t)− ŷ(t)‖ ≤ 2ε ∀ t ≥ t ′.
In addition, the vectors c0 = col(c, 0) and b0 in (A5.98) satisfy cT

0b0 = b1 > 0; the
term cT

0J(t , τ)ξ0(τ ), τ < t , where J(t , τ), J(t , t) = I is the fundamental system
of solutions of the homogeneous part of (A5.98), can be bounded from above as
‖cT

0J(t , τ)ξ0(τ )‖ ≤ v ξ , where v is some positive constant. Finally, according to
the assumptions of the theorem, there exists a constant ∂U ∈ R>0 such that∣∣∣∣ ddt υ0(λ̂, λ, t)

∣∣∣∣ ≤ ∂U .
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Hence the conditions of Lemma A5.4 are satisfied for the system (A5.98) and
(5.167) for all t ≥ t0.

Therefore, according to Lemma A5.4 there exists t1 ≥ t0 such that

|θT(ϕ0(x0(t), λ, t)− ϕ0(x0(t), λ̂(t), t))|

≤ 2

(√
6ε∂U

b1
+ v ξ

b1

)
∀ t ≥ t1 ≥ t0, (A5.124)

provided that ε is sufficiently small. Hence, it follows from (A5.106) and (A5.107)
that

lim sup
t→∞

‖θ̂(t)− θ‖ ≤ 2Dρ‖b0‖
ρ

(√
6ε∂U

b1
+ v ξ

b1

)
+  ξDρ

ρ
.

Notice that λ can be chosen arbitrarily small. In particular, we can choose it to be
proportional to  ξ . This proves statement (1) of the theorem.

To prove that statement (2) of the theorem holds, we notice that, according to
the definition of weak nonlinear persistency of excitation, constants L and β must
exist such that for all t ∈ R there exists t ′ ∈ [t − L, t]:

|θT(ϕ0(x0(t
′), λ, t ′)− ϕ0(x0(t

′), λ̂(t ′), t ′))| ≥ β · dist(λ̂(t ′), E).
Combining this with (A5.124) yields

∀ t ≥ t1 ∃ t ′ ∈ [t − L, t] : dist(λ̂(t ′), E(λ)) ≤ 2

β

(√
6ε ∂U

b1
+ v ξ

b1

)
.

(A5.125)

Hence there is a sequence of t ′i , i = 1, 2, . . . such that 3L ≥ t ′i − t ′i−1 ≥ L, and

lim
i→∞ dist(λ̂(t ′i ), E(λ)) ≤ 2

β

(√
6ε∂U

b1
+ v ξ

b1

)
.

Given that λ̂(t ′i ) are bounded, we can choose t ′j such that

lim
tj→∞ λ̂(tj ) = λ̄ ∈ 
λ.

On the other hand, according to (A5.112), λ̂(t) converges to a point in
λ as t → ∞:
limt→∞ λ̂(t) = λ∗. Therefore λ∗ = λ̄ and

dist(λ∗, E(λ)) ≤ 2

β

(√
6ε∂U

b1
+ v ξ

b1

)
.
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The latter inequality assures that

lim sup
t→∞

dist(λ̂(t), E(λ)) ≤ 2

β

(√
6ε∂U

b1
+ v ξ

b1

)
.

Hence, taking into account that the value of  λ can be set proportional to  ξ ,
statement (2) of the theorem follows. �



Part III

Applications





6

Adaptive behavior in recurrent neural networks
with fixed weights

Recurrent neural networks (RNNs) with fixed weights are known to solve prob-
lems of adaptive classification, recognition, and control (Prokhorov et al. 2002a;
Feldkamp et al. 1996; Feldkamp and Puskorius 1997; Younger et al. 1999; Lo
2001). When the objects to be classified are static, e.g. still images or vectors
in R

n, solutions to these problems are usually characterized in terms of conver-
gence of the RNN state to an attractor (Hopfield 1982; Fuchs and Haken 1988).
Each attractor corresponds to a specific class of objects and its basin determines
which objects belong to the class. Conditions specifying convergence to an attractor
are widely available in this case (Cohen and Grossberg 1983; Michel et al. 1989;
Yang and Dillon 1994; Chen and Amari 2001; Lu and Chen 2003).

When the objects to be classified are dynamic, for instance nonlinearly
parametrized functions of time of which the parameters are unknown a priori,
no adequate theory exists that explains why the fixed-weight RNN approach is
successful. At present, theoretical results are available to demonstrate that a sin-
gle fixed-weight RNN of a certain type can approximate the solutions of multiple
dynamical systems (Back and Chen 2002). Hence in principle, a fixed-weight RNN
can behave adaptively with respect to changes of its input signals. These theoreti-
cal results, however, are restricted to the class of parameter-replacement networks
(Chen and Chen 1995). The structure of these networks differs from that of the
more commonly used recurrent multilayered perceptrons.

The question is whether adaptive behavior is inherent to other types of RNN.
Several authors have given plausibility arguments that RNNs with conventional
multilayer architecture should also have this ability (Feldkamp and Puskorius 1997;
Prokhorov et al. 2002a). Here we will show how theoretical results presented in
Chapters 4 and 5 can be used to derive a formal proof of adaptive behavior in
fixed-weight nets (Tyukin et al. 2008b).

We consider adaptive behavior in fixed-weight RNNs with a view to their
ability to classify temporal signals adaptively. We provide a formal proof that

265
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continuous-time recurrent neural networks with fixed weights can successfully clas-
sify and recognize nonlinear functions of time, which are allowed to be nonlinearly
parametrized with unknown parameter values. The main idea behind our results
consists of presenting a prototype dynamical system that solves the recognition
problem. We then present a proof that an RNN with fixed weights can realize this
system. We construct such a system using the concept of weakly attracting sets
presented in Milnor (1985) and Gorban (2004) reviewed in Chapter 2 as well as
the tests for convergence to such sets obtained in Chapter 4 (see also Tyukin et al.
(2008a)). To show that our system can indeed be realized by an RNN with fixed
weights, we employ classical results on function approximation by feed-forward
networks (Cybenko 1989).

6.1 Signals to be classified

We consider the following set of signals:

F = {fi(ξ(t), θi)}, i ∈ {1, . . . ,Nf },
fi : R× R → R, fi(·, ·) ∈ C0,

ξ : R≥0 → R, ξ(·) ∈ C1 ∩ L∞[0,∞],
(6.1)

where θi ∈ �θ ⊂ R are parameters of which the values are unknown a priori,
�θ = [θmin, θmax] is a bounded interval, and ξ(t) is a known and bounded function.
Signals fi(ξ(t), θi) constitute the set of variables chosen to represent the state of
an object.

For the given functions fi(ξ(t), θi) and ξ(t) we say that θi is equivalent to θ ′i iff

fi(ξ(t), θi) = fi(ξ(t), θ
′
i ) ∀ t ∈ R≥0. (6.2)

Hence, an equivalence class for θi ∈ �θ can be defined as

Ei(θi) = {θ ′i ∈ R|fi(ξ(t), θi) = fi(ξ(t), θ
′
i ) ∀ t ∈ R≥0}. (6.3)

Equivalence classes (6.3) determine sets of indistinguishable parametrizations
of the ith signal. It is natural, therefore, to restrict ourselves to the problem of
recognizing signals (6.1) up to their equivalence classes.

With respect to the equivalence classes Ei(θi), we further assume that there is at
least one point θ0 ∈ R such that

‖θ0‖Ei(θi ) ≥ �θ ∈ R>0 ∀ θi ∈ �θ . (6.4)

Requirement (6.4) is a technical assumption. It is satisfied in a wide range of prac-
tically relevant situations in which the union of Ei(θi) for all i and θi belongs to
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an interval of R. The requirement allows us to exclude from consideration patho-
logical cases in which almost all points in �θ are indistinguishable in the sense of
condition (6.2).

Consider the case in which the values of fi(ξ(t), θi) might not be available for
direct observation. Assume that instead of functions fi(ξ(t), θi) we access vari-
ables si(t , si,0, θi , ηi(t)), which are solutions to the following ordinary differential
equation:

ṡi = −ϕi(si)+ fi(ξ(t), θi)+ ηi(t),

si(t0) = si,0, si,0 ∈ �s ⊂ R.
(6.5)

In (6.5) the function ηi : R>0 → R,

ηi(t) ∈ L∞[0,∞], ‖ηi(t)‖∞,[0,∞] ≤ �η ∈ R≥0, (6.6)

corresponds to measurement noise. The value of �η in (6.5) is supposed to be
known, while the values of initial conditions si(t0) and functions ϕi : R →
R, ϕ(·) ∈ C1 in (6.5) are assumed to be uncertain. We do, however, require that
�s = [smin, smax] is an interval and that the functions ϕi(si) satisfy the following
constraint:

∀ si ∈ R ⇒ ϕmin ≤ ∂ϕi(si)

∂si
≤ ϕmax, ϕmin,ϕmax ∈ R>0. (6.7)

Condition (6.7) ensures that the dynamics of each variable si(t , si,0, θi , ηi(t)) at
t → ∞ is uniquely determined in the absence of noise by fi(ξ(t), θi), and the
effects of initial conditions si,0 vanish with time asymptotically. In other words,
solutions si(t , si,0, θi , 0) will asymptotically approach a function of time of which
the shape is uniquely determined by fi(ξ(t), θi).

The reason why we consider signals (6.5)–(6.7) instead of fi(ξ(t), θi) is that in
many systems, artificial or natural, measured physical quantities, represented here
by signals fi(ξ(t), θi), are often unavailable. In the domain of neural computation
and modeling of neural systems this is the case when information about the stimuli is
transferred from one node to another by dynamic synapses (Tsodyks et al. 1998). In
robotics and motor control the intrinsic dynamics of sensors and moving mechanical
parts often distort stimulus information fi(ξ(t), θi). Notice also that solutions to
the differential equation

ṡi = −τ(si − fi(ξ(t), θi))+ ηi(t), τ ∈ R>0,

ηi(t) = d

dt
(fi(ξ(t), θi))
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with initial conditions si(t0) = fi(ξ(t0), θi) coincide withfi(ξ(t), θi) for all t ≥ t0.1

Therefore, in cases in which the derivative of ξ(t) is uniformly bounded in t , it
is always possible to consider signals fi(ξ(t), θi) as if they were generated by
(6.5)–(6.7) with appropriately chosen parameters and terms τfi(ξ(t), θi) instead
of fi(ξ(t), θi). Hence, even in the absence of actual dynamics, we can still use
the representation (6.5)–(6.7) for a broad class of signals (6.1), in which the time-
derivative of ξ(t) is uniformly bounded in t .

6.2 The class of recurrent neural networks

The following set of differential equations defines a recurrent neural network:

ẋj =
N∑

m=1

cj ,mσ(wT
j ,mu(s(t), ξ(t), x)+ bj ,m), j ∈ {1, . . . ,Nx},

u(s(t), ξ(t), x(t)) = s(t)⊕ ξ(t)⊕ x,

x = col(x1, . . . , xNx ), x(t0) = x0, (6.8)

where functions σ : R → R, σ ∈ C0 are sigmoid.2 The vectors cj = col
(cj ,1, . . . , cj ,N) and bj = col(bj ,1, . . . , bj ,N) and matrices W j = (wj ,1, . . . ,wj ,N)

are parameters of the RNN. Functions ξ(t), s(t) : R≥0 → R, s(t), ξ(t) ∈ C0 are
inputs, x is the state vector, and x0 is a vector of initial conditions.

Figure 6.1 shows the general structure of the network; it also illustrates how
the network receives information about the original signals fi(ξ(t), θi). According
to the notation (6.8) the network maps two functions of time, s(t) and ξ(t), into
the functions x1(t , x0), . . . , xNx (t , x0), which are the solutions of (6.8). In what
follows we will consider the variables s(t) and ξ(t) as inputs to the network. The
function of the first input, s(t), is to communicate information about the signal to
be classified. The function of the second input, ξ(t), is to provide the network with
enough information to ensure that classification is successful. Our choice of inputs
is motivated by known results from systems and control theory; if a system adapts
to a class of external signals it must contain a subsystem, or internal model, that
is capable of generating all of the input signals (Conant and Ashby 1970; Sontag
2003). In our case this corresponds to the case in which the network is to model

1 This can easily be verified by taking the time-derivative of ei (t) = si (t , si,0, θi , ηi(t)) − fi(ξ(t), θi )). It will

satisfy the equation ėi = −τei , yielding the target equality ei (t) = e−(t−t0)ei (t0) = 0 ∀ t ≥ t0.
2 A function σ : R → R is called sigmoid if limz→∞ σ(z) = 1 and limz→−∞ σ(z) = 0. Choosing the

function σ in (6.8) in the class of sigmoid functions is not critical for our analysis. In our proof we will require
only that the sums

∑N
i=1 ciσ (wT

i
u + bi ), ci , bi ∈ R, wi ∈ R

Nx+2 are dense in C0([0, 1]Nx+2). Hence any
continuous function σ satisfying this requirement can be used in (6.8). Detailed discussion and specification of
such functions can be found in Chen and Chen (1995).
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Figure 6.1 The structure of the network and routing of the signals. The network
receives signals s(t) and ξ(t) on its inputs, and maps these functions into the
trajectories of its state. Classification decisions are communicated through the
state readout functions. The latter can in principle be realized by a feedforward
component. Here we restrict our consideration to the mere existence of these
functions (see Problem 6.1).

the functions fi(ξ(t), θi). Hence in general knowledge of ξ(t) is necessary for
successful classification.3

6.3 Assumptions and statement of the problem

While the variable ξ(t) is known a priori, the variable s(t) is allowed to vary within
the set of functions si(t , si,0, θi , ηi(t)), which are the solutions of (6.5). In particular,
we assume that the following condition is satisfied.

Assumption 6.1 There exist i ∈ Nf , θi ∈ �θ , si,0 ∈ �s , and ηi(t) specified by
(6.6) such that

s(t) = si(t , si,0, θi , ηi(t)) ∀ t ≥ 0. (6.9)

We aim to determine whether there is a network of type (6.8) that is able to
recover uncertain parameters i and θi from the input s(t),4 t ≥ t0 ∈ R≥0 within a
finite interval of time for all t0 ∈ R≥0. Informally, this means that there exist two

3 In principle we could have refrained from using input ξ(t) in our system under the assumption that such a signal
can be generated by a fraction of the RNN’s internal states. This, however, would unnecessarily complicate the
analysis and increase the number of technical assumptions. Therefore we decided to use inputs s(t) and ξ(t)

instead of just s(t). Nevertheless, one should keep in mind such a possibility when deemed appropriate.
4 Because the filters (6.5) are convergent, the effect of uncertainty in the parameter si,0 vanishes with time

exponentially. Hence the only effective uncertainties are i and θi .
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sets of functions of the network state x and input s(t):

{hf ,j (x(t), s(t))}, {hθ ,j (x(t), s(t))},
hf ,j : R

Nx × R → R, hθ ,j : R
Nx × R → R, j ∈ {1, . . . ,Nf }, (6.10)

such that the values of i and θi can be inferred from {hf ,j (x(t), s(t))} and
{hθ ,j (x(t), s(t))}, respectively, within a given finite interval of time. Formally we
can state this as follows.

Problem 6.1 Consider class F of signals (6.1), where the function ξ(t) is known,
and the values of the parameters θi are unknown a priori. Determine a recurrent
neural network (6.8) such that the following properties hold:

(1) there is a set of initial conditions�x such that x(t , x0) is bounded for all x0 ∈ �x

and t ≥ t0 ∈ R≥0; the volume of �x is non-zero;
(2) there exists a set of output functions (6.10) such that, for all θi ∈ �θ , si,0 ∈ �s ,

t0 ∈ R≥0, x0 ∈ �x , and functions ηi(t) given by (6.6), condition (6.9) implies
the existence of a constant T ∈ R>0, time instant t ′ ∈ (t0, t0 + T ), (arbitrarily
large) T ∗ ∈ R>0, and (arbitrarily small) ε ∈ R>0 and D ∈ K∞ such that

‖hf ,i(x(t), s(t))‖∞,[t ′,t ′+T ∗] < ε +D(�η),

inf
θ ′i∈E(θi)

‖hθ ,i(x(t), s(t))− θ ′i‖∞,[t ′,t ′+T ∗] < ε +D(�η).
(6.11)

The functions hf ,i(·, ·) and hθ ,i(·, ·) in Problem 6.1 are defined by (6.10). The
existence of these functions implies a simple readout mechanism for recovering
variables i and θi . When input s(t) is generated by a signal from the ith class then
hf ,i(x(t), s(t)) must be in the neighborhood of zero for a sufficiently long time T ∗,
and the function hf ,i(x(t), s(t)) should be in the vicinity of some constant over
the same time interval (see Figure 6.1 for an illustration). Furthermore, as follows
from (6.11), the value of θi is estimated by hθ ,i(x(t), s(t)). Hence information
about the class and parameters of an input signal can be inferred from the values
of hf ,i(x(t), s(t)), hθ ,i(x(t), s(t)). If inequality (6.11) holds for multiple indices i,
additional validation might be necessary. This, however, is beyond the scope of our
study. In our current work we wish to answer the question of whether the desired
behavior specified by (6.11) can in principle be realized in RNNs.

In general, Problem 6.1 has no solution for all possible functions ξ(t) ∈ C1,
fi(·, ·) ∈ C0 and every θi ∈ �θ . Consider, for instance, the case in which
fi(ξ(t), θi) = sin(ξ(t)θi) and

ξ(t) =
{

sin2(ln(t − t0 + 1)), sin(ln(t − t0 + 1)) ≥ 0,
0, sin(ln(t − t0 + 1)) < 0,

∀ t ≥ t0.
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The time intervals within which ξ(t) = 0 are growing unboundedly in length with
time. Hence for any fixed T and T ∗ there will always exist a time instant t ′0 such
that for all t ≥ t ′0 the lengths of intervals when ξ(t) = 0 exceed T + T ∗. For all
such intervals Tj , j = 1, . . . ,∞ and every θi ∈ �θ it holds that fi(ξ(t), θi) = 0.
This implies that solutions si(t , si,0, θi , ηi(t)) do not depend on θi for all t ∈ Tj .5

Hence recovery of the actual values of θi from signal s(t) cannot be achieved within
a fixed time interval [t0, t0 + T + T ∗] for all t0 ≥ t ′0. In order to enable a solution
of the classification/recognition problem above, we must introduce an additional
constraint on the functions fi(ξ(t), θi). This constraint, which is a weak form of the
nonlinear persistency-of-excitation condition (5.166), should ensure that variation
in the parameter θi can be detected from the values of fi(ξ(t), θi) within a finite
time interval. We therefore require that the following property holds.

Assumption 6.2 For the set of functions fi(ξ(t), θi) specified by (6.1) and all
t ≥ t0, θi , θ ′i there exist a constant T ∈ R>0 and a strictly increasing function
ρ : R≥0 → R≥0, ρ ∈ K∞ such that the following condition holds:

∀ t ≥ t0 ∃ t ′ ∈ [t , t + T ] : |fi(ξ(t ′), θi)− fi(ξ(t
′), θ ′i )| ≥ ρ

(
‖θi‖Ei(θ

′
i )

)
. (6.12)

If the equivalence classes Ei(θ
′
i ) consist of single elements, e.g. when there

is a unique value of θ ′i = θi satisfying (6.2), condition (6.12) will have a more
transparent form:

∀ t ≥ t0 ∃ t ′ ∈ [t , t + T ] : |fi(ξ(t ′), θi)− fi(ξ(t
′), θ ′i )| ≥ ρ(|θi − θ ′i |). (6.13)

These conditions simply state that within a fixed time interval the values of‖θi‖Ei(θ
′
i )

or |θi − θ ′i | can be inferred from the differences fi(ξ(t), θi) − fi(ξ(t), θ ′i ) for all
t ∈ R≥0.

In the next section we show that a solution to Problem 6.1 can be obtained
for the class F of functions fi(ξ(t), θi) that are Lipschitz in θi . These results are
presented in the form of sufficient conditions formulated in Theorem 6.1. In addition
to showing the existence of an RNN and corresponding functions (6.10) satisfying
the requirements of Problem 6.1, we demonstrate that the functions (6.10) can be
made continuous and differentiable. Hence, in principle, they can be implemented
as an extra feedforward component in the existing RNN structure (6.8).

5 This is, of course, not true when the initial conditions si,0 are dependent on θi and such a dependence is known
a priori. In our work, due to the presence of noise ηi(t) and potential uncontrolled changes of θi for t < t0, we
do not consider this special case.
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6.4 The existence result

As was suggested in Prokhorov et al. (2002a) and Younger et al. (1999) the reason
why RNNs with fixed parameters, i.e. weights, demonstrate adaptive behavior could
be found in their dynamics; supposedly, it is already sufficiently rich to have an
adequate adaptation mechanism embedded within it. Finding a system that satisfies
requirements (1) and (2) in Problem 6.1 and is, at the same time, realizable by an
RNN, therefore, automatically constitutes an existence proof. As we will see later,
this intuition is correct. The result is provided in Theorem 6.1 below.

Theorem 6.1 Let the functions ξ(t) and fi(ξ(t), θi) be given and defined as in
(6.1), and let Assumptions 6.1 and 6.2 hold. Furthermore, suppose that fi(ξ(t), θi)
are (locally) Lipschitz:6

∃ Dθ ∈ R>0 : |fi(ξ(t), θi)− fi(ξ(t), θ
′
i )| ≤ Dθ ‖θi‖Ei(θ

′
i )

,

∀ t > 0, θi , θ
′
i , (6.14)

∃ Dξ ∈ R>0 : |fi(ξ , θi)− fi(ξ
′, θi)| ≤ Dξ |ξ − ξ ′|,

∀ θi , ξ , ξ ′, (6.15)

and the time-derivative of ξ(t) is bounded:∣∣∣∣ ddt ξ(t)
∣∣∣∣ ≤ ∂ξ∞ ∀ t ≥ 0, (6.16)

then for any T ∗ ∈ R>0, ε ∈ R>0 there is a recurrent neural network (6.8) satis-
fying the requirements of Problem 6.1, provided that the upper bound �η for the
L∞[0,∞]-norms of the disturbance terms, ηi(t), is sufficiently small.

Proof of Theorem 6.1. We prove the theorem in four steps. First, we present
a dynamical system, which will be referred to as the convergence prototype. We
have chosen this system to belong to the following class of differential-algebraic
equations:

˙̂si = −ϕi(ŝi)+ fi(ξ(t), θ̂i ), (6.17)

θ̂i = a + b − a

2
(xi + 1), (6.18)

6 Property (6.14) can be understood as a generalized Lipschitz condition. When the equivalence setsEi(θ
′
i
) consist

of single elements the property transforms into |fi(ξ(t), θi )− fi(ξ(t), θ
′
i
)| ≤ Dθ |θi − θ ′

i
|.
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ẋi = γ ‖ŝi − s‖ε
(
xi − yi − xi(x

2
i + y2

i )
)

,

ẏi = γ ‖ŝi − s‖ε
(
xi + yi − yi(x

2
i + y2

i )
)

,
(6.19)

where

γ ∈ R>0, a, b ∈ R, a < θmin, b > θmax, θ0 ∈ [a, b],
i = 1, . . . ,Nf , ε ∈ R>0.

(6.20)

Notice that it is always possible to choose parameter values of the system (6.17)–
(6.19) in accordance with (6.20). Indeed, the fact that θ0 ∈ R implies the existence
of an interval [a, b] ⊂ R such that θ0 ∈ [a, b] and [θmin, θmax] ⊂ [a, b].

The system (6.17)–(6.19) has a locally Lipschitz right-hand side and its solutions
are bounded for all initial conditions ŝi (t0), xi(t0), yi(t0) ∈ R. Equation (6.17)
models the dynamics of the input signal s(t); this requirement has been shown to be
generally necessary for successful classification and adaptation (Conant and Ashby
1970; Sontag 2003). The intuition behind equations (6.18) and (6.19) is as follows.
For every θi ∈ �θ and in the absence of ηi(t) there will always exist a point
xi(t0) = px , yi(t0) = py , p2

x + p2
y = 1 such that θ̂i (xi(t ,px ,py)) ∈ Ei(θi) for

all t ≥ t0, provided that s(t) = si(t , si,0, θi , 0) (see in Figure 6.2(a)). When signals
ηi(t) are present we will show that θ̂i (xi(t ,px ,py)) will remain in a neighborhood
of Ei(θi), of which the size is determined by �η. When |s(t)− ŝi (t)| > ε, solutions
of (6.18) and (6.19) starting from initial conditions xi(t0) = x′0, yi(t0) = y′0,
x′20 + y′20 = 1 evolve along a closed orbit towards px , py . We show that there exist
γ > 0 and ε > 0 and their respective domains, and a point ŝi (t0) = s′0, xi(t0) = x′0,
yi(t0) = y′0, such that the trajectories passing through this point converge to the
following target set:

‖ŝi − si‖ε = 0,
∥∥∥θ̂i∥∥∥

Ei(θi )
≤ εθ (ε). (6.21)

Second, we prove that there is a point xi(t0) = x′0, yi(t0) = y′0 such that conver-
gence is locally uniform with respect to the values of the uncertain parameters θi

and si,0. In other words, for all t0 ≥ 0, si,0 ∈ �s , and θi ∈ �θ there exists τ > 0
such that solutions of (6.17)–(6.19) with initial conditions xi(t0) = x′0, yi(t0) = y′0
will be in an arbitrarily small neighborhood of (6.21) for all t ≥ t0 + τ (see also
Figure 6.3).

The system (6.17)–(6.19), however, is not structurally stable. That is, small per-
turbations of its right-hand side might change the asymptotic properties of the
system drastically. Hence, due to the inevitable approximation errors, it is unlikely
that an RNN realization of (6.17)–(6.19) would solve Problem 6.1. To continue our



274 Adaptive behavior in recurrent neural networks with fixed weights

y i

e

(a)

i

p

q

px

py

x�0

y�0

p

q

|| e ( ) ||τ
� , t, t + T[ ]i

θi
(b)

Figure 6.2 Diagrams illustrating the invariant and limit sets of the system (6.17)–
(6.19) (a), ei = si − ŝi , and a schematic representation of the system’s dynamics
in terms of θ̂i (xi(t)) versus ‖ei(τ )‖∞,[t ,t+T ] (b). In (a) are depicted the invari-
ant and limit sets of (6.17)–(6.19) shown as circles p, q. The gray curves show
trajectories that converge to these sets asymptotically. The domains of attraction
of these sets, restricted to the cylinder x2

i + y2
i = 1, are shown by thick lines

on the surface of the cylinder. Notice that these domains are not neighborhoods
of p, q. In (b) the dynamics of (6.17)–(6.19) is depicted schematically: traveling
along an attracting closed orbit until the domain of attraction of either p or q is
reached.

argument, we need to modify (6.17)–(6.19) such that the resulting system becomes
structurally stable.

For this reason, the third stage involves considering the perturbed version of the
system (6.17)–(6.19):

˙̂si = −ϕi(ŝi)+ fi(ξ(t), θ̂i ),

θ̂i = a + b − a

2
(xi + 1),

(6.22)

ẋi = γ (‖ŝi − s‖ε + δ)
(
xi − yi − xi(x

2
i + y2

i )
)

,

ẏi = γ (‖ŝi − s‖ε + δ)
(
xi + yi − yi(x

2
i + y2

i )
)

, δ ∈ R>0.
(6.23)

Our aim is to achieve structural stability of an otherwise structurally unstable sys-
tem. We show that trajectories of the system (6.22) and (6.23) periodically visit a
small vicinity of (6.21) and stay there for an arbitrary long time, depending on the
value of δ.
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Figure 6.3 Diagrams illustrating the main steps of the proof. (a) The case, without
perturbations and approximation errors, in which the estimate θ̂i (t), shown as a gray
curve, asymptotically approaches points from a neighborhood of the equivalence
class Ei(θi) for a given set of initial conditions and all θi . Demonstrating the
existence of such systems (e.g. (6.17)–(6.19)) constitutes the first step of our proof.
In the second step we show that the time required to reach this neighborhood for
a given initial condition and all θi ∈ �θ is bounded from above by some positive
number τ . (b) The case in which the convergence prototype is approximated by an
RNN. Because the system (6.17)–(6.19) is not structurally stable, approximation
errors might lead to the emergence of new attracting invariant sets (points p′, q ′,
and q ′′) that do not belong to the neighborhood of Ei(θi). The system’s behavior
in this case is shown by a thick, solid line. (c) The dynamics of the perturbed yet
structurally stable system (6.22) and (6.23). In this case convergence to invariant
setsp, q is replaced with arbitrarily slow relaxation in small neighborhoods of these
points (ghost attractors). Even in the presence of disturbances due to approximation
errors, the system’s state still visits these sets (shown by the dashed circle) and
stays there as long as needed. The third step of the proof demonstrates this.

Fourth, given that the system (6.22) and (6.23) is structurally stable, we apply
the results from Cybenko (1989) to demonstrate that solutions of (6.22) and (6.23)
can be approximated in forward time over the semi-infinite interval [0,∞] by the
state of an RNN specified by (6.8).

Figure 6.3 provides diagrams linking the main steps of the proof.
1. Convergence prototype. According to Assumption 6.1 there exist i ∈

{1, . . . ,Nf }, si,0, θi such that s(t) = si(t , si,0, θi , ηi(t)) for all t ≥ 0. Consider
the ith subsystem of (6.17)–(6.19) and analyze the dynamics of the difference
si(t)− ŝi (t):

d

dt
(si(t)− ŝi (t)) = −(ϕi(si)− ϕi(ŝi))+ fi(ξ(t), θi)

− fi(ξ(t), θ̂i (xi(t)))+ ηi(t).
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According to our assumptions, the functions ϕi(·) are differentiable. Hence,
invoking Hadamard’s lemma,

ϕi(si)− ϕi(ŝi) =
(∫ 1

0

∂ϕ(sir + (1− r)ŝi)

∂(sir + (1− r)ŝi)
dr

)
(si − ŝi ), (6.24)

and denoting

ei(t) = si(t)− ŝi (t),

αi(t) =
∫ 1

0

∂ϕ(si(t)r + (1− r)ŝi(t))

∂(si(t)r + (1− r)ŝi(t))
dr ,

�fi(t) = fi(ξ(t), θi)− fi(ξ(t), θ̂i (xi(t))),

(6.25)

we can obtain the following equivalent representation of (6.24):

ėi = −α(t)ei +�fi(t)+ ηi(t). (6.26)

Solutions of equation (6.26) satisfy the expression

ei(t) = e−
∫ t

0 α(τ)dτ ei(0)+ e−
∫ t

0 α(τ)dτ

∫ t

0
e
∫ τ

0 α(τ1)dτ1(�fi(τ )+ ηi(τ ))dτ .

According to the mean-value theorem the following equivalence holds: α(t) =
∂ϕ(si(t)r

′ + (1− r ′)ŝi(t))/∂(si(t)r ′ + (1− r ′)ŝi(t)) for some r ′ ∈ [0, 1]. Hence,
taking condition (6.7) into account, we can obtain that ϕmin ≤ α(t) ≤ ϕmax.
Therefore, using the inequality

e−
∫ t

0 α(τ)dτ ≤ e−ϕmint ,

we can derive the following estimate:

|ei(t)| ≤ e−
∫ t

0 αi(τ )dτ |ei(0)| +
∣∣∣∣e− ∫ t

0 α(τ)dτ

∫ t

0
e
∫ τ

0 α(τ1)dτ1(�fi(τ )+ ηi(τ ))dτ

∣∣∣∣
≤ e−ϕmint |ei(0)| + e−

∫ t
0 α(τ)dτ

∫ t

0
e
∫ τ

0 α(τ1)dτ1 |�fi(τ )+ ηi(τ )|dτ

= e−ϕmint |ei(0)| +
∫ t

0
e−

∫ t
τ α(τ1)dτ1 |�fi(τ )+ ηi(τ )|dτ

≤ e−ϕmint |ei(0)| +
∫ t

0
e−ϕmin(t−τ)|�fi(τ )+ ηi(τ )|dτ

≤ e−ϕmint |ei(0)| + 1

ϕmin
(1− e−ϕmint )(‖�fi(τ )‖∞,[0,t] + ‖ηi(τ )‖∞,[0,∞]).

(6.27)
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Given that ‖ηi(τ )‖∞,[0,∞] ≤ �η for all t ≥ 0, inequality (6.27) implies that

|ei(t)| ≤ e−ϕmint |ei(0)| + 1

ϕmin

(
1− e−ϕmint

)
(‖�fi(τ )‖∞,[0,t] +�η)

= e−ϕmint

(
|ei(0)| − �η

ϕmin

)
+ 1

ϕmin
(‖�fi(τ )‖∞,[0,t] +�η). (6.28)

Regrouping terms in (6.28) yields

(
|ei(t)| − �η

ϕmin

)
≤ e−ϕmint

(
|ei(0)| − �η

ϕmin

)
+ 1

ϕmin
‖�fi(τ )‖∞,[0,t].

Let us denote ε = �η/ϕmin and consider the values of ‖ei(t)‖ε. When |ei(t)| −
�η/ϕmin > 0 we have

‖ei(t)‖ε =
(
|ei(t)| − �η

ϕmin

)
≤ e−ϕmint‖ei(0)‖ε + 1

ϕmin
‖�fi(τ )‖∞,[0,t].

When |ei(t)| −�η/ϕmin ≤ 0 then

‖ei(t)‖ε = 0 ≤ e−ϕmint‖ei(0)‖ε + 1

ϕmin
‖�fi(τ )‖∞,[0,t].

Hence we can conclude that the following estimate holds along the trajectories of
(6.17):

‖ei(t)‖ε ≤ e−ϕmint‖ei(0)‖ε + 1

ϕmin
‖�fi(τ )‖∞,[0,t], ε = �η

ϕmin
. (6.29)

On taking into account (6.14) and (6.29) plus the fact that
∥∥∥θ̂i∥∥∥

Ei(θi )
=

inf θ̄i∈Ei(θi )
|θ̂i − θ̄i | we can conclude that the following inequality holds:

‖ei(t)‖ε ≤ e−ϕmint‖ei(0)‖ε + Dθ

ϕmin
‖θ̄i − θ̂i (τ )‖∞,[0,t],

θ̄i ∈ Ei(θi) ∩ [a, b]. (6.30)

Let us now consider (6.18) and (6.19). We select a point x′, y′ that satisfies the
following condition:

x′2 + y′2 = 1. (6.31)
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Solutions of (6.19) passing through this point can be defined as follows:

xi(t , x
′, y′) = cos

(∫ t

0
γ ‖ŝi (τ )− s(τ )‖ε dτ + νx

)
,

x′ = cos(νx), νx ∈ [0, 2π ],

yi(t , x
′, y′) = sin

(∫ t

0
γ ‖ŝi (τ )− s(τ )‖ε dτ + νy

)
,

y′ = sin(νy), νy ∈ [0, 2π ].

(6.32)

This observation can easily be verified when writing (6.19) in polar coordinates:
xi = r cos(ν), yi = r sin(ν) (Guckenheimer and Holmes 2002):

ṙ = γ ‖ŝi − s‖ε · r(1− r),

ν̇ = γ ‖ŝi − s‖ε · 1.
(6.33)

Given that θ̄i belongs to the interval [a, b], there is a number h̄(θ̄i) ∈ [0,π ] such
that for all k ∈ Z the following equivalence holds:

θ̄i = a + b − a

2

(
cos(h̄(θ̄i)+ 2πk)+ 1

)
. (6.34)

Hence, according to (6.18) and (6.32), the norm ‖θ̄i− θ̂i (τ )‖∞,[0,t] can be estimated
from the above as follows:

‖θ̄i − θ̂i (τ )‖∞,[0,t] ≤ b − a

2

∥∥∥∥h̄(θ̄i)− νx + 2πk −
∫ t

0
γ ‖ŝi (τ )− s(τ )‖ε dτ

∥∥∥∥
∞,[0,t]

.

(6.35)

Denoting

c = Dθ

ϕmin

b − a

2
, h(t , θ̄i , k) = h̄(θ̄i)− νx + 2πk −

∫ t

0
γ ‖ŝi (τ )− s(τ )‖ε dτ

and taking into account (6.30) and (6.35), we can conclude that the following holds
along the solutions of (6.17)–(6.19):

‖ei(t)‖ε ≤ e−ϕmint‖ei(0)‖ε + c‖h(τ , θ̄i , k)‖∞,[0,t],

h(0, θ̄i , k)− h(t , θ̄i , k) =
∫ t

0
γ ‖ei(τ )‖ε dτ .

(6.36)

According to Theorem 4.7 (see also Corollaries 4.3–4.5) there exist γ ∗ ∈ R>0 and
h∗ such that, for a given bounded ei(0), all γ ∈ R>0, γ < γ ∗, and h(0, θ̄i , k) ≥ h∗,
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the norm ‖ei(τ )‖∞,[0,∞] is bounded and

lim
t→∞h(t , θ̄i , k) ∈ [0,h(0, θ̄i , k)]. (6.37)

The value of γ ∗ can be determined, according to Corollary 4.5, from the following
inequality:

0 < γ ∗ < ϕmin

c

(
ln

(
κ

d

)
κ

κ − 1

(
2+ κ

1− d

))−1

,

κ ∈ R>1, d ∈ (0, 1) ⊂ R. (6.38)

The value of h∗ can be estimated from

‖ei(t0)‖ε ≤
(
ϕmin

γ ∗

(
ln

(
κ

d

))−1
κ − 1

κ
− c

(
2+ κ

1− d

))
h∗. (6.39)

Given that ‖ei(t0)‖ε in (6.39) is bounded from above for all t0 ≥ 0, ‖ei(t0)‖ε ≤
smax − smin +Dθ/ϕmin(b − a), the condition

h∗ ≥
(
smax − smin + Dθ(b − a)

ϕmin

)(
ϕmin

γ ∗

(
ln

(
κ

d

))−1
κ − 1

κ

− c

(
2+ κ

1− d

))−1

, (6.40)

together with (6.38), implies that for all ŝi (t0) ∈ �s and h(0, θ̄i , k) ≥ h∗ the norm
‖ei(τ )‖∞,[0,∞] is bounded and property (6.37) holds.

Notice that in the definition of h(0, θ̄i , k),

h(0, θ̄i , k) = h̄(θ̄i)− νx + 2πk, (6.41)

the value of k can be chosen arbitrarily large. Moreover, h̄(θ̄i) ∈ [0,π ] for all θ̄i ∈
[a, b]. This implies that there exists a finite k′ such that the condition h(0, θ̄i , k′) ≥
h∗ will be satisfied for any fixed h∗ (i.e. for all γ ∗ satisfying (6.38)) and all θ̄i ∈
[a, b]. In addition, the following will hold:

lim
t→∞h(t , θ̄i , k

′) ∈ [0,h(0, θ̄i , k
′)] ⊂ [0,π − νx + 2πk′] ∀ ∈ θ̄i ∈ [a, b]. (6.42)

Taking (6.32) into account, we can conclude that solutions xi(t , x′, y′) converge
to a point within the interval [−1, 1] as t → ∞, and, furthermore, the vector
(xi(t , x′, y′), yi(t , x′, y′)) makes no more than k′ full rotations around the origin for
all θi ∈ [θmin, θmax]. Hence, for a given initial condition xi(0) = x′, yi(0) = y′,
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ŝi,0 ∈ �s , and θi ∈ [θmin, θmax], the estimate θ̂i (t) = a + (b − a)/2 · (xi(t , x′, y′)
+ 1) converges to a point in [a, b] as t →∞. We denote this point by θ̂∗i .

Given that θ̂i (t) converges to a limit, there exists a time instant t∗ such that for
all t ≥ t∗ the following condition holds: |θ̂i (t)− θ̂∗i | < µ∞, where µ∞ ∈ R>0 is
an arbitrarily small constant. Therefore, taking condition (6.14) into account, we
can conclude that for all t ≥ t∗ the derivative ėi satisfies the following equation:

ėi = −α(t)ei + fi(ξ(t), θi)− fi(ξ(t), θ̂
∗
i )+ µi(t)+ ηi(t), (6.43)

where |µi(t)| ≤ Dθ µ∞ is a continuous function.
Now we will show that the norm ‖θi‖Ei(θ̂

∗
i )

can be bounded from above by

a K∞-function of �η. Consider the term fi(ξ(t), θi) − fi(ξ(t), θ̂∗i ). According
to (6.12) there exists a sequence of monotonically increasing time instants tj , j =
1, 2, . . . such that tj+1−tj ≤ 2T and |fi(ξ(tj ), θi)−fi(ξ(tj ), θ̂∗i )| ≥ ρ(‖θi‖Ei(θ̂

∗
i )
).

Furthermore, according to (6.15) and (6.16), the time-derivative of fi(ξ(t), θi) −
fi(ξ(t), θ̂∗i ) is bounded:∣∣∣∣ ddt fi(ξ(t), θi)− fi(ξ(t), θ̂

∗
i )

∣∣∣∣ ≤ 2Dξ · ∂ξ∞ = Df .

Hence the following estimate holds:

∫ t+L

t

|fi(ξ(τ ), θi)− fi(ξ(τ ), θ̂
∗
i )| ≥

ρ(‖θi‖Ei(θ̂
∗
i )
)2

2Df

,

L = max

{
2T ,

ρ(b − a)

Df

}
. (6.44)

In order to proceed further we will need the following lemma.

Lemma 6.1 Consider the following differential equation:

ż = −ϕ(t , z)+ u(t)+ η(t), z0 = z(0) ∈ [zmin, zmax] ⊂ R. (6.45)

Let us suppose that

(1) ϕ(z)z ≥ 0, ϕmin ≤ ∂ϕ(t , z)/∂z ≤ ϕmax;
(2) u(t) ∈ L∞[0,∞] ∩ C1, ‖u(t)‖∞,[0,∞] ≤ u∞, ‖u̇(t)‖∞,[0,∞] ≤ ∂u∞;
(3) η(t) ∈ L∞[0,∞], ‖η(t)‖∞,[0,∞] ≤ �;
(4) there exist constants L and δ such that for all t ≥ 0∫ t+L

t

|u(τ)|dτ ≥ δ; (6.46)
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(5) the following inequality holds:(
δ

L

)2

−�u∞ > 0. (6.47)

Then, for any p ∈ R>0, there exist constants L∗ > 0 and δ∗ ≥ ((δ/L)2 −
�u∞)/p, such that∫ t+L∗

t

|z(τ )|dτ ≥ δ∗ ≥ 1

p

(
δ2

L
−�u∞L

)
∀ t ≥ 0. (6.48)

Proof of Lemma 6.1. We prove the lemma along the lines of an argument provided
in Loria et al. (2003) (Property 1). Consider the time-derivative of zu:

d

dt
(zu) = (−ϕ(t , z)+ u+ η)u+ zu̇ ≥ u2 − |z|(ϕmax + ∂u∞)− |u|�. (6.49)

According to (6.49), for all t , t0 ∈ R≥0, t ≥ t0 the following inequality holds:

z(t)u(t)− z(t0)u(t0) ≥
∫ t

t0

u2(τ )dτ − (ϕmax + ∂u∞)

∫ t

t0

|z(τ )|dτ

−�

∫ t

t0

|u(τ)|dτ . (6.50)

Rearranging terms in (6.50) yields

(ϕmax + ∂u∞)

∫ t

t0

|z(τ )|dτ ≥ z(t0)u(t0)− z(t)u(t)

+
∫ t

t0

u2(τ )dτ −�

∫ t

t0

|u(τ)|dτ .

Notice that z(t0)u(t0) − z(t)u(t) is bounded from below for all t ≥ 0. We denote
this bound by the symbol M . Furthermore, according to the Hölder inequality and
property (6.46), the following estimate holds for all t ≥ 0:

δ2

L
≤ 1

L

(∫ t+L

t

|u(τ)|dτ
)2

≤
∫ t+L

t

u2(τ )dτ .

Hence for all time instances t : (n + 1)L ≥ t − t0 ≥ nL, where n is a positive
integer, we have

(ϕmax + ∂u∞)

∫ t

t0

|z(τ )|dτ ≥ M + n
δ2

L
−�

∫ t

t0

|u(τ)|dτ

≥ M + n
δ2

L
− (n+ 1)�u∞ = (M −�u∞L)+ n

(
δ2

L
−�u∞L

)
. (6.51)
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According to the requirements of the lemma, inequality (6.47), the difference δ2/L−
�u∞L > 0 is a positive constant. Therefore, there exists n = n′ such that the right-
hand side of (6.51) exceeds some δ′ = (δ2/L − �u∞L)/p′ ∈ R>0, p′ ∈ R>0.
On choosing t ′ = mint {t − t0} ≥ n′L we can conclude that

(ϕmax + ∂u∞)

∫ t ′

t0

|z(τ )|dτ ≥ δ′. (6.52)

Given that we could choose the value of t0 arbitrarily in the domain R≥0, inequality
(6.52) is equivalent to ∫ t+L∗

t

|z(τ )|dτ ≥ δ∗,

where L∗ = t ′ − t0, δ∗ = δ′/ (ϕmax + ∂u∞) = (δ2/L − �u∞L)/p, and p =
p′(ϕmax + ∂u∞). �

On denoting fi(ξ(t), θi)− fi(ξ(t), θ̂∗i ) = u(t) and ηi(t)+ µi(t) = η(t) we can
observe that (6.43) is of the same class as (6.45) in the formulation of Lemma 6.1.
Furthermore, the following inequalities hold:

� ≤ �η +Dθµ∞, ‖u(t)‖∞,[0,∞] ≤ Dθ ‖θi‖Ei(θ̂
∗
i )
≤ Dθ(b − a). (6.53)

Notice that the value of µ∞ in (6.53) can be made arbitrarily small because θ̂i (t)

converges to a limit, and θ̂∗i can be chosen from its arbitrarily small vicinity. Let
us therefore choose θ̂∗i such that Dθµ∞ ≤ �η. Hence, in accordance with Lemma
6.1, the condition

(
ρ2(‖θi‖Ei(θ̂

∗
i )
)

2DfL

)2

> 2�ηDθ(b − a) (6.54)

implies the existence of constants L∗, p ∈ R>0 such that

∫ t+L∗

t

|ei(τ )|dτ ≥ 1

p


(ρ2(‖θi‖Ei(θ̂

∗
i )
)

2Df

)2
1

L
−�u∞L




= δ∗ > 0 ∀ t ≥ t∗. (6.55)

We will now show that the norm ‖θi‖Ei(θ̂
∗
i )

is bounded from above by a function

εθ (�η) ∈ K∞ for all sufficiently small �η. Let us parametrize �η as follows:

�η =
(
ρ2(ε∗)
2DfL

)2
1

2Dθ(b − a)
, ε∗ ∈ R>0. (6.56)
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The parametrization (6.56) is always possible becauseρ(·) ∈ K∞. Moreover, for all
‖θi‖Ei(θ̂

∗
i )

> ε∗ condition (6.54) is satisfied. Hence, according to Lemma 6.1 there

exist constants L∗ and p such that inequality (6.55) holds. Given that δ∗, L∗, ϕmin

∈ R>0 there will always exist a number�∗η ∈ R>0 such that�∗η < (L∗)−1δ∗ϕmin/2.
This implies that for all �η ≤ �∗η the following inequality holds:

∫ t+L∗

t

‖ei(τ )‖ε dτ ≥ δ∗

2
, ε = �η

ϕmin
. (6.57)

Let us suppose that the norm ‖θi‖Ei(θ̂
∗
i )

is greater than ε∗. In this case (6.54) and

(6.57) hold and the integral ∫ t

t∗
‖ei(τ )‖ε dτ (6.58)

grows unboundedly with t . On the other hand, according to (6.36) and (6.37) the
integral (6.58) is bounded. Hence we have reached a contradiction. This implies
that ‖θi‖Ei(θ̂

∗
i )
≤ ε∗. Given that ρ(·) ∈ K∞, the inverse ρ−1(·) is well defined and

is a K∞-function. Therefore, taking (6.56) into account, we can conclude that the
latter inequality is equivalent to

‖θi‖Ei(θ̂
∗
i )
≤ ρ−1

((
8�ηDθ(b − a)D2

f L
2
)1/4

)
. (6.59)

Thus we have just shown that there exists a point x′, y′ in the state space of system
(6.17)–(6.19) and parameters γ and ε, such that for all si,0 ∈ �s and every θi ∈
[θmin, θmax] the estimate θ̂i (xi(t , x′, y′)) converges into a small neighborhood of
Ei(θi) in finite time and stays there for an arbitrarily long time. The size of this
neighborhood can be characterized by a K∞-function of�η, when�η is sufficiently
small. Let us now show that this convergence is uniform with respect to θi .

2. Uniformity. Consider (6.42). According to (6.36) and (6.42) trajectories pass-
ing through a point (x′, y′) satisfying (6.31) at t = 0 also satisfy the following
constraint:

∃ k′ ∈ Z : h(0)− h(∞) = γ

∫ ∞

0
‖ei(τ , ei(0), θi , ηi(τ ))‖ε dτ

≤ π − νx + 2πk′ <∞ (6.60)

for all θi ∈ [θmin, θmax] and ei(0). We will use this property to demonstrate that
there is a point (x′, y′),

√
x′2 + y′2 = 1, ‖θ̂i (x′)‖Ei(θi ) ≥ �0, �0 ∈ R>0, such that

for any θi ∈ [θmin, θmax] the estimate θ̂i (xi(t , x′, y′)) converges into a set

‖θi‖Ei(θ̂i )
≤ ρ−1

((
8�ηDθ(b − a)D2

f L
2
)1/4

)
(6.61)
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in finite time T ′(θi) for all t0, ŝi,0 ∈ �s , and stays there for all t ≥ t0 + T ′(θi).
Furthermore, the value of T ′(θi) is bounded from above for all θi ∈ [θmin, θmax].
In other words, there exists T ′max ∈ R>0:

T ′(θi) ≤ T ′max ∀ θi ∈ [θmin, θmax]. (6.62)

The fact that the estimate θ̂i converges into a set specified by (6.61) in finite time
T ′(θi) and stays there for t ≥ t0 + T ′(θi) for all x′, y′ :

√
x′2 + y′2 = 1 follows

immediately from (6.59). We must show, however, that (6.62) holds.
According to (6.4) and (6.20) there is a point θ0 ∈ [a, b] such that ‖θ0‖Ei(θi ) ≥ �θ

for every θi ∈ �θ . Hence, there exists a point θi,1 ∈ [a, b] such that

inf
θ̄i∈Ei(θi )∩[a,b]

‖θ̄i − θi,1‖ = �θ .

Without loss of generality, suppose that the set

�1 = {θ̄i ∈ Ei(θi) ∩ [a, b]|θi,1 > θ̄i}
is not empty.7 By θi,max we denote θi,max = sup{�1}. Let us pick a point θi,2 ∈ [a, b]
according to the constraints

|θi,2 − θi,1| = |θi,2 − θi,max| = �θ/2, θi,1 > θi,2 > θi,max, (6.63)

and choose the value of νx in (6.32) such that

θi,2 = a + b − a

2
(cos(νx)+ 1), νx ∈ [0,π ].

According to (6.34) there exist h̄(θi,max), k such that

θi,max = a + b − a

2
(cos(h̄(θi,max)+ 2πk)+ 1), h̄(θi,max) ∈ [0,π ], k ∈ N.

Given that θi,2 > θi,max, we set the value of k = 0 and choose h̄(θi,max) in
accordance with the following inequality:

νx < h̄(θi,max). (6.64)

Because |θ̂i (cos(νx)) − θ̂i (cos(ν′x))| ≤ ((b − a)/2)|νx − ν′x | for all νx , ν′x ∈ R,
conditions (6.63) and (6.64) ensure the existence of a constant ν′x ≤ h̄(θi,max),
ν′x = νx +�θ/(2(b − a)) such that

|θ̂i (cos(νx))− θ̂i (cos(ν′′x ))| ≤ �θ/4 ∀ ν′′x ∈ [νx , ν′x]. (6.65)

7 If �1 is empty then �2 = {θ̄i ∈ Ei(θi )∩[a, b]|θi,1 < θ̄i } is not empty. We can proceed with the same argument,
replacing the interval [0,π ] with [π , 2π ] and sup with inf when appropriate.
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Hence,

‖θ̂i (cos(ν′′x ))‖Ei(θi ) ≥
�θ

4
∀ ν′′x ∈ [νx , ν′x].

The inequality above implies that the values of θ̂i (cos(ν′′x )) are outside of the �θ/4-
neighborhood of Ei(θi) for all ν′′x ∈ [νx , ν′x]. Furthermore, because θ̂i (cos(·))
is monotone (non-increasing) over [νx , h̄(θi,max)), and θi,2 > θi,max, there are
no values of ν′′x ∈ [νx , h̄(θi,max)) such that ‖θ̂i (cos(ν′′x ))‖Ei(θi ) = 0.

Let us consider those solutions of the system (6.17)–(6.19) that pass through the
point xi(0) = cos(νx), yi(0) = sin(νx), ŝi (0) ∈ �s . Suppose that 0 < γ < γ ∗, and
γ ∗ satisfies (6.40) with h∗ = �θ/(2(b− a)). Then the sum νx + γ

∫ t

0 ‖ei(τ )‖ε dτ
converges to a point in [νx , h̄(θi,max)]. Taking the monotonicity and continuity of
the function θ̂i (cos(ν′′x )) for ν′′x ∈ [νx , h̄(θi,max)] into account, we can conclude that
the trajectory θ̂i (xi(t , x′(θi))) enters the ε∗-neighborhood of θi,max only once for
all t ∈ [0,∞].

Let us show that the amount of time required for the system to enter this neighbor-
hood is bounded from above for all θi ∈ �θ . Given that the trajectory θ̂i (xi(t , x′, y′))
enters the ε∗-neighborhood of θi,max only once, we shall show that the amount of
time the system spends outside of this neighborhood is bounded from above for all
θi ∈ �θ . We prove this by contradiction. Suppose that for any fixed T ′0 ∈ R>0 there
is a θi ∈ [θmin, θmax] such that T ′(θi) ≥ T ′0. Consider the dynamics of (6.17)–(6.19)
when s(t) = si(t , si,0, θi , ηi(t)). Let us pick a sequence of time instances {tj }∞j=1,
such that tj+1 − tj = DT , and DT ≥ L∗. For each interval [tj , tj+1] we consider
two alternative possibilities:

(1) the norm ‖θ̂i (tj )− θ̂i (τ )‖∞,[tj ,tj+1] ≤ ε, ε ∈ R>0, ε ≤ D−1
θ �η;

(2) the norm ‖θ̂i (tj )− θ̂i (τ )‖∞,[tj ,tj+1] > ε.

When the first alternative applies, according to (6.57) the following estimate holds:∫ tj+1
tj

‖ei(τ )‖ε dτ ≥ δ∗. Hence h(tj )−h(tj+1) > γ δ∗. When the second alternative

holds, e.g. ‖θ̂i (ti)− θ̂i (τ )‖∞,[tj ,tj+1] > ε, we can conclude, using inequality (6.35),
that ∥∥∥∥∥γ

∫ τ

tj

‖ei(τ1)‖ε dτ1

∥∥∥∥∥∞,[tj ,tj+1]
> ε

2

b − a
.

Given that h(t) is monotone with respect to t , we obtain that h(tj ) − h(tj+1) >

ε2/(b − a). Thus we have shown that

h(tj )− h(tj+1) > min{γ δ∗, ε2/(b − a)} = �h

for all j such that
∥∥∥θ̂i (τ )∥∥∥

Ei(θi )
≥ ε∗ for all τ ∈ [tj , tj+1]. Given that h(t) is non-

increasing and T ′ is arbitrarily large, there would be a time instant tm ≤ T ′ when
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j h(tj ) − h(tj+1) ≥ m�h > π − νx + 2πk′. This, however, would contradict

(6.60). Hence property (6.62) is proven.
3. Structurally stable prototype. So far we have shown that for the given sys-

tem (6.17)–(6.19) there exists a non-empty set of parameters γ , ε, and x′, y′ :√
x′2 + y′2 = 1 such that trajectories xi(t , x′, y′), yi(t , x′, y′) converge to a point

on the unit circle in R
2, and the variable θ̂i (xi(t , x′, y′)) reaches a given small

neighborhood of Ei(θi) (see (6.61)) within finite time T ′max for all θi ∈ [θmin, θmax].
Let us now consider the perturbed system (6.22) and (6.23), where δ ∈ R>0 and

the initial conditions are selected in a neighborhood of x′, y′:

(xi(0), yi(0)) ∈ �(x′, y′),

�(x′, y′) =
{
(x, y) ∈ R

2|
√
(x − x′)2 + (y − y′)2 ≤ δr

}
, δr ∈ R>0.

(6.66)

In order to distinguish the solutions of (6.22) and (6.23) from the solutions of
the unperturbed system (6.17)–(6.19), we denote the latter by x∗i (t , xi(0), yi(0)),
y∗i (t , xi(0), yi(0)), and ŝ∗i (t , θi , si,0, ηi(t)). For the sake of notational compactness
we also denote the state vector of the ith subsystem of (6.17)–(6.19) as q∗i =
(ŝ∗i , x∗i , y∗i ) and the state vector of the ith subsystem of (6.22) and (6.23) as qi .

Solutions of (6.22) and (6.23) are bounded:

‖ŝi (t , ŝi,0, ηi(t))‖∞,[0,∞] ≤ |ŝi,0| + (max{|a|, |b|}Dθ +�η)/ϕmin,

‖xi(t , xi(0), yi(0))‖∞,[0,∞] ≤ max

{
1,
√
xi(0)2 + yi(0)2

}
,

‖yi(t , xi(0), yi(0))‖∞,[0,∞] ≤ max

{
1,
√
xi(0)2 + yi(0)2

}
.

(6.67)

Hence for all ŝi (0), xi(0), yi(0) ∈ �s × �(x′, y′) there exists a constant D0 such
that ‖qi(t)‖∞,[0,∞] ≤ D0 for all θi . Let us rewrite (6.22) and (6.23) as follows:

˙̂si = −ϕi(ŝi)+ fi(ξ(t), θ̂i (xi)),

ẋi = γ ‖ŝi − s‖ε
(
xi − yi − xi(x

2
i + y2

i )
)
+ γ δ · εx(xi , yi),

ẏi = γ ‖ŝi − s‖ε
(
xi + yi − yi(x

2
i + y2

i )
)
+ γ δ · εy(xi , yi),

(6.68)

where

εx(xi(t), yi(t)) = xi(t)− yi(t)− xi(t)(x
2
i (t)+ y2

i (t)),

εy(xi(t), yi(t)) = xi(t)+ yi(t)− yi(t)(x
2
i (t)+ y2

i (t)).
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The right-hand side of (6.17)–(6.19) is locally Lipschitz in ŝi , xi , and yi (and so is the
right-hand side of (6.22) and (6.23)). We denote its corresponding Lipschitz constant
in the domain specified by (6.67) by symbol Li(D0). Furthermore, provided that
(6.67) holds, εx(xi(t), yi(t)) and εy(xi(t), yi(t)) are globally bounded with respect
to t . Let us denote this bound by B:

max
{‖εx(xi(t), yi(t))‖∞,[0,∞], ‖εy(xi(t), yi(t))‖∞,[0,∞]

} = B.

For the sake of notational compactness let us rewrite (6.68) as follows:

q̇i = f(qi , s(t), ξ(t))+ γ δ · g(qi), (6.69)

where f(qi , s(t), ξ(t)) and g(qi) are defined to copy the right-hand side of (6.68).
Notice that ‖f(qi , s(t), ξ(t))‖ ≤ Li(D0)‖qi‖ and ‖g(qi)‖ ≤ B

√
2.

According to the theorem on the continuous dependence of the solutions of an
ordinary differential equation on the parameters and initial conditions (see, for
instance, Khalil (2002), Theorem 3.4, page 96) the following holds:

‖qi(t)− q∗i (t)‖ ≤ ‖qi(t0)− q∗i (t0))‖eLi(D0)(t−t0)

+ δγB
√

2

Li(D0)

(
eLi(D0)(t−t0) − 1

)
. (6.70)

When the values of ŝi,0 and ŝ∗i,0 coincide, estimate (6.70) implies that

‖qi(t)− q∗i (t)‖ ≤ δre
Li(D0)(t−t0) + δγB

√
2

Li(D0)

(
eLi(D0)(t−t0) − 1

)
. (6.71)

This assures the existence of δr ∈ R>0 and δ ∈ R>0 such that for a fixed, yet
arbitrarily large, time T ′′(δr , δ) > T ′max solutions of the system (6.22) and (6.23)
passing through a point from �(x′, y′) at t = t0 will remain within a fixed, yet
arbitrarily small, neighborhood of a solution of the system (6.17)–(6.19) with initial
conditions xi(t0) = x′ and yi(t0) = y′. The value of T ′max does not depend on δr

and δ.
Taking (6.33) into account, we can conclude that the set x2

i + y2
i = 1 is globally

attracting in the state space of the system (6.22) and (6.23) for almost all initial
conditions (except when xi(t0) = 0 and yi(t0) = 0). This implies that solutions
starting in�(x′, y′)will remain there. In addition, according to (6.32), for any t0 ≥ 0
a δr -vicinity of (x′, y′)will be visited within at least time t ′ ≤ t0+2π/(γ ·δ). Hence
we have just shown that for all t0 ≥ 0 solutions starting at �s ×�(x′, y′) approach
the target set within a fixed time T ′max and stay in its vicinity for an arbitrarily long
time T ′′(δr , δ). The latter time is a function of δr and δ: the smaller the values of
δr and δ, the larger the value of T ′′(δr , δ).
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4. Realizability. Let us finally show that the system (6.22) and (6.23) can be
realized by an RNN. More precisely, we wish to prove that there exists a system
(6.8) such that x = ζ 1 ⊕ ζ 2 ⊕ · · · ⊕ ζNf

, ζ i ∈ R
3, ζ i = ζi,1 ⊕ ζi,2 ⊕ ζi,3,

i = {1, . . . ,Nf } and solutions ζ i(t , qi,0) are sufficiently close to qi(t , qi,0), where
qi,0 ∈ �s ×�(x′, y′) ⊂ R

3.
It is clear that the right-hand side of (6.22) and (6.23) is a continuous and locally

Lipschitz function. According to Cybenko (1989), for any arbitrarily small εN ∈
R>0, any given bounded intervals �x ⊂ R and �y ⊂ R, and any

s(t), ξ(t) : max{‖s(t)‖∞,[0,∞], ‖ξ(t)‖∞,[0,∞]} < M , M ∈ R>0,

there exist N ∈ N, ωj ,m ∈ R
5, αj ,m ∈ R, βj ,m ∈ R, j = 1, 2, . . . ,N such that∣∣∣∣∣

N∑
m=1

αj ,mσ(ω
T
j ,m · u(s(t), ξ(t), ζ i)+ βj ,m)

− fj (ζ i , s(t), ξ(t))− γ δ · gj (ζ i)

∣∣∣∣∣ < εN

3
,

u(s(t), ξ(t), ζ i) = s(t)⊕ ξ(t)⊕ ζ i , (6.72)

where ζ i ∈ �s × �x × �y , and fj (ζ i , s(t), ξ(t)) and gj (ζ i), j = 1, 2, 3 denote
the j th components of the vector fields f(ζ i , s(t), ξ(t)) and g(ζ i), respectively. It
follows from (6.72) that there exist N , ωj ,m, αj ,m, and βj ,m such that

N∑
m=1

αj ,mσ(ω
T
j ,m · u(s(t), ξ(t), ζ i)+ βj ,m)

= fj (ζ i , s(t), ξ(t))+ γ δ · gj (ζ i)+�j(ζ i , s(t), ξ(t)),

u(s(t), ξ(t), ζ i) = s(t)⊕ ξ(t)⊕ ζ i , (6.73)

where �j(ζ i , s(t), ξ(t)) are continuous and

|�j(ζ i , s(t), ξ(t))| <
εN

3
∀ j = 1, 2, 3.

Let us choose �x = [−v, v] and �y = [−v, v], where v ∈ R>0, v > 1 and
consider the dynamics of

ζ̇ i = f(ζ i , s(t), ξ(t))+ γ δ · g(ζ i)+�(ζ i , s(t), ξ(t)),

�(ζ i , s(t), ξ(t)) = �1(ζ i , s(t), ξ(t))⊕�2(ζ i , s(t), ξ(t))⊕�3(ζ i , s(t), ξ(t)),

‖�(ζ i , s(t), ξ(t))‖ ≤ εN . (6.74)
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System (6.74) has a globally attracting invariant set (for almost all initial
conditions), which can be characterized as follows:

{ζ i ∈ R
3|1− ρ(εN) ≤ ζ 2

i,2 + ζ 2
i,3 ≤ 1+ ρ(εN)}, ρ ∈ K∞.

This follows immediately from the fact that (6.69) is structurally stable and has
a globally attracting invariant set (for almost all initial conditions). Furthermore,
for any given εN and a bounded set of initial conditions �ζ (r) = {ζ i ∈ R

3|
‖ζ i‖ ≤ r , r ∈ R>0} there exists a constant B1 such that ‖ζ i(t)‖∞,[0,∞] < B1.
Hence solutions of the system

ζ̇i,j =
N∑

m=1

αj ,mσ(ω
T
j ,m · u(s(t), ξ(t), ζ i)+ βj ,m),

u(s(t), ξ(t), ζ i) = s(t)⊕ ξ(t)⊕ ζ i , j = 1, 2, 3 (6.75)

are bounded for all initial conditions from �ζ (r), provided that inequality (6.72)
holds over sufficiently large intervals �x and �y (for sufficiently large v). Fur-
thermore, given that εN is sufficiently small, solutions of (6.75) enter the domain
�s×�(x′, y′) specified by (6.66) in finite time. Finally, according to equality (6.73)
and Theorem 3.4 in Khalil (2002), solutions of (6.75) starting in �(x′, y′) satisfy
the following inequality:

‖qi(t , qi,0)− ζ i(t , qi,0)‖ ≤
εN

Li(D0)

(
eLi(D0)(t−t0) − 1

)
,

qi,0 ∈ �s ×�(x′, y′). (6.76)

Hence, for any t ≥ 0, solutions of (6.75) starting from �ζ (r) approach the target
set within a fixed time (dependent on δ) and stay in its vicinity arbitrarily long,
provided that the values δ in (6.68) and εN in (6.72)–(6.74) are sufficiently small.
The possibility of the latter follows from Cybenko (1989), i.e. the value of εN can
be made arbitrarily small by appropriate choice of the parameters N , ωj ,m, αj ,m,
and βj ,m, and the value of δ can be made arbitrarily small because it is our design
parameter.

Taking (6.76), (6.71), (6.25), and (6.22) into account, we conclude the proof by
choosing hf ,i(x, s) and hθ ,i(x, s) as follows:

hf ,i(x, s) = hf ,i(ζ 1 ⊕ · · · ⊕ ζNf
, s) = s − ζi,1,

hθ ,i(x, s) = hθ ,i(ζ 1 ⊕ · · · ⊕ ζNf
, s) = a + b − a

2
(ζi,2 + 1).

(6.77)

�



290 Adaptive behavior in recurrent neural networks with fixed weights

Before concluding this section we would like to provide several remarks regarding
Theorem 6.1.

Remark 6.1 As follows from the theorem, the class to which a given signal
belongs can be determined from the values of hf ,j (x(t), s(t)), j = {1, . . . ,Nf }
(specified, for example, by (6.77)) within a finite interval of time. When s(t) =
si(t , si,0, θi , ηi(t)) the values of hf ,i(x(t), s(t)) should approach a small neighbor-
hood of zero and stay there for a sufficiently long time. The estimate of θi up to
its equivalence class is available from the values of hθ ,i(x(t), s(t)) over the same
interval. As follows from our proof, the more accurately the RNN approximates
system (6.68) the larger the interval of time during which hf ,i(x(t), s(t)) is in the
vicinity of zero. Indeed, if the approximation error is small, e.g. the value of εN in
(6.72) is small, then for a given δ∗ ∈ R>0 the right-hand side of (6.76) should not
exceed δ∗ for all t ∈ [t0 + T ]:

0 ≤ T = 1

Li(D0)
ln

(
δ∗Li(D0)

εN
+ 1

)
.

The smaller εN the larger the value of T and hence the longer the interval of
time during which the trajectories of the RNN stay within the δ∗-neighborhood of
the solutions of (6.68). The latter, as follows from (6.71), can be made arbitrarily
close to that of the converging prototype (6.17)–(6.19) by choosing the value of
δ sufficiently small. Thus the function hf ,i(x(t), s(t)), as defined by (6.77), will
asymptotically approach zero and stay in its close proximity for a sufficiently long
time, subject to the choice of δ and εN .

From a practical viewpoint it might sometimes be preferable to readout from the
RNN outputs directly, rather than having to satisfy ourselves with the existence
of two sets of readout functions, for the state and input, respectively, of the RNN.
Even though this option is not stated explicitly in Theorem 6.1, it can easily be
shown that the preferred option can, indeed, be realized. Adding to the recurrent
subsystem (6.8) a feedforward part realizing continuous “output” functions (6.77)
enables direct readout from the RNN outputs.

Remark 6.2 Theorem 6.1 does not imply that recognition of the class of the
input signal s(t) involves convergence of the RNN state to an attractor. Yet its
formulation does not exclude this option either. In fact, when fi(ξ(t), θi) satisfies
some additional restrictions (e.g. linear or monotone parametrization with respect
to θi), it is possible to replace (6.18) and (6.19) with another prototype system: one
that converges to a point attractor exponentially (see Theorem 5.9). This implies that
it depends substantially on the properties of fi(ξ(t), θi) whether the network state
will behave intermittently or asymptotically converge to an attractor. It is important,
however, that in both cases an RNN will successfully solve the recognition problem.
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Remark 6.3 Even though the theorem applies to the case in which θi is a scalar, it
can be trivially extended to the case in which the uncertain parameters are vectors
from a bounded domain �θ ,d ⊂ R

d . To do so one needs to find a Lipschitz mapping
λ : R → R

d such that for a given small ελ ∈ R>0 the following property holds:

∀ θ i ∈ �θ ,d ∃ θi ∈ �θ : ‖θ i − λ(θi)‖ < ελ.

Hence the problem will reduce to the scalar case to which Theorem 6.1 applies.

Remark 6.4 Our proof of Theorem 6.1 not only demonstrates the possibility that
an RNN can classify uncertain functions of time adaptively but also allows us to
estimate the number of dynamic nodes, e.g. the value of Nx in (6.8), which is
sufficient for successful classification. As follows immediately from (6.68), (6.74),
and (6.75) the number of the dynamic states, Nx , can be as small as

Nx = 3Nf , (6.78)

where Nf is the number of functions fi(·, ·) to be classified. Further, suppose that
N is the number of sigmoidal terms ensuring sufficiently accurate approximation of
each function on the right-hand side of (6.68). Then the total number of sigmoidal
functions in the network, Ntotal, can, in principle, be estimated as follows:

Ntotal = 3NfN . (6.79)

These estimates, despite inheriting a linear dependence on Nf , are still some-
what conservative. Simple numerical examples show that there is room for further
improvements. Consider, for instance, the following set of signals:

ṡi = −si + fi(ξ(t), θi), i = {1, 2}, θi ∈ [0, 4π ], (6.80)

where

f1(ξ(t), θ1) = sin(ξ(t)θ1)+ cos(ξ(t)θ1),

f2(ξ(t), θi) = sin(ξ(t)θ2)+ cos3(ξ(t)θ2), ξ(t) = sin(t).
(6.81)

According to (6.78) and (6.79) the number of the dynamic states in an RNN that
adaptively classifies signals (6.80) and (6.81) could be as small as 6. Assuming that
only two sigmoid functions are used to approximate the right-hand side of each
equation of (6.68), the total number of sigmoidal nodes in the RNN is 12. In our
numerical simulations we have found, however, that an RNN with as few as 10
recurrent nodes is able to solve the adaptive classification problem of signals si(t)
defined by (6.80) and (6.81). Results of this experiment are provided in Figure 6.4.
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Figure 6.4 Adaptive classification of signals (6.78) and (6.79) by an RNN with
10 dynamic states. The network had two inputs, one for the signals si(t) and
the other for the signal ξ(t), and one output. When s1(t) is present on the first
input, the output should converge to −1; when signal s2(t) is present, the output
should converge to 1. (a) The trajectories of the actual output (black solid line)
and desired performance (gray dashed line) of the network as functions of model
time. We started with signal s1(t), in which the value of θ1 was set to θ1 = 2π .
In the middle of the simulation we replaced s1(t) with s2(t), in which the value
of θ2 was set to θ2 = 3π . Even though the parameters and signals change, the
network clearly solves the classification problem correctly. The same happens for
other values of θi ∈ [0, 4π ] for which the network was trained. (b) The difference
between the actual and desired responses of the network. Always, after a short
period of transient behavior, the error settles well within the standard 5% zone
marked by two dashed lines.

In this example we used a network with 10 recurrent nodes. This number obvi-
ously exceeds the value provided by the estimate (6.78). On the other hand, adaptive
classification is achieved by an RNN with a smaller total number of sigmoidal nodes
than that predicted by (6.79). These results motivate further attention to this topic.

6.5 Summary

The result of this chapter is that we have shown how synthesis and analysis methods
from the domain of adaptive control and regulation can be used to derive a formal
proof that an RNN with fixed weights can serve as a universal adaptive classifier
of both static and dynamic inputs. The number of dynamical states in an RNN
recognizing Nf different classes of signals si(t) can, according to our analysis,
be as small as 3Nf , i.e. it grows linearly with the size of the set of signals to be
classified.

We stated the classification and recognition problems in a behavioral context
in which, over time, the desired input–output relationship is achieved. Finding a
solution corresponds to a network dynamics in which the state reaches a given
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neighborhood of the a-priori-specified set and stays there for a sufficiently long
time, provided that the input to the network belongs to a given class (Problem
6.1). With these ramifications, RNNs solve the problem of adaptively classifying
time-dependent signals. We did not set out to guarantee, however, that the state of
the RNN will asymptotically converge to an equilibrium or its small vicinity as a
result of recognition. On the other hand, the amount of time a network would spend
in the vicinity of a target set can be made sufficiently large for this approach to
qualify as a practical solution to the classification problem. For classification, after
all, asymptotic convergence is not actually needed.



7

Adaptive template matching in systems for processing
of visual information

Consider spatiotemporal pattern representation in the framework of template match-
ing, the oldest and most common method for detecting an object in an image.
According to this method the image is searched for items that match a template. A
template consists of one or more local arrays of values representing the object, e.g.
intensity, color, or texture. A similarity value between these templates and certain
domains of the image is calculated,1 and a domain is associated with the template
once their similarity exceeds a given threshold.

Despite the simple and straightforward character of this method, its implemen-
tation requires us to consider two fundamental problems. The first relates to what
features should be compared between the image S0(x, y) and the template Si(x, y),
i ∈ I. The second problem is how this comparison should be done.

The normative answer to the question of what features should be compared
invokes solving the issue of optimal image representation, ensuring the most effec-
tive utilization of available resources and, at the same time, minimal vulnerability to
uncertainties. Solutions in principle to this problem are well known from the litera-
ture and can be characterized as spatial sampling. For example, when the resource
is the frequency bandwidth of a single measurement mechanism, the optimality
of spatially sampled representations is proven in Gabor’s seminal work (Gabor
1946).2 In classification problems, the advantage of spatially sampled image repre-
sentations is demonstrated in Ullman et al. (2002). In general, these representations
are obtained naturally on balancing the system’s resources and uncertainties in the
measured signal.

1 Traditionally a correlation measure is commonly used for this purpose (Jain et al. 2000).
2 Consider, for instance, a system that measures an image Si(x, y) using a set of sensors {m1, . . . ,mn}. Each sensor
mi is capable of measuring signals within the given frequency band �i at the location xi in the corresponding
spatial dimension x. Then, according to Gabor (1946), sensor mi can measure both the frequency content of
a signal and its spatial location with minimal uncertainty only if the signal has a Gaussian envelope in x:

Si(x, y) ∼ e
σ−2
i

(x−xi )
2

. In other words, the signal should be practically spatially bounded. This implies that
the image must be spatially sampled.

294
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Figure 7.1 Spatial sampling of an image S(x, y) : �x × �y → R≥0 according
to the factorization of �x × �y into subsets �x,t1 × �y,t1 , �x,t2 × �y,t2 , and
�x,t3 ×�y,t3 .

A variety of sophisticated spatial sampling methods exists (Gabor 1946;
Blake et al. 1994; Bueso et al. 1999; Lee and Yuille 2006). Here we limit ourselves
to spatial sampling in its elementary form, which is achieved by factorizing both
the domain �x ×�y of the image S0 and the templates Si , i ∈ I into subsets:

�x ×�y =
⋃
t

�x,t ×�y,t , t ∈ �t , �x,t ⊆ �x , �y,t ⊆ �y . (7.1)

Factorization (7.1) induces sequences {Si,t }, where Si,t are the restrictions of
mappings Si to the domains �x,t ×�y,t . These sequences constitute sampled rep-
resentations of Si , i ∈ I+ (see Figure 7.1). Notice that the sampled image and
template representations {Si,t } are, strictly speaking, sequences of functions. In
order to compare them, scalar values f (Si,t ) are normally assigned to each Si,t .
Examples include various functional norms, correlation functions, spectral charac-
terizations (average frequency or phase), or simply weighted sums of the values of
Si,t over the entire domain�x,t×�y,t . Formally, f could be defined as a functional,
which maps restrictions Si,t into the field of real numbers:

f : L∞(�x,t ×�y,t )→ R. (7.2)

This formulation allows a simple representation of images and templates as
sequences of scalar values {f (Si,t )}, i ∈ I+, t ∈ �t . We will therefore adopt
this method here.

The answer to the second question, how the comparison is done, involves finding
the best and simplest way possible to utilize the information that a given image
representation provides, while at the same time ensuring invariance with respect
to basic distortions. Despite the fact that considerable attention has been given to
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this problem, a unified solution in principle is not yet available. The primary goal
of our current contribution is to present a unified framework within which to solve
this problem for a class of systems of sufficiently broad theoretical and practical
relevance.

We consider the class of systems in which spatially sampled image represen-
tations are encoded as temporal sequences. In other words, the parameter t in
the notation f (Si,t ) is the time variable. This type of representation is frequently
encountered in neuronal networks (Gutig and Sompolinsky 2006) (see also refer-
ences therein). Examples of similar representation schemes are widely reported in
the neuroscience literature. For example, Alonso et al. (1996) show that patches of
visual stimuli that are perceived as spatially close by the processing system (e.g.
when the receptive fields of individual cells overlap) are encoded by similar firing
spike patterns and vice versa. In our model spatially non-overlapping patches are
represented by different sequences {f (Si,t )}, and identical images have identical
temporal representations. Hence, such systems have a claim to biological plausi-
bility. In addition, they enable a simple solution to a well-known dilemma. This is
about whether comparison between templates and image domains should be made
on a large, i.e. global, or on a small, i.e. local, scale. The solution to this dilemma
consists in temporal integration. Let, for instance, �t = [0, T ], T ∈ R>0. Then an
example of a temporally integral, yet spatially sampled, representation is

f (Si,t ) %→ φi(t) =
∫ t

0
f (Si,τ )dτ , t ∈ [0, T ], i ∈ I+. (7.3)

The temporal integral φi(t) contains both spatially local and global image char-
acterizations. Whereas its time-derivative at t equals to f (Si,t ) and corresponds
to the spatially sampled, local representation Si,t , the global representation φi(T )

is equal to the integral, cumulative characterization of Si . An example illustrating
these properties is provided in Figure 7.2. A further advantage of spatiotempo-
ral representations φi(t) is that they offer powerful mechanisms for comparison,
processing, and matching of φi(t), i ∈ I. These mechanisms can generally be
characterized in terms of dynamic oscillator networks that synchronize when their
inputs are converging to the same function.

Despite advantages such as optimality, simplicity, and biological plausibility,
there are theoretical issues that have prevented wide application of spatiotemporal
representations to template matching. The most important issues, from our point of
view, are, first, how to achieve effective recognition in the presence of modeled dis-
turbances, of which the most common ones are blur, luminance, and rotational and
translational distortions; and second, how to take into account inevitable unmodeled
perturbations.
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Figure 7.2 Spatiotemporal image representation via spatial sampling and temporal
integration. Image (a) contains the original object, S0; (x, y) marks a point on
the image with respect to which the correlation is calculated; factorization of the
domain�x×�y into 10 arbitrary (here chosen to be non-intersecting) subsets�x×
�y = ∪10

j=1�x,tj × �y,tj . In (b) templates S1 and S2 and plots of ftj (S1,tj )(x, y)
and ftj (S2,tj )(x, y) – the values of the normalized correlation between Si,tj =
Si(�x,tj ×�y,tj ) and S0(�x,tj ×�y,tj ) – are shown. (c) Plots of the values of (7.3)
as a function of the parameter t for templates S1 (gray line) and S2 (black line).

The first class of problems amounts to finding a possible transformation of the
template that can model the disturbance. Similarly to the framework of deformable
templates (Amit 2002; Amit et al. 1991), we assume a disturbance model to be
a mapping that maps the template, Si , into the image, S0. Unlike in traditional
deformable-template approaches (Miller and Younes 2001), we do not wish to
assume, however, that this mapping is invertible, or forms a group action. This
is because we would like to enable multiple solutions to the matching problem, as
is often the case in biological vision. Furthermore, even when the transformation is
invertible, the inverse operation could be highly susceptible to small image noise,
which, for instance, is the case for integration/differentiation operations. Finally,
for the sake of computational effectiveness we would like to refrain from pos-
ing the matching problem as an optimization problem in the space of functions
(transformations).

For these reasons we will consider modeled disturbances as known, yet non-
linearly parametrized mappings. The parameters of these mappings, however, are
allowed to be uncertain. This enables us to consider standard group actions like
rotation, translation, or scaling as a special case of perturbations. In addition, it
allows us to consider non-invertible and generally nonlinear transformations. Last,
but not least, in the context of our current approach finding a suitable transfor-
mation of the template amounts to designing a dynamic identification/adaptation
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algorithm with proven efficiency in reconstructing parameters of generally nonlin-
ear perturbations. The latter is an optimization problem in finite (low)-dimensional
space compared with optimization in the infinite-dimensional space of functions.
The currently available approaches to designing such algorithms are restricted to
linear parametrization of disturbances, involve overparametrization, or use dom-
ination feedback. Yet, linear parametrization is too restricted to be plausible,
overparametrization is expensive in terms of the number of adjustable units, and
domination lacks adequate sensitivity. For these reasons current methods remain
unsatisfactory. We will, therefore, propose a novel solution to these problems.

The second class of problems, recognition in the presence of unmodeled pertur-
bations, calls for procedures for recognizing an image from its perturbed temporal
representation φi(t). At this level the system is facing contradictory requirements
of ensuring robust performance while being highly sensitive to minor changes in
the stimulation. Here, too, we will advocate a solution.

The proposed solution to both types of problem diverges from current approaches,
which invoke the concept of Lyapunov-stable attractors. We concur that, by allow-
ing the system to converge on an attractor, these methods are able to eliminate
modeled and unmodeled distortions and thus, for instance, complete an incomplete
pattern in the input (Amit et al. 1985; Fuchs and Haken 1988; Herz et al. 1989;
Hopfield 1982; Ritter and Kohonen 1989). The strength of these systems resides in
the robustness inherent to uniform asymptotic Lyapunov stability. There is, how-
ever, a corresponding weakness: such systems are generally lacking in flexibility.
Each stable attractor in the system represents one pattern, but often an image con-
tains more than one pattern. When the system is steered to one template, the other
is lost from the representation. It would, therefore, be preferable to have a system
that allows flexible switching between alternative patterns. Yet, the very notion of
stable convergence to an attractor provides an obstacle to switching and exploration
across patterns. Furthermore, as we will show, for a class of images with multiple
representations and various symmetries globally stable solutions to the problem of
invariant template matching might not even exist.

We propose a unifying framework capable of combining robustness and flexibil-
ity. In contrast to common intuitions, which aim at achieving the desired robustness
by means of stable attractors, we advocate instability as an advantageous substitute.
More precisely, we consider a specific type of instability inherent to solutions con-
verging to proper weakly attracting sets and Milnor attractors (Milnor 1985). The
utility of the notion of weakly attracting sets has already been acknowledged in the
general context of modeling brain activity and decision-making. For example, in
networks of nonlinear oscillators and coupled maps the emergence of Milnor attrac-
tors is considered as a precursor for chaotic itinerancy – the system’s dynamic state
corresponding to sporadic chaotic switching of trajectories from one quasi-attractor
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Figure 7.3 The general scheme of a system for adaptive template matching using
temporal codes. Level 1 contains the adaptive compartments. Its functional role is
to ensure invariance with respect to modeled uncertainties. Level 2 corresponds to
the comparison compartments and consists of coupled nonlinear oscillators. The
solid arrows represent the information flow in the system.

(ghost attractor) to another (Tsuda and Fujii 2007).3 Here we demonstrate that the
concept of weakly attracting sets provides a unifying framework for solving pattern-
recognition problems such as that of template matching. We show that trading the
habitual requirement of Lyapunov stability for a more relaxed property of con-
vergence to weakly attracting sets provides both the necessary invariance and the
flexibility needed. Doing so, furthermore, allows us to overcome challenging tech-
nical issues related to nonlinearity and non-convexity of modeled uncertainties with
respect to the tuned parameters. Finally, the relevance of Milnor attractors has been
argued extensively for models of information processing in the human brain (see
van Leeuwen (2008) for a review). We will briefly illustrate with examples how
Milnor attractors could instill functionality in the brain.

To illustrate these principles we designed a recognition system consisting of
two major components (see Figure 7.3). The first is an adaptive component in
which information is processed by a class of spatiotemporal filters. These filters
represent internal models of distortions. The models of most common distortions,
including rotation, translation, and blur, are often nonlinearly parametrized. Until
recently adequate compensatory mechanisms for nonlinear parametrized uncer-
tainties have been unexplored territory. In Tyukin and van Leeuwen (2005) it has
been shown that the problem of non-dominating adaptation could, in principle, be
solved within the concept of Milnor or weak, unstable attractors. Here we provide
a solution to this problem that will enable systems to deal with specific nonlinearly

3 See also the related concepts of heteroclinic channels (Rabinovic et al. 2008) and relaxation times (Gorban
2004).
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parametrized models of distortions that are typical for a variety of optical and
geometric perturbations.

The second major component of our system consists of a network of coupled
nonlinear oscillators. These operate as coincidence detectors. Each oscillator in
our system represents a Hindmarsh–Rose-model neuron. These model neurons are
generally believed to provide a good qualitative approximation to biological neuron
behavior. At the same time they are computationally cost-effective (Izhikevich
2004). For networks of these oscillators we prove, first of all, the boundedness of
the state of the perturbed solutions. In addition, we specify the parameter values
which lead to the emergence of globally stable invariant manifolds in the system’s
state space. Although we do not provide explicit criteria for the meta-stability that
quasi-attractors provide in this class of networks, the conditions presented allow
us to narrow substantially the domain of relevant parameter values in which this
behavior is to be found.

There is an interesting consequence to the unstable character of the compen-
sation for modeled perturbations. When the system negotiates multiple classes
of uncertainties simultaneously (e.g. focal/contrast and intensity/luminance), dif-
ferent types of compensatory adjustments are made at different time scales.
Adaptation at different time scales is a well-known phenomenon in biolog-
ical visual systems (Baccus and Meister 2002; Demontis and Cervetto 2002;
Sharpe and Stockman 1999; Smirnakis et al. 1997), in particular when light/dark
adaptationiscombinedwithoptical/neuronalblur(Hofer and Williams2002;Mather
2006; Mon-Williams et al. 1998; Rodieck 1998). Our analysis below suggests that
this difference in time scales emerges naturally as a sufficient condition for the proper
operation of our system.

7.1 Preliminaries and problem formulation

We assume that the values S0(x, y) of the original image are not available explicitly
to the system; the system is able to measure only perturbed values of S0(x, y).
Perturbation is defined as a mapping F :

F[S0, θ ] : L∞(�x ×�y)× R
d → L∞(�x ×�y),

where θ is the vector of parameters of the perturbation. The values of θ are assumed
to be unknown a priori, whereas the mapping F is known.

In systems for processing spatial information, mappings F often belong to a
specific class that can be defined as follows:

F[S0, θ ] = θ1 · F̄[S0, θ2], θ1 ∈ R, θ2 ∈ R,

F̄[S0, θ2] : L∞(�x ×�y)× R → L∞(�x ×�y),

θ = (θ1, θ2).

(7.4)
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Table 7.1. Examples of typical nonlinear perturbations of S0. The parameter �θ

in the right-hand column is a positive constant

Mathematical model Domain of
Physical meaning of F̄[S0, θ2] relevance

Translation (in x), F̄[S0, θ2] = S0(x + θ2, y) θ2 ∈ [−�θ ,�θ ]
θ2 – shift

Scaling (in x), F̄[S0, θ2] = S0(θ2 · x, y) 0 < θ2 ≤ �θ

θ2 – scaling factor

Rotation F̄[S0, θ2] = S0(xr(x, y, θ2), yr(x, y, θ2)), 0 ≤ θ2 ≤ 2π
around the origin,
θ2 – rotation angle xr(x, y, θ2) = cos(θ2)x − sin(θ2)y,

yr(x, y, θ2) = sin(θ2)x + cos(θ2)y

Image blur F̄[S0, θ2] =
∫
�x×�y

h · S2(ξ , γ )dξ dγ 0 < θ2 ≤ �θ

(not normalized),

θ2 – blur parameter
1) Gaussian:

h = e
− 1

θ2
((x−ξ)2+(y−γ )2)

2) Out-of-focus:

h =
{

1/(πθ2
2 ), r(x, y) ≤ θ2,

0, else,

r(x, y) =
√
(x − ξ)2 + (y − γ )2)

The parameter θ1 ∈ [θ1,min, θ1,max] ⊂ R in (7.4) models linear perturbations,
for instance variations of overall brightness or intensity of the original image S0.
The parameter can also be interpreted as an a-priori-unknown gain in the mea-
surement channel of a sensor. The mapping F̄(S0, θ2) in (7.4), parametrized by
θ2 ∈ [θ2,min, θ2,max] ⊂ R, corresponds to typical nonlinear perturbations of image
S0 such as image blur (Banham and Katsaggelos 1997). Table 7.1 provides exam-
ples of these perturbations, their mathematical models, and the physical meaning of
the parameter θ2. Throughout this discussion we assume that the mappings F̄[S0, θ2]
are Lipschitz in θ2:

∃ D ∈ R>0 :
∣∣F̄[S0, θ ′2](x, y)− F̄[S0, θ ′′2 ](x, y)

∣∣ ≤ D|θ ′2 − θ ′′2 |,
∀ (x, y) ∈ �x ×�y , θ ′2, θ ′′2 ∈ R. (7.5)

Notice that, strictly speaking, several typical transformations, such as translation,
scaling, and rotation, are not always Lipschitz. This is because the image S0 can, for
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instance, have sharp edges corresponding to discontinuities in x and y. In practice,
however, prior application of a blurring linear filter will render sharp edges in an
image smooth, thus assuring that condition (7.5) applies.4

The image F[S0, θ ] is assumed to be spatially sampled according to factorization
(7.1):

Ft [S0, θ ](x, y) =
{ F[S0, θ ](x, y), (x, y) ∈ �x,t ×�y,t ,

0, else,
t ∈ �t . (7.6)

Because the index t in (7.6) is assumed to be a time variable we let �t = [0,∞).
To each Ft [S0, θ ] a value f (Ft [S0, θ ]) ∈ R is assigned. Formally this procedure
can be defined by a functional that maps mappings Ft [S0, θ ] into the real values:

f : L∞(�x ×�y)→ R. (7.7)

In the singular case, when �x,t ×�y,t is a point (xt , yt ), the functional f and map-
ping Ft [S0, θ ](x, y) will be defined as f = Ft [S0, θ ](xt , yt ) = F[S0, θ ](xt , yt ).

We concentrated our efforts on obtaining a solution in principle to the prob-
lem of invariant template matching in systems with spatiotemporal processing of
information. For this reason we prefer not to provide a specific description of the
functionals f . We do, however, restrict our consideration to linear and Lipschitz
functionals, e.g. the functionals satisfying the following constraints:

f (κF) = κf (F), ∀ κ ∈ R,
∣∣f (F)− f (F ′)∣∣ ≤ D2‖F − F ′‖∞,

D2 ∈ R>0.
(7.8)

Examples of functionals f satisfying conditions (7.8) and their physical interpre-
tations are provided in Table 7.2.

Taking into account (7.4), (7.6), and the fact thatf is linear, the following equality
holds:

f (Ft [S0, θ ]) = θ1f (F̄t [S0, θ2]),

F̄t [S0, θ2] =
{ F̄[S0, θ2](x, y), (x, y) ∈ �x,t ×�y,t ,

0, else.
(7.9)

For the sake of compactness, in what follows we replace f (F̄t [S0, θ2]) in the
definition of f (Ft [S0, θ ]) in (7.9) with the following notation:

f (F̄t [S0, θ2]) = f0(t , θ2), f0 : �t × R → R. (7.10)

4 In biological vision discontinuity of S0 in x and y corresponds to images with abrupt local changes in brightness
in the spatial dimensions x and y. Although this is a rather common situation in nature, in visual systems actual
images S0 rarely reach a sensor in their spatially discontinuous form. In fact, prior to reaching the sensory
receptors, they are subject to optical linear filtering. Therefore the images that reach the sensor are always
smooth. Hence condition (7.5) will generally be satisfied.
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Table 7.2. Examples of spatially-sampled representations of S0

Physical meaning Mathematical model of f

Spectral power within the
given frequency bands:
ωx ∈ [ωa ,ωb],
ωy ∈ [ωc,ωd ]

f = ∫ ωb

ωa

∫ ωd

ωc

∥∥∥∫�x×�y
Ft [S0, θ ](x, y)

× e−j(ωxx+ωyy)dx dy
∥∥ dωx dωy

Weighted sum f = ∫
�x×�y

Ft [S0, θ ](x, y)e−|x−x0|−|y−y0|dx dy

(for instance, convolution (x0, y0) is the reference, “attention” point
with exponential kernel)

Scanning the image �x,t ×�y,t = (ξ(t), γ (t))
along a given trajectory
(x(t), y(t)) = (ξ(t), γ (t)) f = F[S0, θ ](ξ(t), γ (t))

The notation f0(t , θ2) in (7.10) allows us to emphasize the dependence of f on
the unknown θ2, time variable t , and original image S0. The subscript “0” in (7.10)
indicates thatf0(t , θ2) corresponds to the sampled and perturbedS0 ((7.4), (7.7), and
(7.8)), and the argument θ2 is the nonlinear parameter of the perturbation applied
to the image. Adhering to this logic, we introduce the notation

f (Ft [Si , θ ]) = θ1f (F̄t [Si , θ2]) = θ1fi(t , θ2),

where the subscript “i” indicates that fi(t , θ2) corresponds to the perturbed and
sampled template Si , and θ2 is the nonlinear parameter of the perturbation applied
to the template.

Let us now specify the class of schemes realizing temporal integration of spatially
sampled image representations. Explicit realization of the temporal integration (7.3)
is not feasible because it may lead to unbounded outputs for a wide class of rel-
evant signals, for instance signals that are constant or periodic with a non-zero
average. The behavior of a temporal integrator (7.3), however, can be fairly well
approximated by a first-order linear filter. For the sampled image and template
representations θ1fi(t , θ2), these filters can be defined as follows:

φ̇0 = −1

τ
φ0 + k · θ1f0(t , θ2),

φ̇i = −1

τ
φi + k · θ1fi(t , θ2), k, τ ∈ R>0, i ∈ I.

(7.11)

In contrast to (7.3), for filters (7.11) it is ensured that their state remains bounded
for bounded inputs. In addition, to a first approximation, the equations in (7.11)
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present a simple model of neural sensors collecting and encoding spatially dis-
tributed information in the form of a function of time.5 With respect to the physical
realizability of (7.11), in addition to requirements (7.5) and (7.8) we shall assume
only that spatially sampled representations θ1fi(t , θ2), i ∈ I+ of Si ensure the
existence of solutions for the system (7.11).

Consider the dynamics of variables φ0(t) and φi(t), i ∈ I defined by (7.11).
We say that the ith template matches the image iff for some given ε ∈ R≥0 the
following condition holds:

lim sup
t→∞

|φ0(t)− φi(t)| ≤ ε. (7.12)

The problem, however, is that the parameters θ1 and θ2 in (7.11) are unknown a
priori. While perturbations affect the image directly, they do not necessarily influ-
ence the templates. Rather to the contrary, for consistent recognition the templates
are better kept isolated from external perturbations – at least within the time frame
of pattern recognition, although they may, of course, be affected by adaptive learn-
ing on a larger time scale. Having fixed, unmodified templates in comparison with
perturbed image representations implies that, even when objects corresponding to
the templates are present in the image, the temporal image representation φ0(t) will
likely be different from any of the templates, φi(t). This will render the chance that
condition (7.12) is satisfied very small, so a template would hardly ever be detected
in an image.

We propose that the proper way for a system to meet requirement (7.12) is to
mimic the effect of disturbances in the template. In order to achieve this, a template-
matching system should be able to track the unknown values of the parameters θ1

and θ2. Hence the original equations for temporal integration (7.11) will be replaced
with the following:

φ̇0 = −1

τ
φ0 + k · θ1f0(t , θ2),

φ̇i = −1

τ
φi + k · θ̂i,1fi(t , θ̂i,2), k, τ ∈ R>0, i ∈ I,

(7.13)

where θ̂i,1 and θ̂i,2 are the estimates of θ1 and θ2. The estimates θ̂i,1 and θ̂i,2 must
track instantaneous changes of θ1 and θ2. The information required for such an
estimation should be kept to a minimum. An acceptable solution would be a simple
mechanism capable of tracking the perturbations from the measurements of the
image alone. The formal statement of this problem is provided below.

5 In principle, (7.11) can be replaced with a more plausible model of temporal integration such as integrate-and-
fire, Fitzhugh–Nagumo, or Hodgkin–Huxley-model neurons. These extensions, however, are not immediately
relevant for the purpose of our current study. We decided to keep the mathematical description of the system as
simple as possible, keeping in mind the possibility of extension to a wider class of temporal integrators (7.11).
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Problem 7.1 For a given image S0, template Si , and their spatiotemporal
representations satisfying (7.5), (7.8), and (7.13), find estimates

θ̂i,1 = θ̂i,1(t , τ , κ ,φ0,φi), θ̂i,2 = θ̂i,2(t , τ , κ ,φ0,φi) (7.14)

as functions of time t , variables φ0 and φi and parameters τ and κ such that for all
possible values of parameters θ1 ∈ [θ1,min, θ1,max], θ2 ∈ [θ2,min, θ2,max]
(1) solutions of system (7.13) are bounded;
(2) in the case f0 = fi property (7.12) is ensured;
(3) the following holds for some θ ′1 ∈ [θ1,min, θ1,max], θ ′2 ∈ [θ2,min, θ2,max]:

lim sup
t→∞

|θ̂i,1(t , τ , κ ,φ0(t),φi(t))− θ ′i,1| ≤ εθ ,1, εθ ,1 ∈ R≥0,

lim sup
t→∞

|θ̂i,2(t , τ , κ ,φ0(t),φi(t))− θ ′i,2| ≤ εθ ,2, εθ ,2 ∈ R≥0.
(7.15)

Once the solution to Problem 7.1 has been found, the next step is to ensure that
similarities (7.12) are registered in the system. In line with Figure 7.3, we propose
that the detection of similarities is realized by a system of coupled oscillators. In
particular, we require that states of oscillators i and 0 converge as soon as the signals
φ0(t) and φi(t) become sufficiently close.

In the present discussion we restrict ourselves to the class of systems composed
of linearly coupled Hindmarsh–Rose-model neurons (Hindmarsh and Rose 1984).
This choice is motivated by the fact that these oscillators can reproduce a broad
class of behaviors observed in real neurons while being computationally efficient
(Izhikevich 2004). A network of these neural oscillators can be mathematically
described as follows:

SDi
:




ẋi = −ax3
i + bx2

i + yi − zi + I + ui + φi(t),
ẏi = c − dx2

i − yi ,
żi = ε(s(xi + x0)− zi),

i ∈ I+. (7.16)

The variables xi , yi , and zi correspond to the membrane potential, and aggregated
fast and slow adaptation currents, respectively. The coupling ui in (7.16) is assumed
to be linear and symmetric:

u =




u0

u1
...
un


 = �




x0

x1
...
xn


 , � = γ



−n 1 · · · 1
1 −n · · · 1
· · · · · · · · · · · ·
1 1 · · · −n


 , (7.17)

and parameter γ ∈ R≥0. Our choice of the coupling function in (7.17) is motivated
by the following considerations. First, we wish to preserve the intrinsic dynamics
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of the neural oscillators when they synchronize, e.g. when xi = xj , yi = yj , and
zi = zj , i, j ∈ {0, . . . , n}. For this reason it is desirable that the coupling vanishes
when the synchronous state is reached. Second, we seek a system in which syn-
chronization between two arbitrary nodes, say the ith and j th nodes, is determined
exclusively by the degree of (mis)matches in φi(t) and φj (t), independently of the
activity of other units in the system. Third, the coupling should “pull” the system’s
trajectories towards the synchronous state. The coupling function (7.17) satisfies
all these requirements.

We set the parameters of (7.16) to the following values:

a = 1, b = 3, c = 1, d = 5,
s = 4, x0 = 1.6, ε = 0.001,

(7.18)

which correspond to the regime of chaotic bursting in each uncoupled element in
(7.16) (Hansel and Sompolinsky 1992).

The problem of detection of similarities in φ0(t) and φi(t) can now be stated as
follows.

Problem 7.2 Let the system (7.16) and (7.17) be given and let there exist i ∈ I
such that condition (7.12) is satisfied. Determine the coupling parameter γ as a
function of the parameters of system (7.16) such that

(1) solutions of the system are bounded for all bounded φi , i ∈ I;
(2) states (x0(t), y0(t), z0(t)) and (xi(t), yi(t), zi(t)) asymptotically converge to

a vicinity of the synchronization manifold x0 = xi , y0 = yi , z0 = zi . In
particular,

lim sup
t→∞

|x0(t)− xi(t)| ≤ δ(ε),

lim sup
t→∞

|y0(t)− yi(t)| ≤ δ(ε),

lim sup
t→∞

|z0(t)− zi(t)| ≤ δ(ε),

where δ(·) is a non-decreasing function vanishing at zero.

In the next section we present solutions to the problems of invariance and detec-
tion. We start from considerations of what an adequate concept of analysis would
be. Our considerations will lead us to the conclusion that, for solving the problem of
invariance, using the concept of Milnor attractors is advantageous over traditional
concepts resting on the notion of Lyapunov stability. This implies that the sets to
which the estimates θ̂i,1 and θ̂i,2 converge should be weakly attracting rather than
Lyapunov-stable. We present a simple mechanism realizing this requirement for
a wide class of models of disturbances. With respect to the second problem, the
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problem of detection, we provide sufficient conditions for asymptotic synchrony in
system (7.16).

7.2 A simple adaptive system for invariant template matching

Consider a system of temporal integrators, (7.13), in which the template subsystem
(the second equation in (7.13)) is designed to mimic the temporal code of an image
using adjustment mechanisms (7.14). Ideally, the template subsystem should have
a single adjustment mechanism, which is structurally simple and yet capable of
handling a broad class of perturbations. In addition, it should require the least
possible amount of a priori information about images and templates.

In our search for a possible adaptation mechanism let us first explore the available
theoretical concepts which can be used in its derivation. The problem of invariance,
as stated in Problem 7.1, can generally be understood as a specific optimization task.
Particular solutions to such tasks, as well as the choice of appropriate mathemati-
cal tools, depend significantly on the following characteristics: uniqueness of the
solutions, convexity with respect to parameters, and sensitivity to the input data
(images and templates). Let us consider whether the invariant template-matching
problem meets these requirements.

Uniqueness. Solutions to the problem of invariant template matching are gener-
ally not unique. The image may contain multiple instances of the template. Even
if there is only a single unique object, the template may fit it in multiple ways, for
instance because it has rotational symmetry. Both cases are illustrated in Figure 7.4.
A similar argument applies to translational invariance in the images with multiple
instances of the template (the right-hand picture in Figure 7.4).

Image 1template Image 2

y1+θ1

x1+θ2

x1+θ2�

y1+θ1

y1

x1

�

θ1
∗

Figure 7.4 An example of a template and images that lead to non-unique solutions
in the problem of invariant template matching. Image 1 is a rotated version of the
template. Because the template has rotational symmetry, the angles θ2 = θ∗2 ±
(π/2)n and n = 0, 1, . . . at which the template and the image match each other
are not unique. Image 2 contains two instances of the template, which also leads
to non-uniqueness.
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Nonlinearity and non-convexity. The problem of invariant template matching
is generally nonlinear and non-convex in θ1 and θ2. Nonlinearity is already evi-
dent from Table 7.1. For illustration of non-convexity consider the following
function,

θ1fi(t , θ2) = θ1

∫
�x,t×�y,t

e−|x−x0|−|y−y0|

×
(∫

�x×�y

e
− 1

θ2
((x−ξ)2+(y−γ )2)

Si(ξ , γ )dξ dγ

)
dx dy, (7.19)

which is a composition of Gaussian blur (the fourth row in Table 7.1) with spatial
sampling and subsequent exponential weighting (the second row in Table 7.2). In
the literature on adaptive systems two versions of the convexity requirement are
available.6 The first version applies to the case in which the difference θ1fi(t , θ2)−
θ̂1,ifi(t , θ̂i,2) is not accessible for explicit measurement, and the variables φ0(t)

and φi(t) should be used instead. In this case the convexity condition will have the
following form (Fradkov 1979):

ei(φ0,φi)

[
(θ1 − θ̂i,1)

∂

∂θ̂i,1
θ̂i,1fi(t , θ̂i,2)+ (θ2 − θ̂i,2)

∂

∂θ̂i,2
θ̂i,1fi(t , θ̂i,2)

]

≥ ei(φ0,φi)
[
θ1fi(t , θ2)− θ̂i,1fi(t , θ̂i,2)

]
. (7.20)

The term ei(φ0,φi) in (7.20) is usually the difference ei(φ0,φi) = φ0 − φi and
has the meaning of error. For the same pairs of points θ1, θ2 and θ̂i,1, θ̂i,2 con-
dition (7.20) may hold or fail depending on the sign of ei(φ0(t),φi(t)) at the
particular time instant t . Hence it is not always satisfied, not even for convex
θi,1fi(t , θi,2).

The second version of the convexity requirement applies when the difference
θ1fi(t , θ2)− θ̂i,1fi(t , θ̂i,2) can be measured explicitly. In this case the condition is
formulated as definiteness of the Hessian of θ1fi(t , θ2). It can easily be verified,
however, that in (7.19) satisfaction of this requirement depends on the values of
Si(ξ , γ ). Hence both versions of the convexity conditions generally fail in invariant
template matching.

Critical dependence on stimulation. An important feature of the invariant
template-matching problem is that its solutions critically depend on particular
images and templates. The presence of rotational symmetries in the templates affects

6 See e.g. the velocity-gradient algorithm (Fradkov 1979) described in Chapter 3, orAssumptions 5.3 in Chapter 5.
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the number of solutions. Hence objects with different numbers of symmetries will
be characterized by sets of solutions with different cardinalities.

We conclude that the problem of invariant template matching generally assumes
multiple alternative solutions, involving nonlinearity and non-convexity with
respect to parameters, and the structure of its solutions depends critically on a-
priori-unknown stimulation. What would be a suitable way to approach this class
of problems in principle?

Traditionally, processes of matching and recognition are associated with con-
vergence of the system’s state to an attracting set. In our case the system’s state is
defined by the vector x:

x = (φ0,φ1, . . . ,φi , . . . , θ̂1,1, θ̂2,1, . . . θ̂i,1, θ̂i,2, . . . ).

The attracting set, A, is normally understood as a set satisfying attractivity in the
sense of Definition 2.1.3. Traditional techniques for proving attractivity employ the
concept of Lyapunov asymptotic stability. Although the notion of set attractivity is
wider, the method of Lyapunov functions is constructive and, in addition, Lyapunov
asymptotic stability implies the desired attractiviy. For these reasons it is highly
practical, and the tandem of set attractivity in Definition 2.1.3 and Lyapunov stabil-
ity has been used extensively in recognition systems, including Hopfield networks
and RNNs.

The problem of invariant template matching, however, challenges the universal-
ity of these concepts. First, because of the inherent non-uniqueness of the solutions,
there are multiple invariant sets in the system’s state space. Hence, global Lyapunov
asymptotic stability cannot be ensured. Second, when each solution is treated as
a locally stable invariant set, it is essentially important to know the domain of
its attractivity. This domain, however, depends on the properties of the function
θ1f0(t , θ2) in (7.13), which vary with stimulation. Third, no method exists for
solving Problem 7.1 for general nonlinearly parametrized θ1f0(t , θ2) that assures
Lyapunov stability of the system.

In order to solve the problem of invariant template matching we therefore pro-
pose to replace the standard notion of an attracting set with a less restrictive concept.
In particular we advocate the concept of weak or Milnor attracting sets (see Defi-
nition 2.1.4). The advantage of using unstable attractors in the present framework
is illustrated in Figure 7.5.

In the next section we present technical details of how Problem 7.1 could be
solved within the framework of Milnor attractors.
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S0,1

S0,1

S0,2
S0,2

S0,3
S0,3

A1 A2

(a) (b)

A1

A2

Figure 7.5 Standard stable attractors, (a), vs. weak attractors, (b). Domains of
stable attractors are neighborhoods containing A1 and A2. Estimates of the sizes
of these domains depend on particular images S0,1, S0,2, and S0,3. These estimates
are depicted as closed curves around A1 and A2. Once the state has converged to
either of the attractors it stays there except, probably, when the image changes.
In contrast to this, the domains of attraction for Milnor attracting sets are not
neighborhoods. Hence, even the slightest perturbation in the image induces a finite
probability of escape from the attractor. Hence multiple alternative representations
of the image could eventually be recovered.

7.2.1 Invariant template matching by Milnor attractors

Consider system (7.13):

φ̇0 = −1

τ
φ0 + k · θ1f0(t , θ2),

φ̇i = −1

τ
φi + k · θ̂i,1fi(t , θ̂i,2), k, τ ∈ R>0, i ∈ I

and assume that the ith template is present in the image. This implies that both
the image and the template will have, at least locally in space, sufficiently similar
spatiotemporal representations. Formally this can be stated as follows:

∃ � ∈ R>0 : |θ1f0(t , θ2)− θ1fi(t , θ2)| ≤ �, ∀ θ1, θ2, t ≥ 0. (7.21)

Hence, without loss of generality, we can replace (7.13) with the following:

φ̇0 = −1

τ
φ0 + k · θ1fi(t , θ2)+ ε(t),

φ̇i = −1

τ
φi + k · θ̂i,1fi(t , θ̂i,2), k, τ ∈ R>0, i ∈ I,

(7.22)

where ε(t) ∈ L∞[0,∞], ‖ε(t)‖∞ ≤ � is a bounded disturbance. Solving Prob-
lem 7.1, therefore, amounts to finding adjustment mechanisms (7.14) such that
trajectories φ0(t) and φi(t) in (7.22) converge and the limiting relations (7.15)
hold.
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The main idea of our proposed solution to this problem is very similar to what
has been presented in Chapter 6, and can informally be summarized as follows.
First, we introduce an auxiliary system

λ̇ = g(λ,φ0,φi , t), λ ∈ R
λ, g : R

λ × R× R× R≥0 → R
λ (7.23)

and define θ̂i,1 and θ̂i,2 as functions of λ, φ0, and φi :

θ̂i,1 = θ̂i,1(λ, τ , κ ,φ0,φi), θ̂i,2 = θ̂i,2(λ, τ , κ ,φ0,φi). (7.24)

Second, we show that for some ε ∈ R>0 and �λ ⊂ R
λ the set

�∗ = {φ0,φi ∈ R, λ ∈ R
λ| |φ0(t)− φi(t)| ≤ ε, λ ∈ �λ ⊂ R

λ}
is forward-invariant in the extended system (7.22), (7.23), and (7.24). Third, we
restrict our attention to systems that have a subset � in their state space such that
trajectories starting in � converge to �∗. Finally, we guarantee that the state will
eventually visit the domain �, thus ensuring that (7.12) holds.

Choosing extension (7.23) in the class of simple third-order bilinear systems

λ̇1 = γ1

τ
· (φ0 − φi),

λ̇2 = γ2 · λ3 · ‖φ0 − φi‖ε, γ1, γ2 ∈ R>0,

λ̇3 = −γ2 · λ2 · ‖φ0 − φi‖ε,
√
λ2

2(t0)+ λ2
3(t0) = 1,

(7.25)

ensures the solution of Problem 7.1. Specific technical details and conditions are
provided in Theorem 7.1

Theorem 7.1 Let the system (7.22) and (7.25) be given, and let the function
fi(t , θ2) be separated from zero and bounded. In other words, there exist constants
D3,D4 ∈ R>0 such that for all t ≥ 0, θ2 ∈ [θ2,min, θ2,max] the following condition
holds:

D3 ≤ fi(t , θ2) ≤ D4. (7.26)

Then there exist positive γ1, γ2, and ε (see Table 7.3, shown later for the particular
values)

γ2 . γ1, ε > τ�

(
1+ D4

D3

)
(7.27)

such that adaptation mechanisms

θ̂i,1 = eiγ1 + λ1,

θ̂i,2(t) = θ2,min + (λ2(t)+ 1)
θ2,max − θ2,min

2

(7.28)
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deliver a solution to Problem 7.1. In particular, for all θ1 ∈ [θ1,min, θ1,max], θ2 ∈
[θ2,min, θ2,max] the following properties are guaranteed:

lim sup
t→∞

|φ0(t)− φi(t)| ≤ ε; ∃ θ ′2 ∈ [θ2,min, θ2,max] : lim
t→∞ θ̂i,2(t) = θ ′2,

where the value of ε, depending on the choice of parameters γ2 and γ1, can be
made arbitrarily close to τ� (1+D4/D3).

Proof of Theorem 7.1. We prove the theorem in three steps. First, we show that
the solution of the extended system (7.22), (7.25), and (7.28) is bounded. Second,
we prove that there are constants ρ, b, and ε and a time instant t ′ > 0 such that the
following holds for system solutions:

‖φ0(t)− φi(t)‖ε ≤ e−ρ(t−t0)‖φ0(t0)− φi(t0)‖ε + b‖θ2 − θ̂i,2(τ )‖∞,[t0,t]
∀ t ≥ t0 > t ′. (7.29)

Third, using this representation, we invoke results and demonstrate that the
conclusions of the theorem follow.

1. Boundedness. To prove the boundedness of solutions of the extended system
in forward time let us first consider the difference ei(t) = φ0(t)−φi(t). According
to (7.22), the dynamics of ei(t) will be defined as

ėi = −1

τ
ei + k

(
θ1fi(t , θ2)− θ̂i,1fi(t , θ̂i,2)

)
+ ε(t). (7.30)

On noticing that

θ1fi(t , θ2)− θ̂i,1fi(t , θ̂i,2) = [θ1fi(t , θ2)− θ1fi(t , θ̂i,2)]
+ [θ1fi(t , θ̂i,2)− θ̂i,1fi(t , θ̂i,2)]

and denoting δ1 = θ̂i,1 − θ1 and δ2(t , θ1, θ2, θ̂i,2) = θ1fi(t , θ2) − θ1fi(t , θ̂i,2) we
can rewrite (7.30) as follows:

ėi = −1

τ
ei − δ1[kfi(t , θ̂i,2)] + δ2(t , θ1, θ2, θ̂i,2)k + ε(t). (7.31)

Let us now write the equations for θ̂i,1 − θ1 in (7.24) in differential form. To
do so we differentiate the variable θ̂i,1 − θ1 = δ1 with respect to time, taking into
account (7.30) and (7.31):

δ̇1 = −γ1

(
δ1[kfi(t , θ̂i,2)] − δ2(t , θ1, θ2, θ̂i,2)k − ε(t)

)
. (7.32)
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The variable ε(t) in (7.32) is bounded according to (7.21). Let us show that
δ2(t , θ1, θ2, θ̂i,2) is also bounded. First of all, notice that the positive definite function

Vλ = 0.5
(
λ2

2 + λ2
3

)
is not growing with time:

V̇ = λ2γ2λ3‖φ0(t)− φi(t)‖ε − λ3γ2λ2‖φ0(t)− φi(t)‖ε = 0.

Furthermore,

λ2(t) = r · sin

(
γ2

∫ t

t0

‖φ0(τ )− φi(τ )‖ε dτ + ϕ0

)

λ3(t) = r · cos

(
γ2

∫ t

t0

‖φ0(τ )− φi(τ )‖ε dτ + ϕ0

)
, r ,ϕ0 ∈ R.

(7.33)

Choosing initial conditionsλ2
2(t0)+λ2

3(t0) = 1 ensures that r = 1. Hence, according
to (7.28), the variable θ̂i,2 belongs to the interval [θ2,min, θ2,max].

Consider the variable δ2(t , θ1, θ2, θ̂i,2):

δ2(t , θ1, θ2, θ̂i,2) = θ1fi(t , θ2)− θ1fi(t , θ̂i,2(t))

= θ1

(
fi(t , θ2)− fi(t , θ̂i,2(t))

)
. (7.34)

Taking into account the notational agreement (7.9), and properties (7.5) and (7.8),
we conclude that the following estimate holds:

|δ2(t , θ1, θ2, θ̂i,2)| ≤ θ1|fi(t , θ2)− fi(t , θ̂i,2(t))|
≤ θ1,maxDD2|θ2 − θ̂i,2(t)|.

(7.35)

Given that θ̂i,2(t) ∈ [θ2,min, θ2,max] and using (7.35), we can provide the following
estimate for δ2(t , θ1, θ2, θ̂i,2):

|δ2(t , θ1, θ2, θ̂i,2)| ≤ θ1,maxDD2|θ2,max − θ2,min|. (7.36)

Let us consider equality (7.32). According to condition (1) of the theorem, the
term

α(t) = kfi(t , θ̂i,2(t))

is non-negative and bounded from below:

α(t) = kfi(t , θ̂i,2(t)) ≥ kD3, ∀ t ≥ 0. (7.37)
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Taking into account (7.32) and (7.37), we can estimate |δ1(t)| as follows:

|δ1(t)| ≤ e
−γ1

∫ t
t0
α(τ)dτ |δ1(t0)|

+ γ1e
−γ1

∫ t
t0
α(τ)dτ

∫ t

t0

e
γ1
∫ τ
t0
α(τ1)dτ1 |ε(τ )+ δ2(τ )k|dτ . (7.38)

According to (7.21) and (7.36) we have that for all t ≥ t0 ≥ 0

|ε(t)+ δ2(t)k| ≤ ‖ε(τ )+ kδ2(τ )‖∞,[t0,t]
≤ �+ kθ1,maxDD2|θ2,max − θ2,min| = M1. (7.39)

Furthermore,∫ t

t0

e
γ1
∫ τ
t0
α(τ1)dτ1 dτ = 1

γ1

(
1

α(t)
e
γ1
∫ t
t0
α(τ)dτ − 1

α(t0)

)

≤ 1

γ1D3k
e
γ1
∫ t
t0
α(τ)dτ

. (7.40)

Taking into account (7.38), (7.39), and (7.40), we can obtain the following estimate:

|δ1(t)| ≤ e−γ1kD4(t−t0)|δ1(t0)| + M1

D3k
. (7.41)

Inequality (7.41) proves that δ1(t) is bounded.
In order to complete this step of the proof it is sufficient to show that ei(t) is

bounded. This would automatically imply boundedness of φi(t), thus confirming
the boundedness of the state of the extended system. To show the boundedness of
ei(t) let us write the closed-form solution of (7.30):

ei(t) = e−
t−t0
τ ei(t0)+ e−

t
τ

∫ t

t0

e
τ1
τ (δ1(τ1)α(τ1)+ kδ2(τ1)+ ε(τ1))dτ1. (7.42)

Using (7.39) and (7.41) we can derive that

|ei(t)| ≤ e−
t−t0
τ |ei(t0)| +M1τ

(
1+ D4

D3

)
+ ε1(t), (7.43)

where ε1(t) is an exponentially decaying term:

|ε1(t)| ≤ e−γ1kD3(t−t0)


1− e

−
(

1
τ
−γ1kD3

)
(t−t0)

1/τ − γ1kD3


 |θ1 − θ̂i,1(t0)|. (7.44)
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As follows from (7.33), (7.41), (7.43), and (7.44), the variables ei(t), θ̂i,1(t), and
θ̂i,2(t) are bounded. Hence, the state of the extended system is bounded in forward
time.

2. Transformation. Let us now show that there exists a time instant t ′ and constants
ρ, c ∈ R>0 such that the dynamics of ei(t) = φ0(t) − φi(t) satisfies inequality
(7.29). In order to do so we first show that the term

δ1(t)kfi(t , θ̂i,2(t))

in (7.31) can be estimated as

|δ1(t)kfi(t , θ̂i,2(t))| ≤ M2|θ2 − θ̂i,2(t)| +�2 + ε2(t), (7.45)

whereM2 and�2 are positive constants and ε2(t) is a function of time that converges
to zero asymptotically with time.

According to (7.38) the following holds:

|δ1(t)| ≤ e
−γ1

∫ t
t0
α(τ)dτ |δ1(t0)|

+ γ1e
−γ1

∫ t
t0
α(τ)dτ

∫ t

t0

e
γ1
∫ τ
t0
α(τ1)dτ1 |ε(τ )+ δ2(τ )k|dτ .

Taking into account (7.21) and (7.37), we can conclude that

|δ1(t)| ≤ e−γ1kD3(t−t0)|δ1(t0)| + �

kD3

+ γ1e
−γ1

∫ t
t0
α(τ)dτ

∫ t

t0

e
γ1
∫ τ
t0
α(τ1)dτ1 |δ2(τ )k|dτ . (7.46)

Substituting (7.35) into (7.46) results in

|δ1(t)| ≤ e−γ1kD3(t−t0)|δ1(t0)| + �

kD3

+ γ1e
−γ1

∫ t
t0
α(τ)dτ

∫ t

t0

e
γ1
∫ τ
t0
α(τ1)dτ1 |θ2 − θ̂i,2(τ )|dτ ·

(
kθ1,maxDD2

)
.

(7.47)

Consider the following term in (7.47):

∫ t

t0

e
γ1
∫ τ
t0
α(τ1)dτ1 |θ2 − θ̂i,2(τ )|dτ . (7.48)
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Integration of (7.48) by parts yields∫ t

t0

e
γ1
∫ τ
t0
α(τ1)dτ1 |θ2 − θ̂i,2(τ )|dτ

= 1

γ1

(
1

α(t)
e
γ1
∫ t
t0
α(τ)dτ |θ2 − θ̂i,2(t)| − |θ2 − θ̂i,2(t0)|

α(t0)

)

− 1

γ1

∫ t

t0

1

α(τ)
e
γ1
∫ τ
t0
α(τ1)dτ1

(
d|θ2 − θ̂i,2(τ )|

dτ

)
dτ

≤ 1

γ1kD3
e
γ1
∫ t
t0
α(τ)dτ |θ2 − θ̂i,2(t)|

+ 1

γ1kD3

∫ t

t0

e
γ1
∫ τ
t0
α(τ1)dτ1

∣∣∣∣∣d|θ2 − θ̂i,2(τ )|
dτ

∣∣∣∣∣ dτ . (7.49)

Given that

θ̂2,i = θ2,min + θ2,max − θ2,min

2
(λ2(t)+ 1),

we can estimate the derivative d|θ2 − θ̂2,i(t)|/dt as follows:

d|θ2 − θ̂i,2(t)|
dt

≤ θ2,max − θ2,min

2
· γ2 · |φ0(t)− φi(t)|. (7.50)

Notice that the value of |φ0(t)−φi(t)| = ei(t) in (7.50) can be estimated according
to (7.43) as

|φ0(t)− φi(t)| ≤ M1τ

(
1+ D4

D3

)
+ µ1(t),

where µ1(t) ∼ ε1(t)+ ei(t)e
− t−t0

τ is an asymptotically decaying term.
Hence, taking into account (7.40), (7.43), (7.47), (7.49), and (7.50), we may

conclude that the following inequality holds:

|δ1(t)| ≤ θ1,maxDD2

D3
|θ2 − θ̂i,2(t)| + �

D3k

+ γ2

γ1

θ1,maxDD2

D2
3k

θ2,max − θ2,min

2
M1τ

(
1+ D4

D3

)
+ µ(t),

where µ(t) is an asymptotically vanishing term. Therefore (7.45) holds with the
following values of M2 and �2:

M2 = kθ1,maxDD2D4

D3
,

�2 = γ2

γ1

[
θ1,maxDD2D4

(D3)2
M1τ

(
1+ D4

D3

)
θ2,max − θ2,min

2

]
+ �D4

D3
.

(7.51)
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To finalize this step of the proof, consider the variable ei(t) for t ∈ [t1,∞],
t1 ≥ t0. According to (7.35) and (7.42) we have that

|ei(t)| ≤ e−
t−t1
τ |ei(t1)| + τM2‖θ2 − θ̂i,2(t)‖∞,[t1,t]

+ τ�2

(
1− e−

t−t1
τ

)
+ τ‖ε2(t)‖∞,[t1,∞]

(
1− e−

t−t1
τ

)
+ τkθ1,maxDD2‖θ2 − θ̂i,2(t)‖∞,[t1,t] + τ�

(
1− e−

t−t1
τ

)
. (7.52)

Regrouping terms in (7.52) yields

|ei(t)| − τ
(
�2 +�+ ‖ε2(t)‖∞,[t1,∞]

) ≤ e−
t−t1
τ (|ei(t1)|

− τ
(
�2 +�+ ‖ε2(t)‖∞,[t1,∞]

))
+ τ(M2 + kθ1,maxDD2)‖θ2

− θ̂i,2(t)‖∞,[t1,t].

On denoting
�′ = τ

(
�2 +�+ ‖ε2(t)‖∞,[t1,∞]

)
(7.53)

we can obtain

|ei(t)| −�′ ≤ e−
t−t1
τ
(|ei(t1)| −�′

)
+ τ(M2 + kθ1,maxDD2)‖θ2 − θ̂i,2(t)‖∞,[t1,t]

≤ e−
t−t1
τ ‖ei(t1)‖�′

+ τ(M2 + kθ1,maxDD2)‖θ2 − θ̂i,2(t)‖∞,[t1,t]. (7.54)

Given that

‖ei(t)‖�′ =
{ |ei(t)| −�′, |ei(t)| > �′,

0, |ei(t)| ≤ �′,
and taking into account inequality (7.54), we can conclude that

‖ei(t)‖�′ ≤ e−
t−t1
τ ‖ei(t1)‖�′

+ τ(M2 + kθ1,maxDD2)‖θ2 − θ̂i,2(t)‖∞,[t1,t]. (7.55)

Because equations (7.52)–(7.55) hold for any t1 ∈ (t0,∞] and

lim sup
t1→∞

‖ε2(t)‖∞,[t1,∞] = 0

for every
ε > τ(�+�2),
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there exists a time instant t ′ ≥ t0 such that the inequality

‖ei(t)‖ε ≤ e−
t−t1
τ ‖ei(t1)‖ε + τ(M2 + kθ1,maxDD2)‖θ2 − θ̂i,2(t)‖∞,[t1,t] (7.56)

is satisfied for all t ≥ t1 ≥ t ′. This proves (7.29) for ρ = 1/τ and b = τ(M2 +
kθ1,maxDD2). Hence, the second step of the proof has been completed.

3. Convergence. In order to prove convergence we employ Corollary 4.5 from
Chapter 4. In order to apply Corollary 4.5 we need to further transform (7.33) and
(7.56) and

θ̂i,2(t) = θ2,min + θ2,max − θ2,min

2
(λ2(t)+ 1) (7.57)

into the form of (4.76). Notice that for every θ2 ∈ [θ2,min, θ2,max] there always exists
a real number λ∗ ∈ [−1, 1] such that

θ2 = θ2,min + θ2,max − θ2,min

2
(λ∗2 + 1).

Hence, denoting

c = τ(M2 + kθ1,maxDD2)
θ2,max − θ2,min

2

and using (7.56), we ascertain that the following holds for solutions of the system
(7.22), (7.25), and (7.28):

‖ei(t)‖ε ≤ e−
t−t1
τ ‖ei(t1)‖ε + c‖λ∗2 − λ2(t)‖∞,[t1,t] (7.58)

for ε > τ(�+�2), and t ≥ t1 ≥ t ′.
Consider the difference λ∗2 − λ2(t). According to (7.33) we have

|λ∗2 − λ2(t)| ≤ |σ ∗ −
∫ t

t1

γ2‖ei(τ )‖ε − ϕ0|, λ∗2 = sin(σ ∗). (7.59)

On denoting

h(t) = σ ∗ −
∫ t

t1

γ2‖ei(τ )‖ε − ϕ0 (7.60)

and taking into account (7.58), we therefore obtain the following equations:

‖ei(t)‖ε ≤ e−
t−t1
τ ‖ei(t1)‖ε + c‖h(t)‖∞,[t1,t],

h(t1)− h(t) =
∫ t

t1

γ2‖ei(τ )‖ε dτ .
(7.61)

Equations (7.61) are a particular case of (4.76) to which Corollary 4.5 applies. In
system (7.61), however, the function βt(t) is defined as βt(t) = e− t

τ . Hence

β−1
t (t) = −τ ln(t).
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Therefore, according to Corollary 4.5, satisfying the inequality

γ2 · c · τ ln

(
κ

d

)
k

k − 1

((
1+ κ

1− d

)
+ 1

)
< 1 (7.62)

for some κ ∈ (1,∞), d ∈ (0, 1) ensures the existence of initial conditions ei(t1)

and h(t1) such that h(t) is bounded. Given that

min
κ∈(1,∞),d∈(0,1)

ln

(
κ

d

)
k

k − 1

((
1+ κ

1− d

)
+ 1

)
≈ 15.6886 < 16

we can rewrite condition (7.62) in a more conservative, yet simpler form:

γ2 · c · τ <
1

16
.

Taking into account notations (7.51) and (7.60) we can rewrite this inequality as
follows:

γ2 <

(
1

4τ

)2 [
kθ1,maxDD2

(
1+ D4

D3

)(
θ2,max − θ2,min

2

)]−1

.

Notice that, because the function sin(·) is periodic, the value of σ ∗ in (7.59)
and consequently the value of h(t1) can be chosen arbitrarily large. Hence, for any
finite ei(t1) and ϕ0 there will always exist σ ∗ and h(t1) such that the variable h(t)

is bounded.
Taking into account that h(t) is monotone and bounded, we can conclude that

according to the Bolzano–Weierstrass theorem the function h(t) has a limit in
[0,h(t1)]:

∃h∗ ∈ [0,h(t1)] : lim
t→∞h(t) = h∗.

This in turn implies that

lim
t→∞

∫ t

t1

γ2‖ei(τ )‖ε dτ = σ ∗ − ϕ0 − h∗ <∞.

Therefore,

∃ θ ′2 ∈ [θ2,min, θ2,max] : lim
t→∞ θ̂i,2(t)

= θ2,min + θ2,max − θ2,min

2
(sin(σ ∗ − ϕ0 − h∗)+ 1) = θ ′2.

Moreover, because ‖ei(t)‖ε is uniformly continuous in t , convergence of ‖ei(t)‖ε
to zero as t →∞ follows immediately from Barbalat’s lemma. �

Let us comment on the conclusions and conditions of Theorem 7.1. First of all, the
theorem shows that each ith subsystem ensuring invariance of spatiotemporal image
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Table 7.3. Parameters of the compensatory mechanisms (7.28)

Parameter Values

γ1
γ1

γ2
= q, q ∈ R>0

ε

ε > τ

(
�

(
1+ D4

D3

)
+ γ2

γ1

[
θ1,maxDD2D4

(D3)2
M1τ

(
1+ D4

D3

)
θ2,max − θ2,min

2

])
,

M1 = �+ kθ1,maxDD2|θ2,max − θ2,min|

γ2
γ2 <

(
1

4τ

)2 [
kθ1,maxDD2

(
1+ D4

D3

)(
θ2,max − θ2,min

2

)]−1

representation with respect to the given modeled perturbations can be composed of
no more than four differential equations:

temporal integration : φ̇i = −1

τ
φi + k · θ̂i,1fi(t , θ̂i,2), (7.63a)

fast adaptation dynamics : λ̇1 = γ1

τ
· (φ0 − φi), (7.63b)

slow adaptation dynamics :
λ̇2 = γ2 · λ3 · ‖φ0 − φi‖ε,
λ̇3 = −γ2 · λ2 · ‖φ0 − φi‖ε.

(7.63c)

Notice that the time scales of temporal integration, (7.63a), adaptation to linearly
parametrized uncertainties, (7.63b), and adaptation to nonlinearly parametrized
uncertainties, (7.63c), are all different. Because of these differences in time scales,
subsystem (7.63b) is referred to as slow adaptation dynamics and subsystem (7.63c)
as fast adaptation dynamics. The difference between the time scales determines
the degree of invariance and precision in the resulting system. For instance, as
follows from Table 7.3, the ratio γ2/γ1 affects the value of ε. This value defines the
acceptable level of mismatches between an image and a template. In other words,
it regulates the sensitivity of the system. The smaller the ratio γ2/γ1, the higher the
sensitivity. The ratio γ2/(1/τ) (see the proof for details) affects the conditions for
convergence.

The slow adaptation dynamics, (7.63c), can be interpreted as a searching, or
wandering dynamics in the interval [θ2,min, θ2,max]. Its function is to explore the
interval [θ2,min, θ2,max] for possible values of θ̂i,2 when models of perturbation
are inherently nonlinear and no other choice except that of explorative search is
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available. The solutions of the searching dynamics in (7.63c) are harmonic signals
with time-varying frequency γ2‖φ0(t)−φi(t)‖ε. The larger the error, the higher the
frequency of oscillation. When γ2‖φ0(t) − φi(t)‖ε is constant, for instance equal
to unity, the equations in (7.63c) reduce to

λ̇2 = λ3,

λ̇3 = −λ2.
(7.64)

In general, every subsystem

λ̇2 = g2(λ2, λ3, t),

λ̇3 = g3(λ2, λ3, t), g2, g3 ∈ C0
(7.65)

generating dense trajectories λ2(t) in [θ2,min, θ2,max] for some initial conditions
λ2(t0) and λ3(t0) and at the same time ensuring boundedness of λ2(t) and λ3(t)

for all t ∈ R≥0 could be a replacement for (7.64) in (7.63c). The conclusions
of the theorem in this case will remain the same except, probably, with respect
to the choice of the particular values of γ1, γ2, and ε in Table 7.3. Our present
choice of subsystem (7.64) in (7.63c) as a prototype for the searching trajectory
was motivated primarily by its simplicity of realization and linearity in state.

The fast adaptation dynamics, (7.63b), corresponds to exponentially stable mech-
anisms. This can easily be verified by differentiating the difference θ̂i,1(t)−θ1 with
respect to time. The function of the fast adaptation subsystem is to track instanta-
neous changes in θ1 exponentially fast in such a way that the difference θ̂i,1(t)− θ1

is determined mostly by mismatches θ̂i,2(t)− θ2.
The problem of template matching is solved through the interplay of the searching

dynamics θ̂i,2(t) − θ2 and the stable, contracting dynamics expressed by φ0(t) −
φi(t). We use the results from Chapter 4 to prove the emergence of weakly (Milnor)
attracting sets in the system’s state space.

In principle, linearity of the uncertainty models in θ1 is not necessary to guarantee
exponential stability of θ̂i,1(t)− θ1. As has been shown in Chapter 5, exponential
stability of θ̂i,1(t) − θ1 can be ensured by the same function θ̂i,1(t) as in (7.24)
if we replace θ1fi(t , θ2) with f̃i(t , θ1, θ2) : R≥0 × R × R → R. Nonlinearities
f̃i(t , θ1, θ2), however, should be monotone in θ1. In this case condition (7.26) is to
be replaced with the following:

D3 ≤ f̃i(t , θ̂i,1, θ2)− f̃i(t , θ1, θ2)

θ̂i,1 − θ1
≤ D4, ∀ θ2 ∈ [θ2,min, θ2,max]. (7.66)

The general line of the proof remains unaffected by this extension.
The proposed compensatory mechanisms (7.22), (7.25), and (7.28) are nearly

optimal in terms of the dimension of the state of the whole system. Indeed, in
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order to track uncertain and independent θ1 and θ2 two extra variables need to be
introduced. This implies that the minimal dimension of the state of a system which
solves Problem 7.1 is three. Our four-dimensional system is therefore close to the
optimal configuration. Furthermore, as follows from the proof of the theorem, the
dimension of the slow subsystem could be reduced to one. Thus, in principle, a
minimal realization could be achieved. In this case, however, boundedness of the
state for every initial condition is no longer guaranteed.

Theorem 7.1 establishes conditions for convergence of the trajectories of our
prototype system (7.22), (7.25), and (7.28) to an invariant set in the system’s state
space. In particular, when the matching condition (7.21) is met, the theorem assures
that the temporal representation φi(t) of the template tracks the temporal represen-
tation φ0(t) of the image. In the next subsection we discuss how the similarity
between these temporal representations can be detected by a system of coupled
spiking oscillators. In particular, we will consider coincidence detectors (7.16),
(7.17), and (7.18) modeled by a system of coupled Hindmarsh–Rose oscillators.

7.2.2 Conditions for synchronization of coincidence detectors

The goal of this section is to provide a constructive solution to Problem 7.2. First,
we seek conditions ensuring global exponential stability of the synchronization
manifold of φ0(t) = φi(t) when φi(t) are identical for each i. We do this by
showing that solutions of the system are globally bounded, and that for each pair
of indices i, j ∈ {0, . . . , n} there exists a differentiable positive definite function
V (xi , yi , zi , xj , yj , zj ), ∂V /∂xi = −∂V /xj such that V grows towards infinity
with increasing distance from the synchronization manifold and for all bounded
continuous φi(t) = φj (t) the following holds:

V̇ ≤ −αV , α ∈ R>0. (7.67)

When φi(t) �= φj (t), (7.67) implies that

V̇ ≤ −αV + ∂V

xi
(φi(t)− φj (t)). (7.68)

Then, using (7.68) and the comparison lemma from Khalil (2002), we show that
convergence of φi(t) to φj (t) at t → ∞ implies convergence of the variables
xi(t), yi(t), zi(t), xj (t), yj (t), and zj (t) to the synchronization manifold. The
formal statement of this result is provided in Theorem 7.2.

Theorem 7.2 Let system (7.16) be given, let the function u be defined as in (7.17),
and let the functions φi(t), i ∈ {0, . . . , n} be bounded. Then

(1) solutions of the system are bounded for all γ ∈ R≥0;
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(2) if, in addition, the condition

γ >
1

(n+ 1) · a
(
d2

2
+ b2

)
(7.69)

is satisfied, then for all i, j ∈ {0, . . . , n} the condition

lim sup
t→∞

|φi(t)− φj (t)| ≤ ε

implies that

lim sup
t→∞

|xi(t)− xj (t)| ≤ δ(ε),

lim sup
t→∞

|yi(t)− yj (t)| ≤ δ(ε),

lim sup
t→∞

|zi(t)− zj (t)| ≤ δ(ε).

(7.70)

where δ : R≥0 → R≥0 is a monotone function vanishing at zero.

Proof of Theorem 7.2. The proof is similar to Oud and Tyukin (2004) and consists
of three major steps. First, we show that a single Hindmarsh–Rose oscillator is a
semi-passive system with a radially unbounded storage function (Pogromsky 1998).
In other words, the system

ẋ = −ax3 + bx2 + y − z+ I + u,

ẏ = c − dx2 − y,

ż = ε(s(x + x0)− z), a, b, c, d, ε, s > 0

(7.71)

obeys the following inequality:

V (x(t), y(t), z(t))− V (x(0), y(0), z(0))

≤
∫ t

0
x(τ)u(τ)−H(x(τ), y(τ), z(τ ))dτ , (7.72)

where the function H(·) is non-negative outside a ball in R
3, and the function V is

positive definite and radially unbounded. Second, similarly to Pogromsky (1998),
we show that semi-passivity of (7.71) implies that solutions of coupled system
(7.16) are bounded. Third, for an arbitrary pair (i, j) of oscillators we present a non-
negative function such that properties (7.67) and (7.68) hold for sufficiently large
values of γ . Then we use the comparison lemma from Khalil (2002) to complete
the proof.
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(1) Semi-passivity of the Hindmarsh–Rose oscillator. Let us consider the
following class of functions V :

V (x, y, z) = 1

2

(
c1x

2 + c2y
2 + c3z

2
)

.

Then showing the existence of a function V from the above class that, in addition
satisfies the inequality

V̇ ≤ xu−H(x, y, z), (7.73)

where H is non-negative outside some ball in R
3, would imply semi-passivity of

(7.71).
Consider the time-derivative of V :

V̇ (x, y, z) = −c1ax
4 − c2dx

2y − c2y
2 + c1xy − c3εz

2 + (c3εs − c1)xz

+ c1bx
3 + c1Ix + c2cy + c3εsx0z+ c1xu. (7.74)

Let us rewrite (7.74) such that the cross terms xy, xz, and x2y are expressed in
terms of the powers of x, y, and z and their sums. In order to do this we employ the
following three equalities:

−c2y
2 + c1xy = −c2λ2y

2 − c2(1− λ2)

(
y − c1

2c2(1− λ2)
x

)2

+ c1
2

4c2(1− λ2)
x2, (7.75)

−c3εz
2 + (c3εs − c1)xz = −c3ελ3z

2 − c3ε(1− λ3)

(
z− c3εs − c1

2c3ε(1− λ3)
x

)2

+ (c3εs − c1)
2

4c3ε(1− λ3)
x2, (7.76)

−c1ax
4 − c2dx

2y = −c1aλ1x
4 − c1a(1− λ1)

(
x2 + c2d

2c1a(1− λ1)
y

)2

+ (c2d)
2

4c1a(1− λ1)
y2. (7.77)

In what follows we will assume that the constants λ1, λ2, and λ3 in (7.75)–(7.77)
are chosen arbitrarily in the interval (0, 1): 0 < λi < 1, i = 1, 2, 3.
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Taking the equalities (7.75)–(7.77) into account, we can rewrite the time-
derivative of V , (7.74), in the following form:

V̇ (x, y, z) = −c1a(1− λ1)

(
x2 + c2d

2c1a(1− λ1)
y

)2

− c2(1− λ2)

(
y − c1

2c2(1− λ2)
x

)2

− c3ε(1− λ3)

(
z− c3εs − c1

2c3ε(1− λ3)
x

)2

− c2

(
λ2 − c2d

2

4c1a(1− λ1)

)
y2 + c2cy

− c3ελ3z
2 + c3εsx0z− c1aλ1x

4 + c1bx
3

+
(

c1
2

4c2(1− λ2)
+ (c3εs − c1)

2

4c3ε(1− λ3)

)
x2 + c1Ix + c1xu. (7.78)

Our goal is to express the right-hand side of (7.78) in the following form:

V̇ ≤ c1xu+ (M −H0(x, y, z)), (7.79)

where H0(x, y, z) is a radially unbounded non-negative function outside a ball in
R

3, and M is a constant. For this reason we select the constants λ2 and c2 in (7.73)
as follows:

λ2 − c2d
2

4c1a(1− λ1)
> 0, or

c2

c1
<

4aλ2(1− λ1)

d2
. (7.80)

Noticing that

−c2

(
λ2 − c2d

2

4c1a(1− λ1)

)
y2 + c2cy = −c2

(
λ2 − c2d

2

4c1a(1− λ1)

)

×
(
y − 2cc1a(1− λ1)

4λ2c1a(1− λ1)− c2d2

)2

+ c1c2c
2a(1− λ1)

4λ2c1a(1− λ1)− c2d2
(7.81)

and

−c3ελ3z
2 + c3εsx0z = −c3ελ3

(
z− sx0

2λ3

)2

+ c3εs
2x0

2

4λ3
(7.82)

proves representation (7.79) for any fixed x = constant. In order to show that
(7.79) holds with respect to the complete set of variables, e.g. (x, y, z), we use the
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following sequence of equalities:

−c1aλ1x
4 + c1bx

3 +
(

c2
1

4c2(1− λ2)
+ (c3εs − c1)

2

4c3ε(1− λ3)

)
x2 + c1Ix

= −a0x
4 + a1x

3 + a2x
2 + a3x + a4

= −b0x
4 − (x − b1

)4 + b2x
2 + b3x + b4

= −b0x
4 − (x − b1

)4 + (b2 + d0
)
x2 − d0

(
x − d1

)2 + d2

= −b0
(
x2 − e0

)2 − (x − b1
)4 − d0

(
x − d1

)2 + e1 (7.83)

with

a0 = c1aλ1, a1 = c1b, a2 = c2
1

4c2(1− λ2)
+ (c3εs − c1)

2

4c3ε(1− λ3)
,

a3 = c1I , a4 = 0, b0 = a0 − 1, b1 = 1
4a1, b2 = a2 + 3

8a
2
1,

b3 = a3 − 1
16a

3
1, b4 = a4 + 1

256a
4
1,

d0 = 1, d1 = b3

2d0
, d2 = b4 + d2

1d0, e0 = b2 + d0

2b0
, e1 = d2 + b0e

2
0.

(7.84)

Notice that we want the value of b0 in (7.83) and (7.84) to be positive. Hence
the value of

a0 = c1aλ1

should be greater than 1. This can be ensured by choosing the value of c1 in (7.73)
to be sufficiently large. As a result of this choice, taking restrictions (7.80) into
account, we conclude that the value of c2 in (7.73) must be sufficiently small, i.e.
it must satisfy the following inequality:

c2 < c1
4aλ2(1− λ1)

d2
.

The value for d0 can be chosen arbitrarily; here d0 = 1.
The time-derivative V̇ can now be written as follows:

V̇ (x, y, z) = −c1a(1− λ1)

(
x2 + c2d

2c1a(1− λ1)
y

)2

− c3ε(1− λ3)

(
z− c3εs − c1

2c3ε(1− λ3)
x

)2



7.2 A simple adaptive system for invariant template matching 327

− c2(1− λ2)

(
y − c1

2c2(1− λ2)
x

)2

− c3ελ3

(
z− sx0

2λ3

)2

+ c3εs
2x0

2

4λ3

− c2

(
λ2 − c2d

2

4c1a(1− λ1)

)(
y − 2cc1a(1− λ1)

4λ2c1a(1− λ1)− c2d2

)2

+ c1c2c
2a(1− λ1)

4λ2c1a(1− λ1)− c2d2

− b0
(
x2 − e0

)2 − (x − b1
)4 − d0

(
x − d1

)2 + e1 + c1xu. (7.85)

It is straightforward to see that expression (7.85) is of the form (7.79), where

H0(x, y, z) = c1a(1− λ1)

(
x2 + c2d

2c1a(1− λ1)
y

)2

+ c3ε(1− λ3)

(
z− c3εs − c1

2c3ε(1− λ3)
x

)2

+ c2(1− λ2)

(
y − c1

2c2(1− λ2)
x

)2

+ c3ελ3

(
z− sx0

2λ3

)2

+ c2

(
λ2 − c2d

2

4c1a(1− λ1)

)(
y − 2cc1a(1− λ1)

4λ2c1a(1− λ1)− c2d2

)2

+ b0
(
x2 − e0

)2 + (x − b1
)4 + d0

(
x − d1

)2
and

M = c3εs
2x0

2

4λ3
+ c1c2c

2a(1− λ1)

4λ2c1a(1− λ1)− c2d2
+ e1.

Let us denote

H1(x, y, z) = H0 −M

and rewrite (7.79) as

V̇ ≤ c1xu−H1(x, y, z).

The function H1(x, y, z) is radially unbounded. Furthermore, it is non-negative
outside a ball in R

3. Hence, on choosing

V ∗(x, y, z) = 1

c1
V (x, y, z)
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we assure the existence of a (radially unbounded) positive definite V ∗(x, y, z) such
that

V̇ ∗ ≤ xu− H1(x, y, z)

c1
, (7.86)

where H1(x, y, z)/c1 is radially unbounded and non-negative outside a ball in R
3.

Thus, according to (7.73), semi-passivity of the Hindmarsh–Rose system follows.
(2) Boundedness of the solutions. We aim to prove that boundedness of φi(t),

i ∈ {0, . . . , n} implies boundedness of the state of the coupled system. Without loss
of generality we assume that

‖φi(τ )‖∞,[0,∞] ≤ Dφ .

Let us denote

Vi = V ∗(xi , yi , zi), H1,i = 1

c1
H1(xi , yi , zi).

Consider the following function:

VX(x, y, z) = ρ

(
n∑

i=0

Vi(xi , yi , zi),C

)
, (7.87)

where x = col(x0, . . . , xn), y = col(y0, . . . , yn), z = col(z0, . . . , zn), and

ρ(s,C) =
{

s − C, s ≥ C,
0, s < C.

The function VX is non-negative for any C ∈ R and, furthermore, is radially
unbounded. Hence, its boundedness for some C ∈ R implies boundedness of
xi , yi , and zi , i ∈ {0, . . . , n}.

Let us pick C ∈ R such that the interior of the domain

�C =
{
x, y, z ∈ R|

n∑
i=0

Vi(xi , yi , zi) ≤ C

}

contains the domain
n∑

i=0

H1,i(xi , yi , zi)− κx2
i < Mi , Mi ∈ R>0, κ ∈ R>0,

where Mi is an arbitrarily large and κ is an arbitrarily small positive constant. In
other words, the following implication holds:

n∑
i=0

Vi(xi , yi , zi) ≥ C ⇒
n∑

i=0

H1,i(xi , yi , zi)− κx2
i ≥ Mi . (7.88)



7.2 A simple adaptive system for invariant template matching 329

Such a C always exists because H1,i(xi , yi , zi)− κx2
i can be expressed as a sum of

a non-negative quadratic form in xi , yi , and zi and non-negative functions of the
higher order plus a constant, and Vi(xi , yi , zi) is a positive definite quadratic form.

Consider the time-derivative of the function VX(x, y, z). According to (7.87) and
(7.86) it is zero for all x, y, z ∈ �C , and satisfies the following inequality otherwise:

V̇X ≤
∑

xiui −
n∑

i=0

H1,i(xi , yi , zi) = γ xT�x+
n∑

i=0

xiφi(t)−
n∑

i=0

H1,i(xi , yi , zi).

Using Gershgorin’s circle theorem, we can conclude that

V̇X ≤
n∑

i=0

xiφi(t)−
n∑

i=0

H1,i(xi , yi , zi).

Rewriting

xiφi(t) = −κ

(
xi − φi(t)

2κ

)2

+ κx2
i +

1

4κ
φ2
i (t), κ > 0

leads to the following inequality:

V̇X ≤ κ

n∑
i=0

x2
i −

n∑
i=0

(
H1,i(xi , yi , zi)−

D2
φ

4κ

)

= −
n∑

i=0

(
H1,i(xi , yi , zi)−

D2
φ

4κ
− κx2

i

)
.

Hence, by choosing the value of C such that Mi ≥ D2
φ/(4κ) in (7.88) we can ensure

that

V̇X ≤ 0.

This implies that VX(x(t), y(t), z(t)) is not growing with time. Hence the trajecto-
ries xi(t), yi(t), and zi(t) in the coupled system are bounded.

(3) Convergence to a vicinity of the synchronization manifold. Consider the ith
and j th oscillators in (7.16), i, j ∈ {0, . . . , n}, i �= j . Let us introduce the following
function:

V = 0.5
(
Cx(xi − xj )

2 + Cy(yi − yj )
2 + Cz(zi − zj )

2
)

, (7.89)

where Cx , Cy > 0 are to be defined and Cz = Cx/(sε).
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Its time-derivative can be expressed as follows:

V̇ = −Cx(xi − xj )
2

(
ax2

i

2
+ ax2

j

2
+ a(xi + xj )

2

2
− b(xi + xj )+ γ (n+ 1)

)

+ Cx(yi − yj )(xi − xj )− Cyd(xi − xj )(xi + xj )(yi − yj )

− Cy(yi − yj )
2 − Czε(zi − zj )

2 + Cx(xi − xj )(φi − φj ). (7.90)

Consider the following term in (7.90):

Cx(yi − yj )(xi − xj )− Cyd(xi − xj )(xi + xj )(yi − yj )− Cy(yi − yj )
2.

It can be written as follows:

C2
x

4Cy�1
(xi − xj )

2 −
((

C2
x

4Cy�1

)0.5

(xi − xj )−
(
�1Cy

)0.5
(yi − yj )

)2

+ Cyd
2

4�2
(xi − xj )

2(xi + xj )
2 − Cy

((
d2

4�2

)0.5

(x2
i − x2

j )+�0.5
2 (yi − yj )

)2

− (1−�1 −�2)(yi − yj )
2, (7.91)

where �1,�2 ∈ R>0 and �1+�2 ∈ (0, 1). Taking (7.91) into account, we rewrite
(7.90) as

V̇ ≤ −Cx(xi − xj )
2

(
ax2

i

2
+ ax2

j

2
+ a(xi + xj )

2

2
− Cyd

2

Cx4�2
(xi + xj )

2

− b(xi + xj )+ γ (n+ 1)− Cx

4Cy�1

)
− Czε(zi − zi+1)

2 − Cy(1−�1 −�2)(yi − yj )
2

+ Cx(xi − xj )(φi − φj ). (7.92)

Let

Cy

Cx

= 2a�2

d2
.
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Then

V̇ ≤ −Cx(xi − xj )
2

(
a

2

(
xi − b

a

)2

+ a

2

(
xj − b

a

)2

+ γ (n+ 1)− d2

8a�1�2
− b2

a

)

− (1−�1 −�2)Cy(yi − yj )
2 − Czε(zi − zi+1)

2 + Cx(xi − xj )(φi − φj ).
(7.93)

Hence, by choosing

γ >
1

(n+ 1)a

(
d2

8�1�2
+ b2

)
we can ensure that the first term in (7.93) is non-positive. The minimal value of γ
ensuring this property can be calculated by minimizing the value

1

8�1�2

for all �1, �2 ∈ R>0 : �1 +�2 < 1. This can be done by letting �2 = r −�1,
r ∈ (0, 1) and differentiating the term 1/(8�1(r − �1)) with respect to �1. This
leads to the following solution: �1 = �2 = r/2. Taking this into account, we
rewrite (7.93) as follows:

V̇ ≤ −Cx(xi − xj )
2

(
a

2

(
xi − b

a

)2

+ a

2

(
xj − b

a

)2

+ γ (n+ 1)− d2

2ar
− b2

a

)

− (1− r)Cy(yi − yj )
2 − Czε(zi − zi+1)

2 + Cx(xi − xj )(φi − φj ). (7.94)

Let

γ = 1

(n+ 1)a

(
d2

2
+ b2

)
+ ε1, ε1 ∈ R>0.

Alternatively, we can rewrite this as

γ = 1

(n+ 1)a

(
d2

2r
+ b2

)
+ ε2, r ∈ (0, 1), ε2 ∈ R>0.

Hence, according to (7.94), the following inequality holds:

V̇ ≤ −Cxε2(xi − xj )
2 − (1− r)Cy(yi − yj )

2 − Czε(zi − zi+1)
2

+ Cx(xi − xj )(φi − φj ).

Then, denoting α = 2 min{ε2, ε, (1− r)}, we obtain

V̇ ≤ −αV + Cx(xi − xj )(φi − φj ). (7.95)
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Consider the following differential equation:

υ̇ = −αυ + Cx(xi − xj )(φi − φj ). (7.96)

Its solution can be estimated as follows:

|υ(t)| ≤ e−α(t−t0)|υ(t0)| + e−αt

∫ t

t0

eατCx(xi(τ )− xj (τ ))(φi(τ )− φj (τ ))dτ

for all t ≥ t0. Given that xi(t) and xj (t) are bounded there exists a constant B such
that

|υ(t)| ≤ e−α(t−t0)|υ(t0)| + CxB

α
‖φi(τ )− φj (τ )‖∞,[t0,t].

Then, applying the comparison lemma (see, for example, Khalil (2002), page 102),
we can conclude that

V (t) ≤ e−α(t−t0)V (t0)+ CxB

α
‖φi(τ )− φj (τ )‖∞,[t0,t].

Hence, conclusion (2) of the theorem follows. �
Theorem 7.2 specifies the boundaries for stable synchrony in the system of cou-

pled neural oscillators (7.16) as a function of the coupling strength, γ , and the
parameters a, b, and d of a single oscillator. The last three parameters represent
properties of the membrane and, combined with x0, ε, s, and I , completely charac-
terize the dynamics of a single model neuron (Hindmarsh and Rose 1984), ranging
from single spiking to periodic or chaotic bursts.

The distinctive feature of Theorem 7.2 is that it is suitable for analysis of systems
with external time-dependent perturbations φi(t). This property is essential for the
comparison task, wherein the oscillators are fed with time-varying inputs and the
degree of their mutual synchrony is the measure of similarity between the inputs.

While the theorem provides us with conditions for stable synchrony, it allows
us to estimate the domain of values of the coupling parameter γ corresponding
to potential intermittent, itinerant (Kaneko and Tsuda 2000, 2003), or meta-stable
regimes. In particular, as follows from Theorem 7.2, a necessary condition for
unstable synchronization in system (7.16) is

γ <
1

(n+ 1) · a
(
d2

2
+ b2

)
. (7.97)

Notice that conditions (7.97) and (7.69) do not depend on the “bifurcation” param-
eter I which usually determines the type of bursting in a single oscillator. They
also do not depend on the differences in the time scales defined by the parameter ε
between the fast, x and y, and slow, z, variables. Hence these conditions apply for
a wide range of system behavior on the synchronization manifold. This advantage
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also has a downside, because conditions (7.69) and (7.97) are too conservative.
However, this may be a reasonable price to pay in return for invariance of the cri-
teria (7.69) and (7.97) with respect to the full range of dynamical behavior of a
generally nonlinear system.

7.2.3 Further extensions

We have provided a solution in principle to the issue of invariant recognition in the
problem of template matching. Recognition occurs when mismatches in the tem-
poral representations of image and templates converge to a small neighborhood of
zero. This in turn leads to synchronized trajectories in a network of nonlinear oscil-
lators serving as detectors of coincidences. Although our overall implementation
of this idea might not be normative, we have tried to keep the number of relevant
parameters to a minimum. In particular, the dimension of the state of a single adap-
tation compartment is three, which is minimal for the generation of spikes ranging
from periodic to chaotic bursts. Moreover, conditions (7.69) and (7.97) allow us
to choose the coupling strength γ as a single control parameter for regulating the
stability/instability of the synchronous activity in the network.

In this section we provide further extensions of the basic results of Theorems 7.1
and 7.2, and discuss possible links between the normative part of our theory and
some known results in vision.

Extension to frequency-encoding schemes

For the sake of notational simplicity we restricted our attention to temporal rep-
resentations (7.6) and (7.9) of spatially sampled images. These encoding schemes
can be interpreted as scanning of an image over time. Yet, the results of Section 7.2
apply to a broader class of encoding schemes. One example is the frequency-coding
used in many neural systems. Let us consider the factorization (7.6), where in the
notation Ft [S0, θ ](x, y) the symbol t is replaced with ν. In order to extend the initial
encoding scheme to the domain of frequency/spike-rate encoding we introduce an
additional linear functional fω as follows:

fω(t , Fν[S0, θ ]) =
∑
ν

h(ων · t) · f (Fν[S0, θ ]), (7.98)

where h : R → R is a bounded periodic function, and ων are distinct real
numbers indexed by ν. The function h(ων · t) in (7.98) serves as a basis for carrier-
function-generating periodic impulses of various frequencies ων . Thus, each νth
spatial sample of the image is assigned a particular frequency, and the amplitude
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Figure 7.6 (a) Temporal representation of a spatially distributed stimulus using
frequency encoding. A stimulus (upper row) S(x) is spatially sampled by par-
titioning its domain into the union of intervals �i . For each �i an integral
fi = f (Fi ) =

∫
�i

S(x)dx is calculated and a frequency ωi is assigned. The
resulting temporal representation (lower row) is expressed as the sum of two
amplitude-modulated harmonic signals of frequencies, ω3 and ω5. (b) Temporal
representation of a two-dimensional pattern. The pattern consists of black filled
circles. The image domain is partitioned into a collection of horizontal and vertical
strips. Dark domains correspond to higher frequencies.

of the oscillation is specified by f (Fν[S0, θ ]). Temporal representation of a one-
dimensional stimulus according to encoding scheme (7.98) is illustrated in Figure
7.6(a).

This encoding scheme is plausible to biological vision, when frequencies ων

are ordered according to the positions of domains �x,ν and �y,ν relative to the
center of the image. This corresponds, in particular, to the receptive fields in cat
retinal ganglion cells (Enroth-Cugell et al. 1983). Because the functional fω is
linear in f (Fν[S0, θ ]) and the function h(ων · t) is bounded for all t , condition
(7.8) will be satisfied for fω. Hence, the conclusions of Theorem 7.1 apply to these
representations.

Multiple representations of uncertainties

Another property of the system (7.22), (7.25), and (7.28), in addition to its ability
to accommodate relevant encoding schemes such as frequency/rate and sequen-
tial/random scanning, is that each single value of θ2 ∈ (θ2,min, θ2,max) induces at
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least two distinct attracting sets in the extended space. Indeed,

λ2
2(t)+ λ2

3(t) = constant = 1

along the trajectories of (7.22), (7.25), and (7.28) (see also the proof of Theorem
7.1). Hence, for almost every value of λ2 (i.e. except when λ2 = ±1) in the
definition of θ̂2(t) in (7.28) there will always be two distinct values of λ3:

λ3,1 =
√

1− λ2
2, λ3,2 = −

√
1− λ2

2.

These two values give rise to distinct invariant sets in the system’s state space for
a single value of θ2. The presence of two complementary encodings for the same
figure is a plausible assumption that has been used in the perceptual-organization
literature to explain a range of phenomena, including perceptual ambiguity, and
modal and amodal completion (Hatfield and Epstein 1985; Leeuwenberg and
Buffart 1983, p. 29; Shepard 1981). A consequence of the presence of multiple
attractors corresponding to the single value of perturbation is that the time for
convergence (the decision time) may change abruptly with small variations of ini-
tial conditions. The latter property is well documented in human subjects (Gilden
2001). Furthermore, the presence of two attractors with different basins for a single
value of perturbation will lead to asymmetric distributions of decision times, which
is typically observed in human and animal reaction-time data (Smith and Ratcliff
2004).

Multiple time scales for different modalities in vision

An important property of the proposed solution to the problem of invariance is that
the time scales of adaptation to linearly and nonlinearly parametrized uncertain-
ties are substantially different. This difference in time scales emerged naturally in
the course of our mathematical argument as a consequence of splitting the system
dynamics into a slow searching subsystem and a fast asymptotically stable one. This
allowed us to prove the emergence of unstable yet attracting invariant sets, thus
ensuring the existence of a solution to the problem of invariant template matching.
In particular, Theorem 7.1 requires that the time constants of adaptation to linearly
parametrized uncertainties (for instance, unknown intensity of the image) are sub-
stantially smaller than the time constants of adaptation to nonlinearly parametrized
uncertainties (image blur, rotation, scaling etc.). Indeed, as follows from Table 7.3,
the larger the difference in the time scales the higher the possible precision and
the smaller the errors. This is not to say that successful adaptation is impossible
if the time scales of adaptation are of the same order. Our results are sufficient
and only suggest that having different adaptation time scales may be beneficial
for convergence. On the other hand, a simple geometric argument can be used to
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demonstrate that the larger the value of γ1/τ the larger the trapping regions of
stimuli-induced attracting sets. In Section 7.3.1 we illustrate with an example how
the time scales of adaptation to different modalities might affect the performance
of a simple recognition system.

Even though the difference in time scales was motivated purely by theoretical
considerations, there is strong evidence that biological systems adapt at differ-
ent time scales to uncertainties from different modalities. For example, the time
scale of adaptation to light is within tens of milliseconds (Wolfson and Graham
2000) whereas adaptation to “higher-order” modalities like rotation and image
blur extends from hundreds of milliseconds to minutes (Webster et al. 2002). Evi-
dence for the presence of slow and fast adaptation in motor learning is reported in
Smith et al. (2006). These findings, therefore, motivate our belief that the system
(7.22), (7.25) and (7.28) could serve as a simple, yet qualitatively realistic, model
for adaptation mechanisms in vision, motor behavior, and decision making.

7.3 Examples

In this section we provide simple illustrations of how particular systems for invariant
template matching can be constructed using the results presented above.

7.3.1 Rotation-invariant matching and mental rotation experiments

Let us illustrate how the results of Theorems 7.1 and 7.2 can be applied to template
matching when an object is rotated over an unknown angle and its brightness is
uncertain a priori. Below we consider three examples illustrating the performance
of our system in different experimental settings. The first example corresponds to
the case when only one object is present in the image. The task is to detect an object
and infer its rotation angle and brightness. In the second example we consider an
image that contains two different objects of which the rotation angle and brightness
are uncertain. The system should be able to report the presence of templates and
estimate the values of rotation angles and brightness. In the third experiment we
illustrate the importance of separating the adaptation time scales.

Rotation-invariant matching in images with single objects

Without loss of generality and for the sake of notational convenience, suppose
that the domain �x × �y is a square of the following dimensions: �x × �y =
[0, ymax] × [0, xmax]. In order to obtain a temporal representation of the image we
use the frequency-encoding scheme (7.98) which was illustrated in Figure 7.6(b).
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In particular we use the following transformation

θ1fi(t , θ2) = θ1

∑
ν

h(ων · t) · f (F̄ν[Si , θ2]), (7.99)

where θ2 is the rotation angle of image Si(x, y) around its central point, θ1 is the
image brightness, the function h(ων · t) = sin2(ων · t), and

f (F̄ν[Si , θ2]) =
∫
�x,ν×�y,ν

F̄ν[Si , θ2](ξ , γ )dξ dγ (7.100)

is simply an integral of the image Si rotated by an angle θ2 over the strip�x,ν×�y,ν .
For instance, let us have m horizontal strips aligned along the x-coordinates of

the templates, and n vertically aligned strips along the y-coordinates. Then

�x,i ×�y,i =
{ [a(i), b(i)] × [0, ymax], a(i) < b(i), i = 1, . . . ,m,
[0, xmax] × [a(i), b(i)], a(i) < b(i), i = m+ 1, . . . ,m+ n,

and the integrals (7.100) transform into

f (F̄ν[Si , θ2]) =




∫ b(ν)

a(ν)

∫ ymax

0
F̄ν[Si , θ2](ξ , γ )dξ dγ ,

ν = 1, . . . ,m,∫ xmax

0

∫ b(ν)

a(ν)

F̄ν[Si , θ2](ξ , γ )dξ dγ ,

ν = m+ 1, . . . ,m+ n.

(7.101)

Hence our temporal representation of the image and the templates is simply a
weighted sum of periodic functions of time sin2(ων · t), scaled by θ1, with weights
determined by (7.101).

According to (7.16), (7.22), (7.25), and (7.28) the recognition system (see Figures
7.3 and 7.8 for its general structure) can be described by the system of differential
equations provided in Table 7.4. Implementation details, initial conditions, and the
source files of a working MATLAB Simulink model can be found in Tyukin et al.
(2007a).

We tested the system’s performance for a variety of input images, in particular
the class of Garner patterns (Garner 1962) (see Figure 7.7, first row; for ease of
computation we used relatively low-resolution images of size 101× 101, i.e. with
xmax, ymax = 101). These patterns serve as an interesting benchmark because in
a long line of behavioral experiments, most recently Lachmann and van Leeuwen
(2005), the human pattern-recognition process of these patterns has been studied
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Table 7.4. Equations of the system for rotation and brightness-invariant template
matching; N is the total number of templates

Function Image Template

Temporal
integration φ̇0 = −1

τ
φ0 + k · θ1f (t , θ2) φ̇i = −1

τ
φi+k·θ̂1,if (t , θ̂2,i )

Adaptation
to brightness No

θ̂1,i = (φ0 − φi)γ1 + λi,1

λ̇i,1 = γ1

τ
(φ0 − φi)

Adaptation
to rotation

No θ̂2,i = (λ2,i (t)+ 1)π

λ̇i,2 = γ2λi,3‖φ0 − φi‖ε
λ̇i,3 = −γ2λi,2‖φ0 − φi‖ε

Detectors
of similarity

ẋ0 = −ax3
0 + bx2

0 + y0 − z0
+ γ u0 + φ0(t)+ I

ẏ0 = c − dx2
0 − y0

ż0 = ε(s(x0 + x̄0)− z0)

ẋi = −ax3
i + bx2

i + yi − zi
+ γ ui + φi(t)+ I

ẏi = c − dx2
i − yi

żi = ε(s(xi + x̄0)− zi)

Coupling
function

u0 = −(N +1)x0+∑j �=0 xj ui = −(N + 1)xi +∑j �=i xj

Parameters Temporal-integration subsys-
tem: τ = 1, θ1 = 2.3, θ2 =
π/4, k = 1/20, xmax = 101,
ymax = 101, m = 33, n =
17, a(i) = 1, 4, 7, . . . , 101 −
3, ωi = 1/80, i ≤ m; a(i +
m) = 1, 7, 13, . . . , ωi+m =
1/30, i ≤ n, b(i) = a(i)+ 3
Detectors of similarity:
a = 1, b = 3, c = 1, d = 5,
ε = 0.001, s = 4, γ = 0.5,
I = −6.2, x̄0 = 1.6

Intensity adaptation
subsystem:
γ1 = 0.5
Rotation adaptation
subsystem:
γ2 = 0.01, ε = 0.05

in great detail. The overall intensity of these patterns does not vary from one pat-
tern to another. At the same time, the numbers of symmetries increases from the
first, through the second to the third pattern in Figure 7.7. Because of this, their
complexity decreases proportionally (Garner 1962).

Using as templates the first row of Figure 7.7, we simulated our recognition sys-
tem of which the description is given in Table 7.4. The second row of Figure 7.7
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Figure 7.7 Template matching for Garner patterns with three levels of complexity.
The patterns (upper row) were rotated by π/4 and had various intensities. Depend-
ing on the number of their rotational symmetries, they induced different numbers
of invariant sets in the system’s state space: two, four, and eight, respectively. The
diagrams of corresponding phase plots are provided in the middle row. Estimates
of the rotation angle as functions of time for different initial conditions are depicted
in the third row.

illustrates the system dynamics involved in template matching. The diagrams rep-
resent phase plots of the successful node j (for the template subsystem in which
the matching occurs). The third row contains trajectories of the estimates of the
rotation angle θ̂j ,2(t). Each object induces various numbers of invariant sets in the
template subsystems. The number of these invariant sets is inversely proportional
to the complexity of the stimulus. Hence, the higher the complexity the more time
the system requires to reach one. Thus the time needed for recognition increases
monotonically with the complexity of the stimulus. This is consistent with empirical
results reported in experimental studies, for instance Lachmann and van Leeuwen
(2005).

An additional property of our system is that it is capable of reporting multiple
representations of the same object. This is indicated by the dashed trajectories in
Figure 7.7. Even though the system parameters are chosen such that trajectories
converge to an attractor, we can still observe meta-stable behavior. This is because
the attractors in our system are of Milnor type, which implies that trajectories start-
ing in the vicinity of one attractor may actually belong to the basin of another
attractor. Furthermore, it is even possible to tune the system in such a way that it
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will always switch from one representation to another. The latter property suggests
that our simple system in Table 7.4 can provide a simple model for visual percep-
tion, where spontaneous switching and perceptual multi-stability are commonly
observed (Attneave 1971; Leopold and Logothetis 1999).

Rotation-invariant matching in images with multiple objects

Let us now consider the case in which two patterns are simultaneously present in
an image. As an image we chose a concatenation of two rotated Garner patterns.
The values of the rotation angles and intensities of the patterns are supposed to be
unknown. In order to be able to detect and recognize multiple patterns in the image,
the system, in addition to ensuring rotation and intensity adaptation, should be able
to scan the image in space. Therefore, we extend the system for invariant template
matching as proposed in the previous subsection (see Table 7.4) by introducing an
additional operation, i.e. a (moving) frame, which projects part of the image into
a spatiotemporal code, similarly to (7.99). In particular, instead of (7.99)–(7.101)
we will deal with the following spatiotemporal representation:

θ1fi(t , θ2,p) = θ1

∑
ν

h(ων · t) · f (F̄ν[Si , θ2,p]), (7.102)

f (F̄ν[Si , θ2]) =




∫ b(ν)+p

a(ν)+p

∫ ymax

0
F̄ν[Si , θ2](ξ , γ )dξ dγ ,

ν = 1, . . . ,m,∫ xmax

0

∫ b(ν)

a(ν)

F̄ν[Si , θ2](ξ , γ )dξ dγ ,

ν = m+ 1, . . . ,m+ n,

(7.103)

where p is the position of the frame in an image. The spatial configuration of the
frame is chosen to be identical to that of the templates.

The values of p corresponding to the true positions of the objects in the image
are unknown. Therefore, an extra adaptation mechanism is needed. An economical
way to include such an adaptation mechanism into the system is shown in Table 7.5.
Instead of having an additional compartment in each template subsystem to realize
the scanning of an image, we propose that the frame of the recognition system
moves along the x-coordinate of the image (see also Figure 7.8). The equations
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Figure 7.8 A diagram of the template-matching system detecting multiple objects
in an image. The image is viewed through a frame (depicted as a dotted rectangle)
generating a temporal representation of the corresponding portion of the image
in accordance with (7.102) and (7.103). This temporal representation is provided
to the template subsystems, which search for the values of parameters θ1 and θ2
(level 1). The results are passed on to the subsystem detecting coincidence between
temporal representations of the templates and the portion of the image accessible
through the frame.

that govern this motion can be defined as

p = pmax
λ0,1 + 1

2
,

λ̇0,1 = γ0λ0,2 min
i∈{1,2}{‖φ0 − φi‖ε},

λ̇0,2 = −γ0λ0,1 min
i∈{1,2}{‖φ0 − φi‖ε},

(7.104)

where pmax determines the range of scanning. The value of γ0 needs to be chosen
small enough and is set to be rationally independent of the value of γ2 to assure
that the conditions of Theorem 7.1 apply. This ensures that every combination of
rotation angles and positions of the templates in the image will be visited during
the process of searching.

If we were to detect just one template in the image then adding these new
equations (7.102)–(7.104) to the previous system would suffice; it would then
behave similarly to Figure 7.7. However, if all patterns need to be recovered, a
slight modification of the adaptation algorithms is required.

In systems with weakly attracting sets connected by homoclinic trajectories (see
e.g. Figure 7.7, the second row) intermittent switching between the attractors can
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Table 7.5. Equations of the system for rotation, position, and brightness-invariant
template matching in images with multiple objects; N is the total number of
templates

Function Image Template

Temporal
integration φ̇0 = −1

τ
φ0+ k·θ1f (t , θ2,p) φ̇i = −1

τ
φi + k·θ̂1,if (t , θ̂2,i , 0)

Adaptation
to brightness No

θ̂1,i = (φ0 − φi)γ1 + λi,1

λ̇i,1 = γ1

τ
(φ0 − φi)

Adaptation
to rotation

No
θ̂2,i = (λ2,i (t)+ 1)π

λ̇i,2 = γ2λi,3‖φ0 − φi‖ε
λ̇i,3 = −γ2λi,2‖φ0 − φi‖εAdaptation

position
p = pmax

λ0,1+1
2

λ̇0,1 = γ0λ0,2e

λ̇0,2 = −γ0λ0,1e
e = mini∈{1,2}{‖φ0 − φi‖ε}
+ δ

No

Detectors
of similarity ẋ0 = −ax3

0 + bx2
0 + y0

− z0 + γ u0 + I

ẏ0 = c − dx2
0 − y0

ż0 = ε(s(x0 + x̄0)− z0)

ẋi = −ax3
i + bx2

i + yi
− zi + γ ui + φi(t)
−φ0(t)+ I

ẏi = c − dx2
i − yi

żi = ε(s(xi + x̄0)− zi)
Coupling
function u0 = −(N + 1)x0 +∑j �=0 xj ui = −(N + 1)xi +∑j �=i xj

Parameters
(additional or
having different
values from
those provided
in the previous
examples)

Detectors of
similarity:
γ = 0.4, I = 2.2
Position adaptation
subsystem:
γ0 = 0.005/π , δ =
0.05, pmax = 101

Rotation adaptation
subsystem:
ε = 0.2

be achieved by arbitrarily small perturbations applied to the solutions. In our case
we implement these perturbations by adding a small positive constant δ to the error
variables ‖φi(t)−φ0(t)‖ε. This is reflected in the adaptation equations of Table 7.5.

We simulated this simple template-matching system, taking as an input image a
combination of two rotated and shifted Garner patterns (Figure 7.9, on the right).
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Figure 7.9 On the left: trajectories x0(t)−x1(t) (top) and x0(t)−x2(t) (bottom) as
functions of time. The intervals of time corresponding to synchronized parts of the
trajectories x0(t), x1(t), and x2(t) are marked by gray rectangles. Synchronization
between x0(t) and x1(t) corresponds to detection of Template 1 (Garner pattern
with no symmetry); and synchronization between x0(t) and x2(t) indicates detec-
tion of Template 2 (Garner pattern with symmetry). The system switches from one
synchronized state to another, revealing the complete set of patterns present in the
image. On the right: the input image presented to the system.

The system persistently reports the presence of two patterns (Figure 7.9, on the left),
and successfully estimates their positions and rotation angles. Figure 7.10 shows
the accuracy of estimation and demonstrates how much time the system spends in
the states corresponding to successful recognition. The latter amounts to about 50
percent of the total time spent; the rest is due to transients. These values can be
controlled by parameter δ > 0: the smaller the value of δ the more time the system
will spend in the state of successful recognition.

An additional observation can be made about this model: in both template sub-
systems there are domains (e.g. gray areas on the right in the left-hand picture, and
the areas on the left in the right-hand picture) that are visited relatively often despite
the absence of templates in these regions. These are phantom states induced by the
concurrent presence of several template subsystems. These phantom states occur
because the value of p is shared between the template subsystems. If Template 1
is detected then the value of mini ‖φi(t) − φ0(t)‖ is small, and position p is not
changing much. Because the value of p is shared, the second template subsystem
is forced to search for Template 2 in the same position. This property is reflected
in the picture on the right.
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Figure 7.10 Normalized contour plots of the frequencies with which trajectories
(θ̂2,i (t),p(t)) explore the parameter space of the modeled perturbations (rotation
and translation). The left panel corresponds to the Garner pattern with no symme-
tries (Template 1), and the right panel corresponds to the pattern with one symmetry
(Template 2). As these pictures demonstrate, the system spends most of the time
in close proximity to the true values of θ2 and p. In the case of Template 2 the
most visited set consists of two separated domains corresponding to two values of
θ2 with identical temporal representation due to the symmetry.

The effect of differences in time scales

As we mentioned earlier, the difference in time scales between adaptation to lin-
early and nonlinearly parametrized uncertainties is likely to affect recognition
performance. In particular, our sufficient conditions suggest that the accuracy is
lower when adaptation to linearly parametrized uncertainties is faster than adap-
tation to nonlinearly parametrized ones. Here we check computationally whether
this prediction holds for the template-matching system considered in Section 7.3.1.

In order to avoid the potential influence of image complexity, the Garner pattern
without symmetries was used.We computed system solutions starting from identical
initial conditions but for different values of γ1 ∈ [0.005, 0.1]. In total 200 equally
spaced points in this interval were tested. The value of ε, regulating the accuracy
of inferring the true value of the rotation angle, was set to ε = 0.01. All other
parameters were kept identical to those of the setup described in Section 7.3.1.

For every γ1 we calculated the amount of time T (γ1) needed for the estimate of
the rotation angle, θ̂2,1, to converge into a 5-percent neighborhood of its true value,
π/4. This value was chosen as an estimate of the convergence time. The results of
these simulations are summarized in Figure 7.11. As we observe, very small values
of γ1, chosen in the interval [0.005, 0.01], result in large convergence times. When
the value of γ1 exceeds a certain threshold, γc = 0.02, the convergence times T (γ1)

reduce substantially and remain relatively constant, with slight fluctuations, for all
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Figure 7.11 The convergence time T as a function of γ1. The vertical gray line
delimits the domain of γ1 into two regions, γ1 ≥ γ2 and γ1 < γ2.

γ1 ∈ [γc, 0.1]. Notice that γc is twice the value of γ2 corresponding to the time
scale of adaptation to rotation. This supports our initial hypothesis that separate
time scales of adaptation may be advantageous for the system’s performance.

7.3.2 Tracking disturbances in scanning microscopes

We next consider the application of a template-matching system with weakly attract-
ing sets to a problem of realistic complexity. We applied our approach to the problem
of tracking morphological changes in dendritic spines on the basis of measurements
received from a multiphoton scanning microscope in vitro. A distinctive property of
laser microscopy is that in order to “see” an object one needs, first, to inject it with a
photo-sensitive dye (fluorophore). The particles of the fluorophore emit photons of
light under external stimulation, thus illuminating an object from inside the tissue.
Typical data from a two-photon microscope are provided in Figure 7.12.7

We addressed the problem of how to register fast dynamical changes in spine
geometry after application of chemical stimulation. The measurements were

7 The images were provided by S. Grebenyuk, of the group working on neuronal circuit mechanisms, RIKEN
BSI.
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Figure 7.12 Typical images from the two-photon microscope. (a) A dendrite; the
domain of scanning (white line) is in the vicinity of two spines (small protrusions
on the dendrite). The size of the domain is 5.95 µ and the speed of scanning, vs, is
one pixel every 2 µs. (b) Results of scanning as a function of time at the beginning
(interval [T1, T2]), in the middle (domain [T3, T4]), and at the end of the experiment
(domain [T5, T6]).

performed on slices. Here the need for unstable convergence is motivated by non-
linearly and non-convexly parametrized models of uncertainty. Measurements of
this kind suffer from effects of photobleaching and diffusion of the dye (see Figure
7.12), and dependence of the scattering of the emitted light on the a-priori-unknown
position of the object in the slice. On-line estimation and tracking of the effects of
photobleaching (intensity) and changes of the object position (blur) in the slice are
therefore necessary.

The measured signal is already a temporal sequence, which fits nicely with our
approach. An inherent feature of scanning microscopy is that the object is measured
using a sequence of scans along one-dimensional domains (see Figure 7.12(a)).
Hence, the objects in this case are one-dimensional mappings, and the domain �x

is an interval �x = [xmin, xmax]. For the particular images we set xmin = 1 and
xmax = 176, which corresponds to a scanning line of 176 pixels and 5.95 µm. In
order to reduce measurement noise we consider the averaged data in the scanning
line over n successive subsequent trials.

The measured image, S0, was chosen to be the averaged data along the scanning
line over n successive subsequent trials. The template, S1, substituted the averaged
measurements of the object at the initial time T1.

Samples of data used to generate S1 are provided in Figure 7.13(a). These corre-
spond to the intensity of the radiation emitted from the object in the red part of the
spectrum for the data shown in the first fragment of Figure 7.12(b). The measured
objects, S0, are the averaged samples of data at the time instants Ti �= T1 (pro-
portional to Ts). Focal distortions were simulated using conventional filters from
Photoshop applied to S1. These fragments are shown in Figures 7.13(b) and (c).
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Figure 7.13 The data used to generate the template, S1 (a), and perturbed
measurements S0 at time instants T2 (b) and T3 (c).
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Figure 7.14 The trajectories e(t), θ̂1(t), and θ̂2(t) as functions of time. Black lines
and regions correspond to measurements in Figure 7.13(b). Gray lines and regions
correspond to the data in Figure 7.13(c).

The sources of perturbation are the effects of photobleaching (affecting bright-
ness) and deviations in the object position in the slice (affecting scattering and
leading to blurred images). Therefore the following model of uncertainty was used:

θ1f1(x, θ2, t) = θ1

∫
�x

e−θ2(ξ−x(t))2
S1(ξ)dξ , (7.105)

where x(t), the scanning trajectory in (7.105), is defined as

x(t) =
{

xmin + ks · t , t ≤ xmax − xmin,
x(t − (xmax − xmin)), t > xmax − xmin,

ks = 1.

Figures 7.14 and 7.15 show the performance of the system (7.16), (7.22), (7.25),
and (7.28) in tracking focal/brightness perturbations for two measurements S0.
Figure 7.14 shows the tracking of unknown modeled perturbations in the images.
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Figure 7.15 Plots of the synchronization error x0(t)−x1(t) as a function of time:
(a) corresponds to the data depicted in Figure 7.13(b) and (b) corresponds to the
measurements shown in Figure 7.13(c).

Figure 7.15 shows the synchronization errors of the detection subsystem. The sym-
bol tsyn denotes the “synchronization time” spent in the vicinity of the invariant
synchronization manifold. As can be seen from both these figures, the system
successfully tracks/reconstructs the estimates of unknown perturbations applied
to the object (Figure 7.14). Coincidence detectors report synchrony only when
the error between the profiles of the template and object is sufficiently small
(Figure 7.15). The actual time required for recognition on a standard PC was less
than 5 s.

7.4 Summary

In this chapter we illustrated how the theory and methods from the second part of
the book can be used for deriving a solution in principle to the problem of invariant
template matching on the basis of temporal coding of spatial information. Our
analysis of the problem shows that the traditional requirement of stable dynamics in
the sense of Lyapunov need not necessarily be compatible with the desired behavior
of the system. As a substitute we proposed the concept of Milnor attracting sets,
and at the level of implementation we provided systems in which such attractors
emerge as a result of external stimulation. The results provided are normative in
the sense that we require a minimal number of additional variables and consider as
simple structures as possible.

Even though the proposed systems stem from theoretical considerations, they
capture qualitatively a wide range of phenomena observed in biological visual per-
ception. These phenomena include multiple time scales for different modalities
during adaptation (Wolfson and Graham 2000; Webster et al. 2002; Smith et al.
2006), switching and perceptual multi-stability (Attneave 1971; Leopold and
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Logothesis 1999), perceptual ambiguity (van Leeuwen 1990; Hatfield and Epstein
1985), empirical observations in mental rotation (Lachmann and van Leeuwen
2005) and decision-time distributions (Gilden 2001). This motivates our belief that
the present results may contribute to the further understanding of visual perception
in biological systems, including humans.



8

State and parameter estimation of neural oscillators

In this chapter we show how our approach for developing adaptation algorithms
in dynamical systems can be applied to the problem of quantitative modeling of
individual neural cells. The available measurements are restricted to the values of
input currents, as a function of time, and evoked potentials measured at a point on
the surface of the cell’s membrane.

Most of the available models of individual biological neurons consist of sys-
tems of ordinary differential equations describing the cell’s response to stimulation;
their parameters characterize variables such as time constants, conductances, and
response thresholds, which are important for relating the model responses to the
behavior of biological cells. Typically two general classes of models co-exist: phe-
nomenological and mathematical ones. Models of the first class, such as e.g. the
Hodgkin–Huxley equations, claim biological plausibility, whereas models of the
second class are more abstract mathematical reductions without explicit relation of
all of their variables to physical quantities such as conductances and ionic currents
(see Table 8.1).

Despite these differences, these models admit a common general description,
which will be referred to as canonic. In particular, the dynamics of a typical neuron
are governed by the following set of equations:

v̇ =
∑

j
ϕj (v, t)pj (r)θj + I (t),

ṙi = −ai(v, θ , t)ri + bi(v, θ , t),

θ = (θ1, θ2, . . . ),

(8.1)

in which the variable v is the membrane potential, and ri are the gating variables
of which the values are not available for direct observation. The functions ϕj (·, ·),
pj (·) ∈ C1 are assumed to be known; they model components of specific ionic
conductances. The functions ai(·), bi(·) ∈ C1 are also known, yet they depend

350
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Table 8.1. Examples of typical mathematical models of spiking single neurons,
namely biologically plausible equations of membrane-potential generation in a
giant axon of a squid (Hodgkin–Huxley model) and a reduction of these equations
to an oscillator with polynomial right-hand side (Hindmarsh–Rose model)

Hodgkin–Huxley model Hindmarsh–Rose model

v̇ = I (t)− (θ1m
3h(v + θ2)+ θ3n

4(v + θ4)

+ θ5v + θ6)

ṁ = (1−m)ϕ

(
v + θ7

θ8

)
−mθ9 exp

(
v

θ10

)

ṅ = (1− n)θ11ϕ

(
v + θ12

θ13

)
− nθ14 exp

(
v

θ15

)

ḣ = (1− h)θ16 exp

(
v

θ17

)

−h

/(
1+ exp

(
v + θ18

θ19

))

ϕ(x) = x/(exp x − 1), θ1, . . . , θ19 – parameters, I :
R → R – input current

v̇ = θ1(θ2r − f (v))+ I (t)

ṙ = θ3(g(v)− θ4r)

f (v) and g(v) are polyno-
mials:

f (v) = θ5 + θ6v

+ θ7v
2 + θ8v

3

g(v) = θ9 + θ10v + θ11v
2

I : R → R is the external
input, θ1, . . . , θ11 – param-
eters

on the unknown parameter vector θ . System (8.1) is a typical conductance-based
description of the evoked potential generation in neural membranes (Izhikevich
2007). It is also an obvious generalization of many purely mathematical models of
spike generation such as the FitzHugh–Nagumo (FitzHugh 1961) and Hindmarsh–
Rose (Hindmarsh and Rose 1984) equations. In this sense system (8.1) represents
typical building blocks in the modeling literature.

In order to be able to model the behavior of large numbers of individual cells
of which the input–output responses are described by (8.1), computational tools
for automated fitting of models of neurons to data are needed. These tools are
the algorithms for state and parameter reconstruction of (8.1) from the available
measurements of v(t) and I (t) over time.

Fitting parameters of nonlinear ordinary differential equations to data is recog-
nized as a hard computational problem (Brewer et al. 2008) that “has not been yet
treated in full generality” (Ljung 2008). Within the field of neuroscience, conven-
tional methods for fitting parameters of model neurons to measured data are often
restricted to hand-tuning or exhaustive trial-and-error searching in the space of
model parameters (Prinz et al. 2003). Even though these strategies allow careful
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and detailed exploration in the space of parameters, they suffer from the same
problem – the curse of dimensionality.

In available alternatives, recognizing the obvious nonlinearity of the original
problem, it is proposed that one reformulate the original estimation problem as that
of searching for the parameters of a system of difference equations approximating
solutions of (8.1) (Abarbanel et al. 2009); or predominantly search-based optimiza-
tion heuristics (see van Geit et al. (2008) for a detailed review) are advocated as the
main tool for automated fitting of neural models. Straightforward exhaustive-search
approaches, however, are limited to varying only a few model parameters over
sparse grids, e.g. as in Prinz et al. (2003), where eight parameters were split into
six bands. The coarseness of this parametrization leads to non-uniqueness of signal
representation, leaving room for uncertainty and inability to distinguish between
subtle changes in the cell. Finer-grained search algorithms are currently not fea-
sible, technically speaking. Other heuristics, such as evolutionary algorithms, are
examined in Achard and de Schutter (2006). According to Achard and de Schutter
(2006), replacing exhaustive search with evolutionary algorithms allows one to
increase the number of varying parameters to 24. Yet, the computational complexity
of the problem still limits the search to sparse grids (six bands per single parameter)
and requires days of simulation by a cluster of ten Apple 2.3-GHz nodes. Further-
more, because all these strategies are heuristic, the accuracy of the final results is
not guaranteed.

Here we take advantage of results presented in Chapters 4 and 5, and provide a
feasible substitute for heuristic strategies for automatic reconstruction of the state
and parameters of canonic neural models (8.1). Generally, we will follow the line of
our earlier works (Fairhurst et al. 2010; Tyukin et al. 2008a, 2010). In particular, to
develop computationally efficient procedures for state and parameter reconstruction
of (8.1) we propose to exploit the wealth of existing system-identification and esti-
mation approaches from the domain of control theory. These approaches are based
on the system-theoretic concepts of observability and identifiability (Nijmeijer and
van der Schaft 1990; Isidori 1989; Ljung 1999), and the notions of Lyapunov sta-
bility and weakly attracting sets (see Chapter 2). The advantage of using these
approaches is that an abundance of algorithms (observers) has already been devel-
oped within the domain of control. These algorithms guarantee asymptotic and
stable reconstruction of unmeasured quantities from the available observations,
provided that the system equations are in an adaptive-observer canonical form.
Moreover, this reconstruction can be made exponentially fast without any need
for substantial computational recourses. We examine whether system (8.1) is at all
observable with respect to the output v, that is, whether its state and parameters
can be reconstructed from observations of v. We present and analyze typical algo-
rithms (adaptive observers) that are available in the literature. We show that for a
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large class of mathematical models of neural oscillators at least a part of the model
parameters can be reconstructed exponentially fast.

In order to deal with more general classes of models and also to recover the rest
of the model parameters we exploit a novel observer scheme presented in Chapter
5. This scheme benefits from (1) the efficiency of uniformly converging estimation
procedures (stable observers), (2) the success of explorative search strategies in
global optimization, by allowing unstable convergence along dense trajectories,
and (3) the power of qualitative analysis of dynamical systems. We present a general
description of this observer and list its asymptotic properties. The performance of
these algorithms is demonstrated with examples.

8.1 Observer-based approaches to the problem of state
and parameter estimation

Let us consider the following class of dynamical systems:

ẋ = f(x, θ)+ g(x, θ)u(t), x(t0) ∈ �x ⊂ R
n,

y = h(x), x ∈ R
n, θ ∈ R

d , y ∈ R,
(8.2)

where f , g : R
n×R

m → R
n andh : R

n → R are smooth functions, andu : R → R.
The variable x stands for the state vector, u ∈ U ⊂ C1[t0,∞) is the known input,
θ ∈ R

m is the vector of unknown parameters, and y is the output of (8.2). System
(8.2) includes equations (8.1) as a subclass and in this respect can be considered
a plausible generalization. Obviously, conclusions about (8.2) should be valid for
system (8.1) as well.

Given that the right-hand side of (8.2) is differentiable, for any x′ ∈ �x , u ∈
C1[t0,∞) there exists a time interval T = [t0, t1], t1 > t0 such that a solution
x(t , x′) of (8.2) passing through x′ at t0 exists for all t ∈ T . Hence, y(t) = h(x(t))
is defined for all t ∈ T . For the sake of convenience we will assume that the interval
T of the solutions is large enough or even coincides with [t0,∞) when necessary.

We are interested in finding an answer to the following question: suppose that
we are able to measure the values of y(t) and u(t) precisely; then, can the val-
ues of x′ and the parameter vector θ be recovered from the observations of y(t)

and u(t) over a finite subinterval of T , and, if so, how? A natural framework
within which to answer to these questions is offered by the concept of observability
(Nijmeijer and van der Schaft 1990).

Definition 8.1.1 Two states x1, x2 ∈ R
n are said to be indistinguishable (denoted

by x1Ix2) for (8.2) if for every admissible input function u the output function
t %→ y(t , 0, x1, u), t ≥ 0 of the system for initial state x(0) = x1, and the output
function t %→ y(t , 0, x2, u), t ≥ 0 of the system for initial state x(0) = x2, are
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identical on their common domain of definition. The system is called observable if
x1Ix2 implies x1 = x2.

According to Definition 8.1.1, observability of a dynamical system implies that
the values of its state, x(t), t ∈ [t1, t2] are completely determined by inputs and
outputs u(t) and y(t) over [t1, t2]. Although this definition does not account for any
unknown parameter vectors, one can easily see that the very same definition can
be used for parametrized systems as well. Indeed, extending the original equations
(8.2) by including the parameter vector θ as a component of the extended state
vector x̃ = (x, θ)T results in

ẋ = f (x, θ)+ g(x, θ)u(t),

θ̇ = 0,

y = h(x), x(t0) ∈ �x ⊂ R
n,

(8.3)

or, similarly, in

˙̃x = f̃(x̃)+ g̃(x̃)u(t),
y = h̃(x̃), x̃(t0) = (x(t0), θ)T ∈ �x̃ ⊂ R

n+d ,
(8.4)

where f̃(x̃) = (f(x, θ), 0)T, g̃(x̃) = (g(x, θ), 0)T, and h̃(x̃) = (h(x), 0). All of
the uncertainties in (8.2) and (8.3), including the parameter vector θ , are now
combined into the state vector of (8.4). Hence, the problem of state and parameter
reconstruction of (8.2) can be viewed as that of recovering the values of state
for (8.4).

Definition 8.1.1 characterizes observability as a global property of a dynamical
system. Sometimes, however, global observability of a system in R

n is not nec-
essarily needed. Instead of asking whether every point in the system’s state space
is distinguishable from any other point it may be sufficient to know whether the
system’s states are distinguishable in some neighborhood of a given point. This
necessitates the notion of local observability (Nijmeijer and van der Schaft 1990).

Let V be an open subset of R
n. Two states x1, x2 ∈ V are said to be indistin-

guishable (denoted by x1IVx2) on V for (8.2) if for every admissible input function
u : [0, T ] → R with the property that the solutions x(t , 0, x1, u) and x(t , 0, x2, u)
both remain in V for t ≤ T the output function t %→ y(t , 0, x1, u), t ≥ 0 of the sys-
tem for initial state x(0) = x1 and the output function t %→ y(t , 0, x2, u), t ≥ 0 of
the system for initial state x(0) = x2 are identical for 0 ≤ t ≤ T on their common
domain of definition.

Definition 8.1.2 The system is called locally observable, at x0 if there exists a
neighborhood W ⊂ R

n of x0 such that for every neighborhood V ⊂ W of x0 the
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relation x0IVx1 implies x0 = x1. The system is locally observable if it is observable
at each x0.

Observability tests are available that, given the functionsh and f on the right-hand
side of (8.4), indicate whether a given system is observable. Particular formulations
of these tests may vary depending on whether e.g. the functions f , and g are analytic
or time-invariant (the inputs are constants).

Here we will restrict our attention to those systems (8.3) in which the inputs
u(t) are constants. In this case we can replace the function u(t) with an unknown
parameter, and system (8.3) can be viewed as a system of type (8.4) yet without
inputs. One of the most common observability tests for this class of autonomous
systems1 is given below (see also Nijmeijer and van der Schaft (1990), Theorem
3.32).

Proposition 8.1 System (8.4) is locally observable at a point xo ∈ U ⊂ R
n+d if

rank
∂

∂ x̃

(
h̃(x̃) Lf̃ h̃(x̃) L2

f̃
h̃(x̃) . . . Ln+d−1

f̃
h̃(x̃)

)T = n+ d,

∀ x̃ ∈ U . (8.5)

In what follows we shall use the test above to determine whether the models of
neural dynamics are at all observable.

8.1.1 Local observability of neural oscillators

We start our observability analysis by applying the local observability test (8.5) to
the Hindmarsh–Rose model (in Table 8.1). In order to do so we shall extend the
system’s state space so that the unknown parameters are the components of the
extended state vector. In the case of the Hindmarsh–Rose model this procedure
leads to the following extended system of equations:



ẋ1

ẋ2

θ̇13

θ̇12

θ̇11

θ̇10

θ̇22

θ̇21

λ̇



=




θ13x
3
1 + θ12x

2
1 + θ11x1 + θ10 + x2

− λx2 + θ22x
2
1 + θ21x1

0
0
0
0
0
0
0




(8.6)

1 Given that the functions u are known and constant, for the sake of notational convenience, system (8.4) can be
considered autonomous.
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To test whether there are points of local observability of system (8.6) it suffices
to find a point in the state space of (8.6) at which the rank condition (8.5) holds.
Here we computed the determinant,

D(x̃) = ∂

∂ x̃

(
h(x̃) Lfh(x̃) L2

f h(x̃) . . . Ln−1
f h(x̃)

)T
,

x̃ = (x1, x2, θ13, θ12, θ̇11, θ10, θ22, θ21, λ)T, (8.7)

on a sparse grid (of 101 × 101 pixels) and plotted those regions for which the
determinant is less than a certain value, δ. The neuron parameters were set to
L = −2, θ13 = −10, θ12 = −4, θ11 = 6, θ10 = 1, θ22 = −32, and θ21 = −32.
Figure 8.1 shows results (obtained using Maple) for various values of δ. The shaded
regions correspond to the domains where D(x̃) < δ. According to these results,
when the value of δ is made sufficiently small, the condition D(x̃) > δ holds for
almost all points in the grid. This suggests that there are domains in which the
Hindmarsh–Rose model is indeed at least locally observable.

Let us now consider a more realistic (with respect to biological plausibility) set
of equations. One of the simplest models of this type is the Morris–Lecar system
(Morris and Lecar 1981):

v̇(t) = −gCa

(
1

2
+ 1

2
tanh

(
v(t)+ 1

E4

)
(v(t)− E1)

)
− gKw(t)(v(t)− E2)− gm(v(t)− E3),

ẇ(t) = 1

5

(
1

2
+ 1

2
tanh

(
v(t)+ 1

E5

)
− w(t)

)
cosh

(
v(t)

E6

)
,

E1 = 100, E2 = −70, E3 = −50, E4 = 15, E5 = 30,

E6 = 60, gCa = 1.1, gK = 2.0, gm = 0.5. (8.8)

As in the previous example, we extend the system’s state space by considering
unknown parameters as components of the extended state vector. This extension
procedure results in the following set of equations:




v̇(t)

ẇ(t)

ġCa(t)

ġK(t)

ġm(t)

λ̇(t)



=




−gCa

[
1
2 + 1

2 tanh((v + 1)/15)(v − 100)
]

− gkw(v + 70)− gm(v + 50)
1
5

[
1
2 + 1

2 tanh((v + 1)/30))− w
]
cosh(v/60)

0
0
0
0




. (8.9)
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Figure 8.1 Observability tests for a Hindmarsh–Rose-model neuron (see Table 8.1).

For this extended set of equations we estimated the regions where the value of D(x)
exceeds some given δ > 0. These regions are presented in Figure 8.2 for various
values of δ. These results demonstrate that the Morris–Lecar system (8.8) is also
locally observable.

As we have seen above, a fairly wide class of canonical mathematical and
conductance-based models of evoked responses in neural membranes satisfy local
observability conditions. We may thus expect to be able to solve the reconstruction
problem for these models. In fact, as we show below, the reconstruction problem
can indeed be resolved efficiently at least for a part of the unmeasured variables of
the system. However, before we proceed with detailed description of these recon-
struction algorithms, let us first review classes of systems for which solutions to
the problem of exponentially fast reconstruction of all components of state and
parameter vectors are already available in the literature.
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(a) δ = 10000 (b) δ = 1000

(c) δ = 100

Figure 8.2 Observability tests for a Morris–Lecar-model neuron.

8.1.2 Bastin–Gevers canonical form

We start with a class of systems consisting of a linear time-invariant part of which
the equations are known and an additive time-varying component with linear
parametrization. The parameters of this time-varying component are assumed to be
uncertain. This class of systems was presented in Bastin and Gevers (1988), and its
general form is as follows:

ẋ = Rx +�(t)θ + g(t),

R =
(

0 kT

0 F

)
, �(t) =

(
�1(t)

�(t)

)
,

y(t) = x1(t).

(8.10)

In (8.10), x ∈ R
n is the state vector with y = x1 assigned to be the output.

θ ∈ R
p = (θ1, . . . , θp)T is the vector of unknown parameters. R is a known matrix
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of constants where kT = (k2, . . . , kn) and F has dimension (n− 1)× (n− 1) with
eigenvalues in the open left half plane. �(t) ∈ R

n×p is an n× p matrix of known
functions of t ; the first row is designated �1 and the remaining n− 1 rows �. The
vector function g(t) : R → R

n is known.
Equations (8.10) are often referred to as an adaptive-observer canonical form.

This is because, subject to some mild non-degeneracy conditions, it is always possi-
ble to reconstruct the vector of unknown parameters θ and state x from observations
of y over time. Moreover, the reconstruction can be done exponentially fast. Shown
below is the adaptive observer presented in Bastin and Gevers (1988). The system
to be observed, state estimator, parameter adaption, auxiliary filter, and regressor
are given in (8.10), (8.11), (8.12), (8.13), and (8.14), respectively:

˙̂x(t) = Rx̂(t)+�(t)θ̂ + g(t)+
(

c1ỹ

V (t)
˙̂
θ

)
, (8.11)

˙̂
θ(t) = �ϕ(t)ỹ(t), (8.12)

V̇ (t) = FV (t)+�(t), V (0) = 0, (8.13)

ϕ(t) = V T(t)k +�T
1 (t). (8.14)

The output is y = x1, its estimate is ŷ = x̂1 and its error is ỹ = y− ŷ. This observer
contains some parameters of its own, which are at the design’s disposal. � = �T is
an arbitrary positive definite matrix, normally chosen as � = diag(γ1, γ2, . . . , γp),
γi > 0, c1 > 0. The auxiliary filter V (t) is an (n− 1)× p matrix and ϕ(t) is a p

vector.
Using the transformation

x̃∗ = x̃ −
(

0
V θ̃

)
, x̃ = x − x̂, (8.15)

the following error system is obtained:

˙̃x∗ =
( −c1 kT

0 F

)
x̃∗ +

(
ϕTθ̃

0

)
,

˙̃θ = −�ϕx̃∗1 . (8.16)

It is shown in Bastin and Gevers (1988), for constant unknown parameters, that
the solution x(t) = x̂(t), θ = θ̂(t) of the extended system (8.11)–(8.14) is globally
exponentially stable, provided that the regressor vector ϕ(t) is bounded for all
t ≥ 0, and is persistently exciting (see Definitions 2.5.1 and 5.6.1). Formally, the



360 State and parameter estimation of neural oscillators

asymptotic properties of the observer (8.11) and (8.12) are specified in the theorem
below (Bastin and Gevers 1988).2

Theorem 8.1 Suppose that

(1) c1 > 0, and F is a Hurwitz matrix, that is its eigenvalues belong to the left half
of the complex plane;

(2) the function ϕ(t) is globally bounded in t , and its time-derivative exists and is
globally bounded for all t ≥ 0;

(3) the function ϕ(t) is persistently exciting.

Then the origin of (8.16) is globally exponentially asymptotically stable.

Adaptive-observer canonical form (8.10) applies to systems in which the regres-
sor �(t)θ does not depend explicitly on the unmeasured components of the state
vector. The question, however, is that of when a rather general nonlinear system can
be transformed into the proposed canonical form. This question was addressed in
Marino and Tomei (1992), in which a modified adaptive-observer canonical form
was proposed together with necessary and sufficient conditions describing when a
given system can be transformed into such a form via a diffeomorphic coordinate
transformation. This canonical form is described below.

8.1.3 Marino–Tomei canonical form

The canonical form presented in Marino and Tomei (1992) is now shown here.
The system to be observed (8.17), state estimator (8.18), and parameter adaptation
(8.19) are given below:

ẋ(t) = A1x(t)+ φ0(y(t), u(t))+ b
p∑

i=1

βi(y(t), u(t))θi ,

y(t) = C1x(t),

A1 =




0 1 0 . . . 0
0 0 1 . . . 0
. . . . . . 0
0 0 0 . . . 1
0 0 0 . . . 0


 ,

C1 =
(

1 0 0 . . . 0
)

,
x(t) ∈ R

n, y(t) ∈ R, βi(·, ·) : R× R → R.

(8.17)

2 Here we provide a slightly reduced formulation of the main statement of Bastin and Gevers (1988) corresponding
to the case in which the values of θ do not change over time.
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In (8.17) x(t) ∈ R
n is the state vector with x1(t) assigned to be the output y.

Matrices A1, are C1 are in canonical observer form, θ ∈ R
p = (θ1, · · · , θp)T

is the vector of unknown parameters. The functions βi are known, bounded, and
piecewise continuous functions of y(t), and u(t). The column vector b ∈ R

n is
assumed to be Hurwitz3 with b1 �= 0.

The adaptive observer presented in Marino and Tomei (1992) is

˙̂x(t) = (A1 −KC1)x̂(t)+ φ0(y(t), u(t))

+ b
p∑

i=1

βi(y(t), u(t))θ̂i +Ky(t), (8.18)

˙̂
θ = �β(t)(y − C1x̂)sign(b1), (8.19)

K = 1

bn
(A1b+ λb) = (k1, · · · , kn)

T, (8.20)

with � an arbitrary symmetric positive definite matrix and λ an arbitrary positive
real. The n× 1 vector, b, is Hurwitz with b1 �= 0.

For the more general case in which the vector b is an arbitrary vector, an observer
is presented in Marino and Tomei (1995a).

Theorem 8.2 Marino (1990) . There exists a local change of coordinates, z =
�(x), transforming

ẋ = f(x)+
p∑

i=1

θi(t)qi(x), y = x1,

x ∈ R
n, y ∈ R, θi ∈ R, qi : R

n → R
n, n ≥ 2, (8.21)

with h(xo) = 0 and (f ,h) an observable pair, into the system

ż = A1z + ψ(y)+
p∑

i=1

θi(t)ψ i(y), y = C1z,

z ∈ R
n, ψ i : R → R

n (8.22)

with A1 and C1 in canonical observer form (8.17), if and only if

(i) [adi
f g, adj

f g] = 0, 0 ≤ i, j ≤ n− 1;

(ii) [qi , adj

f g] = 0, 0 ≤ j ≤ n− 2, 1 ≤ i ≤ p;

3 We recall that a vector b = (b1, . . . , bn)T ∈ R
n is Hurwitz if all roots of the corresponding polynomial

b1p
n−1 + · · · + bn−1p + bn have negative real parts.
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where the vector field, g(x), is uniquely defined by

〈
∂

∂x




h(x)
Lfh(x)
. . .

Ln−1
f h(x)


 , g(x)

〉
=




0
0
. . .

1


 . (8.23)

The proof of this result is constructed along the following lines. Suppose we use
the change of coordinates z = �(x), then we have

ż = ∂�

∂x
ẋ (8.24)

=
(
∂�

∂x
f(x)

)
x=�−1(z)

+ ∂�

∂x

p∑
i=1

θiqi(x). (8.25)

It is shown in Marino (1990) that, provided we meet the constraint

[adi
f g, adj

f g] = 0, ∀ x ∈ U , 0 ≤ i, j ≤ n− 1, (8.26)

we can cast the system into the adaptive-observer canonical form

ż = A1z + ψ(y)+
p∑

i=1

∂�

∂x
θiqi(x), y = C1z (8.27)

with A1 and C1 in canonical observer form (8.17). Furthermore, if

[qi , adj

f g] = 0, ∀ x ∈ U , 0 ≤ j ≤ n− 2 (8.28)

then we can put the system into

ż = A1z + ψ(y)+
p∑

i=1

θiψ i(y), y = C1z. (8.29)

This representation is linear in the unknown variables, z1(t), z2(t), . . . , zn(t), and
θ1(t), θ2(t), . . . , θp(t), while it is nonlinear only in the output, y(t), which is
available for measurement.

8.2 The feasibility of conventional adaptive-observer canonical forms

Here we consider technical difficulties preventing straightforward application of
conventional adaptive observers for solving the state- and parameter-reconstruction
problems for typical neural oscillators. We start with the most simple polynomial
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systems such as the Hindmarsh–Rose equations. We show that even for this rela-
tively simple class of linearly parametrized models the problem of reconstructing
all parameters of the system is a difficult theoretical challenge. Whether com-
plete reconstruction is possible depends substantially on what part of the system’s
right-hand side is corrupted with uncertainties. Although in the most general case
reconstruction of all components of the parameter vector by using standard tech-
niques might not be possible, in some special yet relevant cases estimation of a
part of the model parameters is still achievable in principle.

Let us consider, for example, the problem of fitting the parameters of the con-
ventional Hindmarsh–Rose oscillator to measured data. In particular we wish to be
able to model a single spike from the measured train of spikes evoked by a constant
current injection. The classical two-dimensional Hindmarsh–Rose model is defined
by the following system:

ẋ = −ax3 + bx2 + y + I ,

ẏ = c − dx2 − y, a = 1, b = 3, c = 1, d = 5,
(8.30)

in which I ∈ R stands for the stimulation current. Trajectories x(t) of this model
are known to be able to reproduce a wide range of typical responses of actual
neurons qualitatively. Quantitative modeling, however, requires the availability of
a linear transformation of (x(t), y(t)) so that the amplitude and the frequency of
oscillations x(t) can be made consistent with data.

In what follows we will consider (8.30) subject to the class of transformations

(
x1

x2

)
=
(

k1 0
k2 k3

)(
x

y

)
+
(

px

py

)
, k2 < k3, (8.31)

where ki > 0 and px , py ∈ R are unknown. Transformations (8.31) include
stretching and translations as a special case. In addition to (8.31) we will also allow
the time constants on the right-hand side of (8.30) to be slowly time-varying. This
will allow us to adjust the scaling of the system trajectories with respect to time.

Taking these considerations into account, we obtain the following re-
parametrized description of model (8.30):

ẋ1 =
3∑

i=0

xi
1θ1,i + x2,

ẋ2 = −λx2 +
3∑

i=1

xi
1θ2,i .

(8.32)
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Alternatively, in vector-matrix notation we obtain

(
ẋ1

ẋ2

)
= A(λ)

(
x1

x2

)
+ ϕ(x1)θ , (8.33)

where

A(λ) =
(

0 1
0 −λ

)
,

ϕ(x1) =
(

x3
1 x2

1 x1 1 0 0 0
0 0 0 0 x3

1 x2
1 x1

)
,

θ = (θ1,3, θ1,2, θ1,1, θ1,0, θ2,3, θ2,2, θ2,1).

(8.34)

One of the main obstacles is that the original equations of neural dynamics are not
written in any of the canonical forms for which the reconstruction algorithms are
available. The question, therefore, is whether there exists an invertible coordinate
transformation such that the model equations can be rendered canonical. Below we
demonstrate that this is generally not the case if the transformation is parameter-
independent. This is formally stated in Section 3.1. However, if we allow our
transformation to be both parameter- and time-dependent, a relevant class of models
with polynomial right-hand sides can be transformed into one of the canonical
forms.

8.2.1 Parameter-independent time-invariant transformations

Let us consider a class of systems that can be described by (8.33). Clearly this
system is not in a canonical adaptive-observer form because A(λ) depends on the
unknown parameter λ explicitly. The question, however, is whether there exists a
differentiable coordinate transformation

z = �(x), z1 = x1

such that in the new coordinates the equations of system (8.33) satisfy one of the
canonical descriptions. The answer to this question is negative, and it follows from
the slightly more general statement in the theorem below.

Theorem 8.3 The system

ẋ = f(x)+
p∑

i=1

θiqi(x), y = h(x),

x ∈ R
n, y ∈ R, qi : R

n → R
n, n ≥ 2 (8.35)
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with

f(x) =




0 1 1 . . . 1
0 0 0 . . . 0
. . . . . . .
0 0 0 . . . 0


 x, h(x) = ( 1 0 0 . . . 0

)
x (8.36)

cannot be transformed by a diffeomorphic change of coordinates, z = �(x), into

ż = A1z + ψ0(y)+
p∑

i=1

θiψ i(y), y = C1z,

z ∈ R
n, y ∈ R, ψ i : R → R

n (8.37)

with A1 and C1 in canonical observer form (8.17), if either (i) n > 2 or (ii) there
exists i ∈ {1, . . . ,p}, j ∈ {2, . . . , n} such that ∂qi/∂xj �= 0.

Proof The proof is straightforward. Indeed, for the observability test we have


h(x)
Lfh(x)
L2
f h(x)

.

.

.
Ln−1
f h(x)



=




x1

x2 + x3 + . . .+ xn

0
.
0


 (8.38)

and

∂

∂x




h(x)
Lfh(x)
L2
f h(x)

.

.

.
Ln−1
f h(x)



=




1 0 0 0 0 . . . 0
0 1 1 1 1 . . . 1
0 0 0 0 0 . . . 0
. . . . . . . . .
0 0 0 0 0 . . . 0


 . (8.39)

It follows that observability is lost for n > 2. This proves condition (i). In order to
demonstrate condition (ii) we use Theorem 8.2 as follows. From (8.23) we have〈(

1 0
0 1

)
,

(
g1

g2

)〉
=
(

0
1

)
, (8.40)

giving

g =
(

0
1

)
. (8.41)
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Condition (i) of Theorem 8.2 will be satisfied since the system is linear, and from
condition (ii) of Theorem 8.2 we have

[q1, ad0
f g] = [q1, g] (8.42)

= ∂g
∂x
q1 − ∂q1

∂x
g (8.43)

= −∂q1

∂x

(
0
1

)
(8.44)

= −∂q1

∂x2
. (8.45)

Thus we satisfy condition (ii) of Theorem 8.2 if and only if ∂q1/∂x2 = 0 for all
x ∈ U . �

8.2.2 Parameter-dependent and time-varying transformations

Let us now consider the case in which the transformation z = �(x, λ, θ , t) is
allowed to depend on unknown parameters and time. As we show below, this class
of transformations is much more flexible. In principle, it allows us to solve the
problem of partial state and parameter reconstruction for an important class of
oscillators with polynomial right-hand sides and time-invariant time constants.

We start by searching for a transformation �:

� : q = T (λ)x, |T (λ)| �= 0

such that

T (λ)A(λ)T −1(λ) =
(

Y 1
Y 0

)
, (8.46)

where the matrix A(λ) is defined as in (8.34). It is easy to see that the transformation
satisfying this constraint exists, and it is determined by

T (λ) =
(

1 0
λ 1

)
. (8.47)

According to (8.46), (8.47), and (8.34) the equations of (8.33) in the coordinates
q can be written as

q̇ = A1q+ ψ(q1)η(θ , λ), (8.48)
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where

A1 =
(

0 1
0 0

)
,

ψ(q1) =
(

q3
1 q2

1 q1 1 0 0 0 0
0 0 0 0 q3

1 q2
1 q1 1

)
,

η(θ , λ) = (θ1,3, θ1,2, θ1,1 − λ, θ1,0, λθ1,3 + θ2,3,

λθ1,2 + θ2,2, λθ1,1 + θ2,1, λθ1,0)
T.

(8.49)

Remark 8.1 Notice that

• availability of the parameter vector η in (8.48) and (8.49), expressed as a function
of θ and λ, implies the availability of θ and λ if θ1,0 �= 0 (indeed, in this case the
value of λ = η8/η4 and the values of all θi,j are uniquely defined by ηi);

• the condition θ1,0 �= 0 is sufficient for reconstructing the values of x2, provided
that q and η are available (indeed, in this case x = T −1(λ)q).

As follows from Remark 8.1, the problem of state and parameter reconstruction
of (8.33) from measured data x1(t) amounts to solving the problem of state and
parameter reconstruction of (8.48). In order to solve this problem we shall employ
yet another coordinate transformation:

z1 = q1,

z2 = q2 + ζT(t)η,
(8.50)

in which the functions ζ (t) are some differentiable functions of time. Coordinate
transformation (8.50) is clearly time-dependent. The role of this additional trans-
formation is to transform the equations of system (8.48) into the form for which a
solution already exists.

Definitions of these functions, specific estimation algorithms, and their conver-
gence properties are discussed in detail in the next section.

8.2.3 Observers for transformed equations

Bastin–Gevers adaptive observer

Proceeding from (8.48) and (8.49) and applying a second change of coordinates
given by (

z1

z2

)
=
(

1 0
f /k 1/k

)(
q1

q2

)
,
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where f ∈ R<0 and k ∈ R are some design parameters, we obtain the canonical
form (8.10) presented in Bastin and Gevers (1988)

(
ż1

ż2

)
= R

(
z1

z2

)
+ g(t)+�(y)η(θ , λ),

R =
(

0 k

0 f

)
,

g(t) = −y

(
f

f 2/k

)
, (8.51)

�(y) =
(

y3 y2 y 1 0 0 0 0
f /ky3 f /ky2 f /ky f /k 1/ky3 1/ky2 1/ky 1/k

)
,

η(θ , λ) = (θ13, θ12, θ11 − λ, θ10, θ23 + λθ13, θ22 + λθ12, θ21 + λθ11, λθ10)
T .

System (8.51) now is in the Bastin–Gevers adaptive-observer canonical form.
Notice that the parameter vector η(θ , λ) remains unchanged and recall Remark
8.1. Let us proceed to the observer construction following the steps described in
(8.11)–(8.16).

We start by introducing an auxiliary filter of which the general form is given by
(8.13). According to (8.51) the auxiliary filter is defined as follows:

v̇1 = f v1 + (f /k)y3,
v̇2 = f v2 + (f /k)y2,
v̇3 = f v3 + (f /k)y,
v̇4 = f v4 + (f /k),
v̇5 = f v5 + (1/k)y3,
v̇6 = f v6 + (1/k)y2,
v̇7 = f v7 + (1/k)y,
v̇8 = f v8 + 1/k.

(8.52)

Hence, in accordance with (8.14) the regressor vector ϕ(t) is written as

ϕ1 = kv1 + y3,
ϕ2 = kv2 + y2,
ϕ3 = kv3 + y,
ϕ4 = kv4 + 1,
ϕ5 = kv1,
ϕ6 = kv2,
ϕ7 = kv3,
ϕ8 = kv4,

(8.53)
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and the observer equations are as follows:

˙̂x =
( −c1 k

0 f

)
x̂ +

(
c1

0

)
x̂1 + g(t)+�(x1)η̂ +

(
0
V ˙̂η

)
,

˙̂η = �ϕ(x1 − x̂1),

V = (v1, v2, v3, v4, v5, v6, v7, v8).

(8.54)

On taking (8.52)–(8.54) and (8.16) into account, we obtain the following equations
governing the dynamics of the estimation error, (x̃∗, η̃)T:

˙̃x∗ =
( −c1 k

0 f

)
x̃∗ +

(
ϕTη̃

0

)
,

˙̃η = −�ϕx̃∗1 . (8.55)

The auxiliary filter (8.52) acts here as an inherent component of a time-varying
coordinate transformation rendering the error dynamics into (8.16). This coordinate
transformation is similar to that defined by (8.50), provided that z and η in (8.50)
are replaced by estimation errors x̃∗ and η̃.

Let us now explore asymptotic properties of the observer. First we notice thatv4(t)

and v8(t) both converge to constant values exponentially fast as t →∞. In fact,

lim
t→∞ v4(t) = −1

k
, lim

t→∞ v8(t) = − 1

f k
.

Thus accordingly ϕ4(t) and ϕ8(t) both tend to constant values as t →∞:

lim
t→∞ϕ4(t) = 0, lim

t→∞ϕ8(t) = − 1

f
.

The latter fact implies that the persistency-of-excitation requirement is necessarily
violated for regressor (8.53). Indeed, this condition does not hold if one of the
components of ϕ(t) is exponentially converging to zero. The question, therefore,
is whether this approach can be used at all to construct asymptotically converging
estimators of the state and parameters of (8.51). The answer to this question is
provided in the corollary below.

Corollary 8.1 Consider the function

ϕ̄(t) = (ϕ1(t),ϕ2(t),ϕ3(t),ϕ5(t),ϕ6(t),ϕ7(t),ϕ8(t))
T.

If it is globally bounded and persistently exciting then the following holds along
the solutions of (8.52)–(8.54):

lim
t→∞ x̂(t)− x(t) = 0, lim

t→∞ η̂i(t)− ηi , i �= 4,

and the convergence is exponential.
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Remark 8.2 Corollary 8.1 demonstrates that even though the original result
of Bastin and Gevers (1988), i.e. Theorem 8.1, does not apply to system (8.51)
directly one can still construct a reduced-order observer for this system. This
reduced observer guarantees partial reconstruction of unmeasured parameters, and
this reconstruction is exponentially fast. To recover the true values of unknown
parameters one needs to solve the system

η1 = θ13,

η2 = θ12,

η3 = θ11 − λ,

η5 = θ23 + λθ13,

η6 = θ22 + λθ12,

η7 = θ21 + λθ11,

η8 = λθ10,

for θi and λ taking the values of η̂i as the estimates of ηi . The solution to this system
might not be unique, hence the reconstruction is generally possible only up to a
certain scaling factor.

The Marino–Tomei observer

Let us define the vector-function ζ(t) in (8.50) as follows:

ζ̇i = −kζi + kψ1,i(q1)− ψ2,i(q1), k ∈ R>0.

In this case we have

ż2 =
8∑

i=1

ψ2,i(q1)ηi + k

(
−

8∑
i=1

ζiηi + ψ1,i(q1)ηi

)
−

8∑
i=1

ψ2,i(q1)ηi

= k

8∑
i=1

(−ζi + ψ1,i(q1))ηi .

Hence, taking equality (8.50) into account and expressing q2 as q2 = z2 −
ζT(t)η(θ , λ), we obtain

ż1 = z2 +
8∑

i=1

(−ζi + ψ1,i(q1))ηi ,

ż2 = k

8∑
i=1

(−ζi + ψ1,i(q1))ηi .

(8.56)
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Notice that ψ1,4(q1) = ψ2,8(q1) = 1, hence −ζ4 + ψ1,4(q1) and −ζ8 + ψ1,8(q1)

converge to some constants in R exponentially fast as t →∞. Moreover, the sum
−ζ4 +ψ1,4(q1) converges to zero and the sum −ζ8 +ψ1,8(q1) converges to −1/k
as t →∞. Taking these facts into account, we can conclude that system (8.56) can
be rewritten in the following (reduced) form:

ż = A1z + bφT(z1, t)υ(θ , λ)+ bε(t),

A1 =
(

0 1
0 0

)
, b =

(
1
k

)
,

φ(z1, t) =




−ζ1 + ψ1,1(z1)

−ζ2 + ψ1,2(z1)

−ζ3 + ψ1,3(z1)

−ζ8 + ψ1,8(z1)

−ζ5 + ψ1,5(z1)

−ζ6 + ψ1,6(z1)

−ζ7 + ψ1,7(z1)




,

υ(θ , λ) = (θ1,3, θ1,2, θ1,1, θ̄1,0, λθ1,3 + θ2,3, λθ1,2 + θ2,2, λθ1,1 + θ2,1)
T,

(8.57)

where ε(t) is an exponentially decaying term.
System (8.57) is clearly in the adaptive-observer canonical form. Hence, it admits

the following adaptive observer:

˙̂z = A1ẑ + L(ẑ1 − z1)+ bφT(z1, t)υ̂,

C1 = (1, 0), z1 = C1z,

L =
( −l1

−l2

)
, l1 = k + 1, l2 = k,

˙̂υi = −γ (ẑ1 − z1)φi(z1, t), γ ∈ R>0,

(8.58)

of which the asymptotic properties are specified in the following theorem.

Theorem 8.4 Let us suppose that system (8.57) is given and its solutions are
defined for all t . Then, for all initial conditions, solutions of the combined system
(8.57) and (8.58) exist for all t and

lim
t→∞ ẑ(t)− z(t) = 0.

Furthermore, if the function φ(z1, t) is persistently exciting and z(t) is bounded
then

lim
t→∞ υ̂(t)− υ(θ , λ) = 0,

and the dynamics of ẑ − z and υ̂ − υ are exponentially stable in the sense of
Lyapunov.
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Proof The proof of the theorem is standard and can be constructed
from many other more general results (see, for example, Marino (1990) and
Narendra and Annaswamy (1989)). Here we present just a sketch of the argument
for consistency. According to our assumptions, the matrix A1 + LC1 is Hurwitz.
Moreover one can easily check that the transfer function C1(p−(A1+LC1))

−1b is
strictly positive real. Hence, using the Meyer–Kalman–Yakubovich–Popov lemma,
we can conclude that there exists a symmetric and positive definite matrix H such
that

H(A1 + LC1)+ (A1 + LC1)
TH < −Q, Hb = (1, 0)T, (8.59)

where Q is a positive definite matrix. Let us now consider the following function

V (z, υ̂, t) = 1

2
(z − ẑ)TH(z − ẑ)+ 1

2
‖υ − υ̂‖2γ−1 +D

∫ ∞

t

ε2(τ )dτ ,

where the value of D is to be specified later. Clearly, the function V is well defined
for the term ε(t) is continuous and exponentially decaying to zero as t →∞. Thus,
the boundedness of V implies that ‖ẑ − z‖ and ‖υ̂ − υ‖ are bounded.

Consider the time-derivative of V :

V̇ = (z − ẑ)T(H(A1 + LC1)+ (A1 + LC1)
TH)(z − ẑ)1

2

+ (z − ẑ)THbφT(z1, t)(υ − υ̂)+ (z − ẑ)THbε

− (υ − υ̂)T (1, 0)(z − ẑ)φ(z1, t)−Dε2.

Taking (8.59) into account, we obtain

V̇ ≤ −(z − ẑ)TQ(z − ẑ)1
2 + ‖z − ẑ‖|ε(t)|M −Dε2

≤ −α‖z − ẑ‖2 + ‖z − ẑ‖|ε(t)|M −Dε2, (8.60)

where α > 0 is the minimal eigenvalue of Q1
2 , M is a fixed positive number, and

D is a parameter of V that can be chosen arbitrarily and independently of M . By
choosing D such that √

αD

4
= M ,

we ensure that
V̇ ≤ −α

2
‖z− ẑ‖2.

Thus, the function V is bounded from above, and, given that the solution z(t) exists
for all t > t0, so does the solution of the combined system. The rest of the proof
follows directly from Barbalat’s lemma and the asymptotic-stability theorem for the
class of skew-symmetric-time-varying systems presented in Morgan and Narendra
(1992). �
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Remark 8.3 Similarly to Corollary 8.1 for the Bastin–Gevers observer, Theorem
8.4 provides us with a computational scheme that, subject to the condition that
φ(z1, t) is persistently exciting, can be used to estimate the values of the modified
vector of uncertain parameters υ(θ , λ). The question, however, is that of whether
the values of θ and λ can always be restored from υ(θ , λ). In general, the answer
to this question is negative. Indeed, according to (8.48) we have

θ1,3 = υ1,

θ1,2 = υ2,

θ1,1 − λ = υ3,

θ̄1,0 = λθ1,0 = υ4,

λθ1,3 + θ2,3 = υ5,

λθ1,2 + θ2,2 = υ6,

λθ1,1 + θ2,1 = υ7.

(8.61)

As follows from (8.61) one can easily recover the values of θ1,3, θ1,2, and θ1,1.
However, recovering the values of the remaining parameters explicitly from the
estimates of υ(θ , λ) is possible only up to a certain scaling parameter. Indeed, the
number of unknowns in (8.61) exceeds the number of equations by one.

Remark 8.4 Notice that in the relevant special cases, when the value of any one
of either θ2,3, θ2,2, and θ2,1 is zero, such reconstruction is obviously possible. Let
us suppose that θ2,3 = 0. Hence, the value of λ can be expressed from (8.61) as

λ = υ5

υ1
, (8.62)

and thus the rest of the parameters can be reconstructed as well. Owing to the pres-
ence of division in (8.62), this scheme may be sensitive to persistent perturbations
when υ5 = λθ1,3 is small.

So far we have considered special cases of (8.1) in which the time constants of
unmeasured variables were unknown yet constant and the parametrization of the
right-hand side was linear. As we mentioned in Remark 8.4, even for this simpler
class of systems solving the problem of parameter reconstruction might not be a
straightforward operation. For example, if there are cubic, quadratic, and linear
terms in the second equation of (8.33) then recovering all parameters of (8.33) by
use of the observer (8.58) might not be possible. Nonlinear parametrization, time-
varying time constants, and nonlinear coupling between equations on the right-hand
side of (8.1) make the reconstruction problem even more complicated.
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In the next section we show that for a large subclass of (8.1) there always exists
an observer that solves the problem of state and parameter reconstruction from
the measurements of V . Moreover the structure of this observer does not depend
significantly on the specific equations describing the dynamics of the observed
system.

8.3 Universal adaptive observers for conductance-based models

The ideas of universal adaptive observers for systems with nonlinearly parametrized
uncertainty were introduced in Chapter 5. Here we discuss how they can be applied
to the problem of state and parameter reconstruction of (8.1).

The following subclass of (8.1) is considered:

ẋ0 = θT
0 φ0(x0,p0, t)+

n∑
i=1

ci(x0, qi , t)xi + c0(x0, q0, t)+ ξ0(t)+ u(t),

ẋ1 = −β1(x0, τ1, t) x1 + θT
1 φ1(x0,p1, t)+ ξ1(t),

...
ẋi = −βi(x0, τi , t) xi + θT

i φi(x0,pi , t)+ ξi(t),
...

ẋn = −βn(x0, τn, t) xn + θT
n φi(x0,pn, t)+ ξn(t),

(8.63)
y = (1, 0, . . . , 0)x = x0, xi(t0) = xi,0 ∈ R,

x = col(x0, x1, . . . , xn), θi = col(θi,1, . . . , θi,di ),

where

φi : R× R
mi × R≥0 → R

di , φi ∈ C0, di ,mi ∈ N, i = {0, . . . , n},
βi : R× R× R≥0 → R>0, βi ∈ C0, i = {1, . . . , n},
ci : R× R

ri × R≥0 → R, ci ∈ C0, ri ∈ N, i = {0, . . . , n},
are continuous and known functions, u : R≥0 → R, u ∈ C0 is a known function
of time modeling the control input, and ξi : R≥0 → R, ξi ∈ C0 are functions that
are unknown, yet bounded. The functions ξi(t) represent unmodeled dynamics,
external perturbations, residuals due to the coarse-graining procedures at the stage
of reduction, etc.

The variable y in system (8.63) is the output, and the variables xi , i ≥ 1 are the
components of state x, which are not available for direct observation. The vectors
θi ∈ R

di consist of linear parameters of uncertainties on the right-hand side of the
ith equation in (8.63). The parameters τi ∈ R, i = {1, . . . , n} are the unknown
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parameters of the time-varying relaxation rates, βi(x0, τi , t), of the state variables
xi , and the vectors pi ∈ R

mi and qi ∈ R
ri , consist of the nonlinear parameters of

the uncertainties. The functions ci(x0, qi , t) are supposed to be bounded.
Notice that system (8.63) is almost as general as (8.1). The only difference is

that the variables xi , i ≥ 1 enter the first equation of (8.63) as

n∑
i=1

ci(x0, qi , t)xi ,

whereas the corresponding variables ri in system (8.1) enter the first equation in a
slightly more general way, ∑

j
ϕj (v, t)pj (r)θj .

For notational convenience we denote:

θ = col(θ0, θ1, . . . , θn),

λ = col(p0, q0, τ1,p1, q1, . . . , τn,pn, qn),

s = dim (λ) = n+
n∑

i=0

(mi + ri).

The symbols �θ and �λ denote the domains of admissible values for θ and λ,
respectively.

The system’s state x = col(x0, x1, . . . , xn) is not measured; only the values of
the input u(t) and the output y(t) = x0(t), t ≥ t0 in (8.63) are accessible over any
time interval [t0, t] that belongs to the history of the system. The actual values of the
parameters θ and λ are assumed to be unknown a priori. We assume however, that
they belong to a set, e.g. a hypercube, with known bounds: θi,j ∈ [θi,min, θi,max],
λi ∈ [λi,min, λi,max].

Instead of imposing the traditional requirement of asymptotic estimation of the
unknown parameters with arbitrarily small error we relax our demands to estimating
the values of the state and parameters of (8.63) up to a certain tolerance. This is
because we allow unmodeled dynamics, ξi(t), on the right-hand side of (8.63). As
a result of such a practically important addition there may exist a set of systems of
which the solutions are relatively close to the measured data yet their parameters
could be different. Instead of just one value of the unknown parameter vectors
θ and λ we therefore have to deal with a set of θ and λ corresponding to the solutions
of (8.63) which over time are sufficiently close. This set of model parameters is
referred to as an equivalence class of (8.63).

Similarly to canonical observer schemes (Marino 1990; Bastin and Gevers 1988;
Marino and Tomei 1995a), the method presented in Chapter 5, in Section 5.6.2,
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relies on the ability to evaluate the integrals

µi(t , τi ,pi) =
∫ t

t0

e−
∫ t
τ βi (x0(χ),τi ,χ)dχφi(x0(τ ),pi , τ)dτ (8.64)

at a given time t and for the given values of τi and pi within a given accuracy. In
classical adaptive-observer schemes, the values of βi(x0, τi , t) are constant. This
allows us to transform the original equations by a (possibly parameter-dependent)
non-singular linear coordinate transformation, ? : x %→ z, x1 = z1, into an
equivalent form in which the values of all time constants are known. In the new
coordinates the variables z2, . . . , zn can be estimated by integrals (8.64) in which
the values of βi(x0, τi , t) are constant and known. This is usually done by using
auxiliary linear filters. In our case, the values of βi(x0, τi , t) are not constant and
are unknown due to the presence of τi . Yet if the values of τi were known we could
still estimate the values of integrals (8.64) as follows:∫ t

t0

e−
∫ t
τ βi (x0(χ),τi ,χ)dχφi(x0(τ ),pi , τ)dτ /∫ t

t−T

e−
∫ t
τ βi (x0(χ),τi ,χ)dχφi(x0(τ ),pi , τ)dτ = µ̄i(t , τi ,pi), (8.65)

where T ∈ R>0 is sufficiently large and t ≥ T + t0.
Alternatively, if φi(x0(t),pi , t) and βi(x0(t), τi , t) are periodic with rationally

dependent periods and satisfy the Dini condition in t , the integrals (8.64) can be
estimated by invoking a Fourier expansion. Notice that for functions µi(t , τi ,pi)

that are continuous and Lipschitz in pi the coefficients of their Fourier expansion
remain continuous and Lipschitz with respect to pi .

In the next sections we present the general structure of the observer for (8.63)
and provide a list of its asymptotic properties.

8.3.1 Observer definition and assumptions

Consider the following function ϕ(x0, λ, t) : R×R
s ×R≥0 → R

d , d =∑n
i=0 di :

ϕ(x0, λ, t) = (φ0(x0,p0, t), c1(x0, q1, t)µ1(t , τ1,p1), . . . ,

cn(x0, qn, t)µn(t , τn,pn))
T .

(8.66)

The function ϕ(x0, λ, t) is a concatenation of φ0(·) and the integrals (8.64). We
assume that the values of ϕ(x0, λ, t) can be efficiently estimated for all x0, λ, t ≥ 0
up to a small mismatch. In other words, we suppose that there exists a function
ϕ̄(x0, λ, t) such that the following property holds:

‖ϕ̄(x0, λ, t)− ϕ(x0, λ, t)‖ ≤ �ϕ , �ϕ ∈ R>0, (8.67)
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where the values of ϕ̄(x0, λ, t) are efficiently computable for all x0, λ, and t (see
e.g. (8.65) for an example of such approximations), and �ϕ is sufficiently small.

If the parameters τi , pi , and qi on the right-hand side of (8.63) were known,
and ci(x0, qi , t) = 1 and βi(x0, τi , t) = τi , then the function ϕ(x0, λ, t) could
be estimated by (φ0(x0, t), η1, . . . , ηn), where ηi are the solutions of the auxiliary
system (filter)

η̇i = −τiηi + φi(x0,pi , t) (8.68)

with zero initial conditions. Systems like (8.68) are inherent components of standard
adaptive observers (Kreisselmeier 1977; Bastin and Gevers 1988; Marino 1990).
In our case we suppose that the values of τi , qi , and pi are not known a priori and
that ci(x0, qi , t) and βi(x0, τi , t) are not constant. Therefore, we replace ηi with
their approximations, e.g. as in (8.65):

ϕ̄(x0, λ, t) = (φ0(x0,p0, t), c1(x0, q1, t)µ̄1(t , τ1,p1), . . . ,

cn(x0, qn, t)µ̄n(t , τn,pn))
T .

For periodic φi(x0(t),pi , t) and βi(x0(t), τi , t) a Fourier expansion can be
employed to define ϕ̄(x0, λ, t). The value of �ϕ in (8.67) stands for the accu-
racy of approximation, and as a rule of thumb the more computational resources
are devoted to approximate ϕ(x0, λ, t) the smaller is the value of �ϕ .

With regard to the functions ξi(t) in (8.63) we suppose that an upper bound, �ξ ,
of the following sum is available:

n∑
i=1

1

τi
‖ξi(τ )‖∞,[t0,∞] + ‖ξ0(τ )‖∞,[t0,∞] ≤ �ξ , �ξ ∈ R≥0. (8.69)

Denoting c0(x0, q0, t) = c0(x0, λ, t), for notational convenience, we can now
define the observer as


˙̂x0 = −α(x̂0 − x0)+ θ̂

T
ϕ̄(x0, λ̂, t)+ c0(x0, λ̂, t)+ u(t),

˙̂
θ = −γθ (x̂0 − x0)ϕ̄(x0, λ̂, t), γθ ,α ∈ R>0,

(8.70)

˙̂xi = −βi(x0, τ̂i , t)x̂i + θ̂T
i φi(x0, p̂i , t), i = {1, . . . , n}, (8.71)

where

θ̂ = col(θ̂0, θ̂1, . . . , θ̂n)

is the vector of estimates of θ . The components of the vector

λ̂ = col(p̂0, q̂0, τ̂1, p̂1, q̂1, . . . , τ̂n, p̂n, q̂n) = col(λ̂1, . . . , λ̂s),
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with s = dim(λ), evolve according to the following equations:

˙̂x1,j = γ · ωj · e ·
(
x̂1,j − x̂2,j − x̂1,j

(
x̂2

1,j + x̂2
2,j

))
,

˙̂x2,j = γ · ωj · e ·
(
x̂1,j + x̂2,j − x̂2,j

(
x̂2

1,j + x̂2
2,j

))
,

λ̂j (x̂1,j ) = λj ,min + [(λj ,max − λj ,min)/2](x̂1,j + 1),
e = σ(‖x0 − x̂0‖ε),

(8.72)

with
j = {1, . . . , s}, x̂2

1,j (t0)+ x̂2
2,j (t0) = 1,

where σ(·) : R → R≥0 is a bounded continuous function, i.e. σ(υ) ≤ S ∈ R>0,
and |σ(υ)| ≤ |υ| for all υ ∈ R; ωj ∈ R>0 are set to be rationally independent (see
(5.165)).

8.3.2 Asymptotic properties of the observer

The asymptotic properties of the observer are specified in Corollaries 8.2 and 8.3
from Theorem 5.10. Corollary 8.2 establishes conditions for state boundedness of
the observer, and states its general asymptotic properties. Corollary 8.3 specifies a
set of conditions for the possibility of asymptotic reconstruction of θi , τi , and pi ,
up to their equivalence classes and small mismatch due to errors.

Proofs of these corollaries follow immediately from Theorem 5.10.

Corollary 8.2 Let the system of (8.63) and (8.70)–(8.72) be given. Assume that
the function ϕ̄(x0(t), λ, t) isλ-uniformly persistently exciting, and that the functions
ϕ̄(x0(t), λ, t) and c0(x0(t), λ, t) are Lipschitz in λ:

‖ϕ̄(x0(t), λ, t)− ϕ̄(x0(t), λ
′, t)‖ ≤ D‖λ− λ′‖,

‖c0(x0(t), λ, t)− c0(x0(t), λ
′, t)‖ ≤ Dc‖λ− λ′‖. (8.73)

Then there exist numbers ε > 0 and γ ∗ > 0 such that for all γ ∈ (0, γ ∗]
(1) the trajectories of the closed-loop system (8.70)–(8.72) are bounded and

lim
t→∞‖x̂0(t)− x0(t)‖ε = 0;

(2) there exists λ∗ ∈ �λ, κ ∈ R>0 such that

lim
t→∞ λ̂(t) = λ∗. (8.74)

Remark 8.5 Corollary 8.2 assures that the estimates θ̂(t) and λ̂(t) asymptotically
converge to a neighborhood of the actual values θ and λ. It does not specify,
however, how close these estimates are to the true values of θ and λ.
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The next result states that, if the values of �ϕ and �ξ ,

‖ϕ(x0, λ, t)− ϕ̄(x0, λ, t)‖ ≤ �ϕ ,
n∑

i=1

1

τi
‖ξi(τ )‖∞,[t0,∞] + ‖ξ0(τ )‖∞,[t0,∞] ≤ �ξ ,

in (8.67) and (8.69) are small, e.g. ϕ̄(x0(t), λ, t) approximates ϕ(x0(t), λ, t) with
sufficiently high accuracy and the unmodeled dynamics is negligible, then the esti-
mates θ̂(t) and λ̂(t)will converge to small neighborhoods of the equivalence classes
of θ and λ. The sizes of these neighborhoods are shown to be bounded from above
by monotone functions �:

� = ‖θ‖�ϕ +�ξ

vanishing at zero. Formally this result is stated below.

Corollary 8.3 Let the assumptions of Corollary 8.2 hold, and assume that
ϕ̄0(x0, λ, t) ∈ C1, the derivative ∂ϕ̄0(x0(t), λ, t)/∂t is globally bounded, and
� = ‖θ‖�ϕ + �ξ is small. Then there exist numbers ε > 0 and γ ∗ > 0 such
that for all γi ∈ (0, γ ∗)

(1) lim supt→∞ ‖θ̂(t)− θ‖ = r1(�), r1 ∈ K;
(2) if θTϕ̄(x0(t), λ, t) + c0(x0(t), λ, t) is weakly nonlinearly persistently exciting

with respect to λ, then the estimates λ̂(t) converge into a small vicinity of E(λ):

lim sup
t→∞

∥∥∥λ̂(t)∥∥∥
E(λ)

= r2(�), r2 ∈ K.

8.4 Examples

The canonical form (8.51) and the corresponding observer were implemented in
MATLAB, and numerical results are presented in Figure 8.3. The measured trajec-
tory x0(t) was generated by the Hindmarsh–Rose model with parameter values set
as follows:

λ = 2.027, θ1,3 = −10.4, θ1,2 = −4.35, θ1,1 = 6.65,

θ1,0 = 0.9125, θ2,2 = −32.45, θ1,1 = −32.15.

The parameters of the observer were chosen as

k = 1, c1 = 1, � = diag(1, 1, 1, 1, 1, 1, 1, 1), F = −1.

In addition to simulating the Bastin–Gevers observer for the Hindmarsh–Rose
model we also simulated the observer (8.58) derived within the framework of the
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Figure 8.3 Simulation results for the Bastin–Gevers observer. Each η̂i (t), i �= 4,
is shown with the true values indicated with a broken line. The periodic time of
the spikes is about 10 s while the total time simulated is 5× 105 s, thus the figures
spans thousands of spike cycles. The visual effect of these extreme time scales is
seen in the figures; hunting oscillations within the observer are seen as thickening
of the graphs of certain estimated parameters.

approach presented in Marino (1990). In this case we set

θ1,3 = −1, θ1,2 = 3, θ1,3 = 0, θ1,0 = 1.5,

θ2,3 = 0, θ2,2 = −5, θ2,1 = 0, λ = −1.
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There is no particular reasoning behind such a choice of parameters in both this and
the previous case apart from the fact that these parameters must induce persistent
oscillatory dynamics of the solutions of (8.32). The parameters of the observer were
chosen as follows:

l1 = 2, l2 = 1, γ = 1, k = 1.

Simulation results for this system are shown in Figure 8.4.
Let us now turn to a more realistic class of equations, i.e. conductance-based

models. In particular, we consider the Morris–Lecar model (Morris and Lecar
1981):

V̇ = 1

C
(−ḡCam∞(V )(V − ECa)− ḡKw(V − EK)− ḡL(V − V0))+ I ,

ẇ = − 1

τ(V )
w + w∞(V )

τ(V )
, (8.75)

where

m∞(V ) = 0.5

(
1+ tanh

(
V − V1

V2

))
,

w∞(V ) = 0.5

(
1+ tanh

(
V − V3

V4

))
,

τ(V ) = T0
1

cosh[(V − V3)/(2V4)] .

System (8.75) is a reduction of the standard four-dimensional Hodgkin–
Huxley equations, and is one of the simplest models describing the dynam-
ics of evoked membrane potential and, at the same time, claiming biological
plausibility.

The parameters ḡCa, ḡK, and ḡL stand for the maximal conductances of the
calcium, potassium, and leakage currents, respectively; C is the membrane capac-
itance; V1, V2, V3, and V4 are the parameters of the gating variables; T0 is the
parameter regulating the time scale of ionic currents; ECa and EK are the Nernst
potentials of the calcium and potassium currents; and EL is the rest potential. The
variable I models an external stimulation current. In this example the value of I
was set to I = 10.

The total number of parameters in system (8.75) is 12, excluding the stimulation
current I . Some of these parameters, however, are already available or can be
considered typical. For example the values of the Nernst potentials for calcium and
potassium channels, ECa and EK, are known and usually are set as ECa = 100
and EK = −70. The value of the rest potential, V0, can be estimated from the cell
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Figure 8.4 Simulation results for the Marino–Tomei observer. Each υ̂i (t) is shown
with the true values indicated with a broken line. The periodic time of the spikes
is about 10 s while the total time simulated is 10 × 103 s, thus the figures span
thousands of spike cycles. The visual effect of these extreme time scales is seen in
the figures; hunting oscillations within the observer are seen as thickening of the
graphs of certain estimated parameters.

explicitly. Here we set V0 = −50. Parameters V1 and V2 characterize the steady-
state response curve of the activation gates corresponding to the calcium channels,
and V3 and V4 are the parameters of the potassium channels. In the simulations we
set these parameters to standard values as e.g. in Koch (2002): V1 = −1, V2 = 15,
V3 = 10, and V4 = 29.
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The values of the parameters ḡCa, ḡK, ḡL, andT0, however, may vary substantially
from one cell to another. For example, the values of ḡCa, ḡK, ḡL depend on the
density of ion channels in a patch of the membrane; and the value of T0 is dependent
on temperature. Hence, in order to model the dynamics of individual cells, we need
to be able to recover these values from data.

As before, we suppose that the values of V over time are available for direct
observation, and the values of w are not measured. System (8.75) has no linear
time-invariant part, and the dynamics of w are governed by a nonlinear differential
equation with the time-varying relaxation factor, 1/τ(V ). Therefore, the observers
presented in Section 8.2 need not be applied explicitly to this system. This does not
imply, however, that the parameters ḡCa, ḡK, ḡL, and T0 cannot be recovered from
the measurements of V . In fact, as we show below, one can successfully reconstruct
these parameters by using observers defined in Section 8.3.

For the sake of notational consistency we denote x0 = V , x1 = w, and without
loss of generality suppose that C = 1. Hence, system (8.75) can now be rewritten
as follows:

ẋ0 = θ0,1m∞(x0)(x0 − ECa)+ θ0,1x1(x0 − EK)+ θ0,3(x0 − V0)+ I ,

ẋ1 = −β1(x0, λ)x1 + 1

λ
φ1(x0),

(8.76)

where

β1(x0, λ) = 1

λ
cosh

(
x0 − V3

2V4

)
, λ = T0,

φ1(x0) = cosh

(
x0 − V3

2V4

)
w∞(x0).

Noticing that β1(x0, λ) is separated away from zero for all bounded x0 and positive
λ, we substitute variable x1 in (8.76) with its estimation

χ(λ, t) =
∫ t

t−T

1

λ
e
− 1

λ

∫ t
τ cosh

(
x0(s)−V3

2V4

)
ds

cosh

(
x0(τ )− V3

2V4

)
w∞(x0(τ ))dτ .

The larger the value of T the higher the accuracy of estimation for large t . After
this substitution system (8.76) reduces to just one equation,

ẋ0 = θ0,1φ0,1(x0)+ θ0,2φ0,2(x0, λ, t)+ θ0,3φ0,3(x0)+ I + ξ0(t), (8.77)

where

φ0,1(x0) = m∞(x0)(x0 − ECa),

φ0,2(x0, λ, t) = (x0 − EK)χ(λ, t),

φ0,3(x0) = (x0 − V0),
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and the term ξ0(t) is bounded.
Equation (8.77) is a special case of (8.63), and hence we can apply the results of

Section 8.3 to construct an observer for asymptotic estimation of the values of θ0,1,
θ0,2, θ0,3, and λ. In accordance with (8.70)–(8.72) we obtain the following observer
equations:

˙̂x0 = −α(x̂0 − x0)+ θ̂1φ0,1(x0)+ θ̂2φ0,2(x0, λ̂, t)+ θ̂3φ0,3(x0)+ I ,

˙̂
θ1 = −γθ (x̂0 − x0)φ0,1(x0),

˙̂
θ2 = −γθ (x̂0 − x0)φ0,2(x0, λ̂, t),

˙̂
θ3 = −γθ (x̂0 − x0)φ0,3(x0), (8.78)

λ̂ = 3+ x̂1,1,

˙̂x1,1 = γ e
(
x̂1,1 − x̂2,1 − x̂1,1

(
x̂2

1,1 + x̂2
2,1

))
,

˙̂x2,1 = γ e
(
x̂1,1 + x̂2,1 − x̂2,1

(
x̂2

1,1 + x̂2
2,1

))
,

e = σ(‖x0 − x̂0‖ε). (8.79)

The parameters of the observer were set as follows: α = 1, ε = 0.001, γ = 0.01,
and γθ = 0.05.

According to Theorems 8.2 and 8.3, the observer (8.78) and (8.79) should ensure
successful reconstruction of the model parameters, provided that the regressor is
persistently exciting. This requirement is satisfied for model (8.76) generating peri-
odic solutions. We simulated the system (8.76), (8.78), and (8.79) over a wide range
of initial conditions. Figure 8.5 shows an example of the typical behavior of the
observer over time. As we can see from this figure, all estimates converge to small
neighborhoods of true values of the parameters.

8.5 Summary

In this chapter we have explored observer-based approaches to the problem of state
and parameter reconstruction for classes of typical models of neural oscillators.
The estimation procedure in this approach is defined as a system of ordinary dif-
ferential equations of which the right-hand side does not depend explicitly on the
unmeasured variables. The solution of this system (or functions of the solutions)
should asymptotically converge to small neighborhoods of the actual values of the
variables to be estimated. Until recently, due to nonlinear dependences of the vector
fields of the models on unknown parameters and also due to uncertainties in the
time scales of hidden variables, the observer-based approach to solving the problem
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Figure 8.5 Trajectories of the estimates of parameters θ1, θ2, θ3, and λ as functions
of time. The periodic time of the spikes is about 10 s while the total time simulated
is 8 × 104 s, thus the figures span thousands of spike cycles. The visual effect
of these extreme time scales is seen in the figures; hunting oscillations within the
observer are seen as thickening of the graphs of certain estimated parameters.

of state and parameter estimation of neural oscillators was a relatively unexplored
territory. Here we demonstrate that, despite these obvious difficulties, the approach
can be successfully applied to a wide range of models.

Two different strategies for observer design have been investigated. The first
strategy is based on the availability of canonical representations of the original
system. The success of this strategy is obviously determined by whether one can
find a suitable coordinate transformation such that the equations of the original
model can be transformed into the canonical adaptive-observer form. Because a
coordinate transformation is required, different classes of models are likely to lead to
different observers. The second strategy is based on the ideas described in Chapters
4 and 5. The structure of observers obtained as a result of this design strategy
does not change much from one model to another. The main difference between
these design strategies is in the convergence rates: exponential for the first and
asymptotical for the second. As long as merely the overall convergence time is
accounted for there is no big difference caused by whether the convergence itself is
exponential or not. Yet, the fact that it can be made exponential with known rates of
convergence allows us to derive the a priori estimates of the amount of time needed
to achieve a certain given accuracy of estimation.

We have shown that for linearly parametrized models such as e.g. the FitzHugh–
Nagumo and Hindmarsh–Rose oscillators one can develop an observer for state
and parameter estimation of which the convergence rate is exponential. For the
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nonlinearly parametrized and more realistic models such as the Morris–Lecar and
Hodgkin–Huxley equations we presented an observer of which the convergence is
asymptotic. In both cases the rate of convergence depends on the degree of excitation
in the measured data. In the case of linearly parametrized systems this excitation
can be measured in terms of the minimal eigenvalue of a certain matrix constructed
explicitly from the data and the model. For the nonlinearly parametrized systems
the degree of excitation is defined by a more complex expression. In principle, one
can ensure arbitrarily fast convergence of the estimator, provided that the excitation
is sufficiently high.



Appendix. The Meyer–Kalman–Yakubovich lemma

Definition 1 A function H : C → C is said to be positive real if it is analytic in
the open right-half of the complex plane, and

Re(H(s)) ≥ 0 ∀ s : Re(s) ≥ 0.

Definition 2 A function H : C → C is said to be

(i) positive real if it is analytic in the open right-half of the complex plane, zeros
and poles of H on the imaginary axis are simple with the remaining residues
≥ 0, and Re(H(iω)) ≥ 0 for all ω ∈ (−∞,∞);

(ii) strictly positive real if the function H(s) is not identically zero, and H(s − ε)

is positive real for some ε > 0.

It is easy to see that if the function H(s) is positive real then so are the functions
1/H(s) and H(1/s). Thus, if

H(s) = bms
m + bm−1s

m−1 + · · · + b0

ansn + an−1sn−1 + · · · + a0
,

is positive real then so must be the function

G(s) = H(1/s) = sn−m (bm + bm−1s + · · · + b0s
m)

an + an−1s + · · · + a0sn
.

Because zeros and poles of a positive real function on the imaginary axis must be
simple, this implies that |n−m| ≤ 1. This fact allows one to produce an important
characterization of strictly positive real rational functions H(iω) as ω →∞. The
result was first established by J. H. Taylor (1974), and it is summarized in the lemma
below.

387
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Lemma 1 Letp and d be two polynomials with deg(d) > deg(p), and letH(s) =
p(s)/d(s) be a strictly positive real rational function. Then Re(H(iω)) can go to
zero no more rapidly than ω−2 as ω→∞.

Proof of Lemma 1. Given that the function H(s) is positive real, we can conclude
that deg(d) = deg(p)+ 1. Let deg(d) = n, then

H(s) = bn−1s
n−1 + bn−2s

n−2 + · · · + b0

sn + an−1sn−1 + · · · + a0
, bi > 0, ai > 0 ∀ 0 ≤ i ≤ n− 1.

If the function H(s) is strictly positive real then there must exist ε > 0 such that
the function H(s − ε),

H(s − ε) = p(s − ε)d(−s − ε)

d(s − ε)d(−s − ε)
= ω2n−2(an−1bn−1 − bn−2 − εbn−1)+ · · ·

ω2n + · · · ,

is positive real. This, however implies the existence of ε such that bn−1an−1 −
bn−2 − εbn−1 > 0. Thus limω→∞ Re(H(iω))ω2 > 0, and statement of the lemma
follows. �

Now we are ready to state and prove a version of the Lefschetz–Kalman–
Yakubovich lemma.

Lemma 2 LetA ∈ R
n×n be a Hurwitz matrix, and b, c ∈ R

n be arbitrary vectors.
Then there exist symmetric positive definite matrices P and Q:

PA+ ATP = −Q,

Pb = c

if and only if the function

H(s) = cT(sI − A)−1b

is strictly positive real.

Proof of Lemma 2.
(i) Sufficiency. First of all notice that for any A ∈ R

n×n, b ∈ R
n, and P = P T

the following identity holds:

(−iω − A)TP + P(iω − A) = −(PA+ ATP).

Hence

bT((−iω − A)−1)T[(−iω − A)TP + P(iω − A)](iω − A)−1b

= bTP(iω − A)−1b + bT((−iω − A)−1)TPb. (1)
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Case 1. Suppose that (A, b), b ∈ R
n is a controllable pair. Since the pair A, b

is controllable there is a similarity transformation T : A0 = TAT −1, b0 = T b,
c0 = (T T)−1c, such that A0 and b0 are in the canonic controllable form

A0 =




a1 a2 a3 · · · an

1 0 0 · · · 0
0 1 0 · · · 0
· · · · · · · · · · · · · · ·
0 0 0 · · · 0
0 0 0 · · · 0


 , b0 = (1, 0, . . . , 0)T. (2)

Let h(s) = (sI − A0)
−1b0, and consider g(s) = cT

0h(s) + h(s)∗c0. The function
H(s) = cT

0h(s) is clearly strictly positive real. Hence, according to Lemma 1, the
function g(iω) = 2 Re(cT

0h(iω)) is real and can be represented as

g(iω) = rn−1ω
2n−2 + rn−2ω

2n−4 + · · ·
ω2n + · · · = Re(p(iω)d1(−iω))

d1(iω)d1(−iω)

= Re(p(iω)d1(−iω))

d(ω)
, (3)

wherep(iω),d1(iω), andd(ω) are polynomials with real coefficients, and rn−1 > 0.
Let L be a symmetric positive definite matrix. Consider

w(iω) = g(iω)− εh(iω)∗Lh(iω).

We claim that there exists ε > 0 such that w(iω) > 0 for all ω ∈ (−∞,∞). Since
L is symmetric, we have that

w(iω) ≥ g(iω)− ελmax(L)h(iω)∗h(iω).

Notice that the function h(iω)∗h(iω) is real, and that it can be expressed as

h(iω)∗h(iω) = p1(ω)

d(ω)
,

where p1 is a real polynomial of ω of degree 2n − 2. According to (3) rn−1 > 0.
Hence there is an ω0 > 0 such that (rn−1/2)ω2n−2 > ε1λmax(L)p1(ω) +
rn−2ω

2n−4 + · · · for all |ω| ≥ |ω0|. On the other hand, since the function H(s) is
strictly positive real, there must exist an ε2 > 0 such that g(iω) > ε2λmax(L)p1(ω)

for |ω| < |ω0|. Taking ε = min{ε1, ε2} ensures that w(iω) > 0 for all ω ∈
(−∞,∞).
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Let us fix ε > 0 such that w(iω) > 0 for all ω. The function w(iω) is a rational
function:

p2(ω)

d1(iω)d1(−iω)
,

where the polynomial p2 has no real roots. Hence

p2 =
m∏
i=1

rn(ω
2 + ki)

n−1∏
i=m+1

(ω2 + βi)(ω
2 + β∗i ), ki > 0, βi ∈ C.

Noticing that

ω2 + ki = (iω + k
1/2
i )(−iω + k

1/2
i ),

(ω2 + βi) = (iω + β
1/2
i )(−iω + β

1/2
i ),

(ω2 + β∗i ) = (iω + β∗i
1/2

)(−iω + β∗i
1/2

), β∗i
1/2 = β

1/2∗
i

and that

(iω + k
1/2
i )(iω + β

1/2
i )(iω + β∗i

1/2
)

= (iω + k
1/2
i )((iω)2 + iω(β

1/2
i + β∗i

1/2
)+ β

1/2
i β∗i

1/2
)

and

(−iω + k
1/2
i )(−iω + β

1/2
i )(−iω + β

∗1/2
i )

= (−iω + k
1/2
i )((−iω)2 − iω(β

1/2
i + β

∗1/2
i )+ β

1/2
i β

∗1/2
i )

are identical polynomials in iω and −iω with real coefficients, we can conclude
that there exists a polynomial p3 such that

p2(ω)

d(ω)
= p3(iω)p3(−iω)

d1(iω)d1(−iω)
.

Notice that d1(s) must necessarily be the characteristic polynomial of A0, and that
the degree of p3 is n− 1. Finally, we notice that

(sI − A0)
−1b0 = 1

d1(s)
(sn−1, sn−2, . . . , 1)T, (4)

so that p3(s)/d1(s) can be represented as

p3(s)

d1(s)
= qTh(s), q ∈ R

n. (5)
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Thus

w(iω) = h(s)∗qqTh(s) = cT
0h(s)+ h∗(s)c0 − εh∗(s)Lh(s) > 0 (6)

and
cT

0h(s)+ h∗(s)c0 = εh∗(s)Lh(s)+ h(s)∗qqTh(s) > 0. (7)

Let P0 be the solution of

P0A0 + AT
0P0 = −qqT − εL. (8)

Given that A0 is Hurwitz, such a matrix always exists and is uniquely defined by q

and L. According to (1) and (7) we have that

cT
0h(s)+ h∗(s)c0 = bTP0h(s)+ h(s)∗P0b0.

This implies that Re((cT
0 − bTP0)h(s)) = 0 for all s. The latter fact ensures that

cT
0 − bTP0 must necessarily be zero, and hence P0b0 = c0.

Finally, on pre-multiplying (8) by T T, post-multiplying it by T , and denoting
P = T TP0T and Q = T T(qqT + εL)T , we get

PA+ ATP = −Q, Pb = c,

which proves sufficiency for the case of (A, b) being controllable.
Case 2. The pair (A, b) is not controllable. Since the pair does not consist of

controllable identities (2), (4), and (5) might not hold, and hence a modification
of the sufficiency part is needed. The modification was proposed by K. R. Meyer
(1966), and we reproduce it below with minor changes.

First of all notice that strict positive realness of H(s) implies that b and c are
non-zero vectors. For any A ∈ R

n×n, b, c ∈ R
n, b, c �= 0, there is a similarity

transformation T such that

TAT −1 = Ã =
(

A1 A2

0 A3

)
, T b = b̃ =

(
b1

0

)
,

(T T)−1c = c̃ =
(

c1

c2

)
,

where A1 ∈ R
n1×n1 , A2 ∈ R

n1×n2 , A3 ∈ R
n2×n2 , b1, c1 ∈ R

n1 , c2 ∈ R
n2 , and

(A1, b1) is a controllable pair.
Thus if we find a symmetric positive definite matrix

P̃ =
(

P1 P2

P T
2 P3

)
, P1 ∈ R

n1×n1 , P2 ∈ R
n1×n2 , P3 ∈ R

n2×n2
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such that

P̃ Ã+ ÃTP̃ = −Q̃,

Q̃ = q̃q̃T + εL̃, q̃ =
(

q1

q2

)
, q1 ∈ R

n1 , q2 ∈ R
n2 , L̃ =

(
L1 0
0 L2

)
,

L1 > 0,L2 > 0,

P̃ b̃ = c̃,

(9)

then T TP̃ T is the desired solution for the original matrix A and vectors b and c.
Equation (9), if expressed in terms of individual blocks, leads to the following

set of conditions:

P1A1 + AT
1P1 = −q1q

T
1 − εL1, P1b1 = c1, (10)

P1A2 + P2A3 + AT
1P2 = −q1q

T
2 , (11)

P T
2 A2 + P3A3 + AT

2P2 + AT
3P3 = −q2q

T
2 − εL2, (12)

P T
2 b1 = c2. (13)

Notice that

H(s) = cT(I s − A)−1b = c̃TT (Is − A)−1T −1b̃ = c̃(I s − TAT −1)−1b̃

= c̃(I s − Ã)−1b̃,

where

(I s − Ã)−1 =
(

(I s − A1)
−1 (I s − A1)A2(I s − A3)

−1

0 (I s − A3)
−1

)
.

This implies that

H(s) = c̃(I s − Ã)−1b̃ = cT
1 (I s − A1)

−1b1.

Hence the existence of P1 = P T
1 > 0 and q1 satisfying (10) is already proven

because the pair (A1, b1) is controllable and the function H(s) = cT
1 (I s−A1)

−1b1

is strictly positive real (see Case 1). Condition (11) allows us to express an unknown
matrix P2 as a function of q2:

P2A3 + AT
1P2 = −q1q

T
2 − P1A2 ⇒

P2 =
∫ ∞

0
eA

T
1 t (q1q

T
2 + P1A2)e

A3t dt .
(14)
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Given that A1 and A3 are Hurwitz, such a matrix is always defined. Substituting
(14) into (13) results in(∫ ∞

0
eA

T
3 t (q2q

T
1 + AT

2P1)e
A1t dt

)
b1 = c2.

On noticing that qT
1 e

A1t b1 is a scalar we can rewrite the expression above as(∫ ∞

0
qT

1 e
A1t b1e

AT
3 t dt

)
q2 = c2 −

∫ ∞

0
eA

T
3 tAT

2P1e
A1t b1 dt . (15)

It is clear that the vector q2, and hence the matrix P2, are uniquely defined, provided
that the matrix

R =
(∫ ∞

0
qT

1 e
A1t b1e

AT
3 t dt

)

is non-singular. Let M be a non-singular matrix, possibly complex, such that
MAT

3M
−1 is in the Jordan canonical form. Such a matrix always exists, and

det(MRM−1) = det R. Thus, if we show that det(MRM−1) �= 0, then this will
ensure the existence of q2 satisfying (15). Taking into account that the matrix
MRM−1 is upper-triangular, non-singularity of R would follow if we could show
that each element on the main diagonal of MRM−1 is non-zero. Notice that
MeA

T
3 tM−1 = eMAT

3M
−1t . Hence the main diagonal of eMAT

3M
−1t is comprised

of terms eλi t , with λi being the eigenvalues of A3. Thus the diagonal elements of
MRM−1 can be expressed as

mi =
∫ ∞

0
qT

1 e
A1t b1e

λi t dt = qT
1 (−Iλi − A1)

−1b1.

According to (6), the vector q1 can be chosen such that qT
1 (I s − A1)

−1b1 is non-
zero for all s with Re(s) ≥ 0. Given that Re(λi) < 0, we can therefore conclude
that mi �= 0. Hence there exist q1, q2,P1 and P2 satisfying conditions (10), (11),
and (13). Matrices P3 and L2 satisfying (12) can now be immediately defined. This
proves sufficiency.

(ii) Necessity follows from (1) and the fact that Pb = c. Indeed, let ε > 0 be a
small positive number, and consider

cT(iω − ε − A)−1b + bT(−iω − ε − A)−1T
c = 2 Re(H(iω − ε))

= bTP(iω − ε − A)−1b

+ bT(−iω − ε − A)−1T
Pb.
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Now, using this fact, and that

(−iω − ε − A)TP + P(iω − ε − A) = −(PA+ ATP)− 2εP ,

we can conclude that

2 Re(H(iω − ε)) = bTP(iω − ε − A)−1b + bT(−iω − ε − A)−1T
Pb

= bT(−iω − ε − A)−1T[
(−iω − ε − A)TP + P(iω − ε − A)

]
× (iω − ε − A)−1b⇒

2 Re(H(iω − ε)) = bT(−iω − ε − A)−1T
(Q− 2εP )(iω − ε − A)−1b

= bT(−iω − ε − A)−1T
Q(iω − ε − A)−1b

− bT(−iω − ε − A)−1T
2εP (iω − ε − A)−1b

≥ ‖(iω − ε − A)−1b‖2λmin(Q)

− 2ε‖(iω − ε − A)−1b‖2λmax(P ).

Finally, since λmin(Q) > 0, there will always exist a ε > 0 such that Re(H(iω −
ε)) ≥ 0 for all ω ∈ (−∞,∞). Thus the function H(s) has to be strictly positive
real. �
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